CHAPTER 1

FIRST-ORDER DIFFERENTIAL EQUATIONS

SECTION 1.1
DIFFERENTIAL EQUATIONS AND MATHEMATICAL MODELS

The main purpose of Section 1.1 is simply to introduce the basic notation and terminology of
differential equations, and to show the student what is meant by a solution of a differential
equation. Also, the use of differential equations in the mathematical modeling of real-world
phenomena is outlined.

Problems 1-12 are routine verifications by direct substitution of the suggested solutions into the
given differential equations. We include here just some typical examples of such verifications.

3. If y,=cos2x and y, =sin2x, then y/=-2sin2x and y,=2co0s2x o0
¥ = —4cos2x = —4y, and ) = —4sin2x = —4y,.

Thus y/+4y, = 0 and »,+4y, = 0.

4. If yy=¢* and y,=¢", then y =3¢ and y,=-3¢"" so0
¥ =9e" =9y, and ] =97 =9y,
5. If y=e*—¢ ™, then y=¢"+e“s0 y'—y = (e" + e_")— (e" —e_") = 2¢™". Thus

Vv = y+2e .

X X

6. If yy=¢”* and y,=xe”", then y/=-2e7, y/=4e”", y,=¢7 —2xe", and

Y, =—4e +4xe”*. Hence
W+ayi+4y = (4e‘2’“)+4(—2e_2")+4(e_2") =0

and
Vi+4yv,+4y, = (—4e_2’“+4xe_2")+4(e_2"—2xe_2")+4(xe_2") = 0.

Section 1.1



8.

11.

13.

14.

15.

16.

If y,=cosx—cos2x and y, =sinx—cos2x, then y]=—sinx+2sin2x,

¥ =—cosx+4cos2x, and y, =cosx+2sin2x, y, =—sinx+4cos2x. Hence

v+ = (—cosx+4cos2x)+(cosx—cos2x) = 3cos2x
and
yi+y, = (-sinx+4cos2x)+(sinx—cos2x) = 3cos2x.

~ and y"=6x"", so

If y:ylzx_2 then )1’:—296
¥’y +5x Y +4y = x2(6x4)+5x(—2x_3)+4(x_2) = 0.

If y=y,=x"Inx then y'=x"-2x"Inx and »"=-5x"+6x"Inx, so

X’y +5x Y +4y = x° (—5)6_4 +6x7" lnx)+ 5)6()6_3 -2x7 lnx)+4(x_2 lnx)

= (—Sx_2+5x_2)+(6x_2—10x_2+4x_2)1nx = 0.

Substitution of y=¢™ into 3y’ =2y gives the equation 3re™ = 2¢™ that simplifies
to 3r=2. Thus r=2/3.

Substitution of y =e™ into 4y” =y gives the equation 4r°e™ = e that simplifies to
4r*=1. Thus r==%1/2.

Substitution of y=e™ into "+ 3y'—2y = 0 gives the equation r’e™ +re™ —2¢™ =0
that simplifiesto 7> +r—2 = (#r+2)r—1) = 0. Thus r=-2 or r=1,

Substitution of y=¢™ into 3y"+3)" -4y = 0 gives the equation
3r'e™ +3re™ —4¢e™ =0 that simplifies to 37 +3r—4 = 0. The quadratic formula then
gives the solutions r = (—3 +./57 ) /6.

The verifications of the suggested solutions in Problems 17-26 are similar to those in Problems
1-12. We illustrate the determination of the value of C only in some typical cases. However,
we illustrate typical solution curves for each of these problems.
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19. If y(x) = Ce"—1 then y(0)=35 gives C—1 = 5, so C = 6. The figure is on the
left below.

0,5) 1 (0,10)

_10 -20
5 5 —

20. If y(x) = Ce"+x—1 then ¥(0)=10 gives C—1 = 10, so C = 11. The figure is
on the right above.

21. C = 7. The figure is on the left at the top of the next page.
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22. If y(x) = In(x+C) then »(0)=0 gives InC = 0, so C = 1. The figure is on the
right above.

23.  If p(x) = +x>+Cx7 then p(2)=1 gives the equation 1-32+C-4 =1 with
solution C =-56. The figure is on the left below.

30 T 30
20 20
10 10
@D
> 0 > 0
_10F 1 ~10f
-20 1 ool
-30 ! ! )
0 1 2 3 -30
X ] 05 1 15 2 25 3 3.5 4 4.5 5
x

24.  C = 17. The figure is on the right above.
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25. If y(x) = tan(x’+C) then »(0) =1 gives the equation tan C = 1. Hence one value
of C is C=m/4 (asis this value plus any integral multiple of 7).

4

| JJ _
) /(0,1)
[ / '

26.  Substitutionof x=7 and y=0 into y = (x+C)cosx yields the equation
0 =(@+C)-1),s0 C =-m.

S

2t

L
2 -1 0
X

10

27. V' = x+y

28.  The slope of the line through (x,y) and (x/2,0) is " = (y=0)/(x-x/2) = 2y/x,
so the differential equationis xy" = 2y.
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29.

30.

31.

If m =y is the slope of the tangent line and m” is the slope of the normal line at
(x, ), then the relation mm’=-1 yields m" = 1/y" = (y—1)/(x-0). Solution for
y" then gives the differential equation (1-y)y” = x.

Here m=3" and m"=D_(x*+k) = 2x, so the orthogonality relation mm’=—1 gives
the differential equation 2xy" = —1.

The slope of the line through (x,y) and (-y,x) is " = (x=y)/(-y—x), sothe
differential equation is (x+ y)y" = y—x.

In Problems 32-36 we get the desired differential equation when we replace the "time rate of
change" of the dependent variable with its derivative, the word "is" with the = sign, the phrase
"proportional to" with 4, and finally translate the remainder of the given sentence into symbols.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

dP/dt = kNP
dv/dt = kv*
dv/dt = k(250-v)

dN /dt

k(P-N)

dN /dt

kN(P—-N)

The second derivative of any linear function is zero, so we spot the two solutions
y(x) =1 or y(x) = xofthe differential equation y”=0.

A function whose derivative equals itself, and hence a solution of the differential
equation y' =y is p(x) = €.

We reason that if y = kx’, then each term in the differential equation is a multiple of x7.

The choice k=1 balances the equation, and provides the solution y(x) = x°.

If y is a constant, then 3"=0 so the differential equation reduces to y* =1. This gives
the two constant-valued solutions y(x) = 1 and y(x) = —1.

We reason that if y = ke”, then each term in the differential equation is a multiple of e”.

The choice k=4 balances the equation, and provides the solution y(x) = 1e".
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42.

43.

44.

(b)

45.

Two functions, each equaling the negative of its own second derivative, are the two
solutions p(x) = cosx and y(x) = sinx of the differential equation " =-y.

(a)  We need only substitute x(z) =1/(C —kt) in both sides of the differential

equation x”=kx” for a routine verification.

(b)  The zero-valued function x(¢)=0 obviously satisfies the initial value problem
x =kx*, x(0)=0.

(a) The figure on the left below shows typical graphs of solutions of the differential

: 2
equation x"=1x".

The figure on the right above shows typical graphs of solutions of the differential
equation x"=-1x’. We see that — whereas the graphs with k =4 appear to "diverge
to infinity"” — each solution with k =—4 appears to approach 0 as ¢ — oo. Indeed, we
see from the Problem 43(a) solution x(¢)=1/(C—41¢) that x(t) — o as t— 2C.
However, with &k =—1 itis clear from the resulting solution x(#)=1/(C++t) that
x(t) remains bounded on any finite interval, but x(¢) - 0 as ¢ — oo,

Substitution of P'=1 and P =10 into the differential equation P’=kP* gives k =,
so Problem 43(a) yields a solution of the form P(¢)=1/(C —1/100). The initial
condition P(0)=2 now yields C =1, so we get the solution
1 100
P() = = .
© 1 ¢t 50-¢
2 100
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46.

47.

48.

We now find readily that P =100 when #=49, andthat P =1000 when r=49.9.
It appears that P grows without bound (and thus "explodes") as ¢ approaches 50.

Substitution of v'=—1 and v =35 into the differential equation V' =kv* gives
k =—5, so Problem 43(a) yields a solution of the form v(¢) =1/(C +1¢/25). The initial

condition v(0) =10 now yields C =4, so we get the solution

1 50
S T v
10 25

We now find readily that v =1 when r=22.5, and that v=0.1 when 7=247.5.

It appears that v approaches 0 as ¢ increases without bound. Thus the boat gradually
slows, but never comes to a "full stop" in a finite period of time.

(@  »(10)=10 yields 10=1/(C-10), so C =101/10.

(b)  There is no such value of C, but the constant function y(x)=0 satisfies the

conditions "=y’ and y(0)=0.

(c) It is obvious visually (in Fig. 1.1.8 of the text) that one and only one solution
curve passes through each point (a,b) of the xy-plane, so it follows that there exists a

unique solution to the initial value problem "= y*, y(a)=>.

(b)  Obviously the functions u(x)=—x" and v(x)=+x" both satisfy the differential
equation xy” = 4y. But their derivatives #'(x)=—4x" and Vv/(x)=+4x’ match at

x = 0, where both are zero. Hence the given piecewise-defined function y(x) is
differentiable, and therefore satisfies the differential equation because u(x) and v(x)
doso (for x<0 and x =0, respectively).

(c) If @>0 (forinstance), choose C, fixed sothat C,a* = b. Then the function

) C x* if x<0,
(X)) =
? Cx* if x>0

satisfies the given differential equation for every real number value of C._.
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SECTION 1.2
INTEGRALS AS GENERAL AND PARTICULAR SOLUTIONS

This section introduces general solutions and particular solutions in the very simplest situation
— a differential equation of the form y’= f(x) — where only direct integration and evaluation

of the constant of integration are involved. Students should review carefully the elementary
concepts of velocity and acceleration, as well as the fps and mks unit systems.

1. Integration of y"=2x+1 yields y(x) = J(2x +1)dx = x> +x+C. Then substitution

of x=0, y=3gives 3 =0+0+C = C, so yp(x) = x’+x+3.

2. Integration of ' =(x—2) yields y(x) = J(x -2y dx = L(x=2)’+C. Then
substitution of x=2, y=1gives 1 = 0+C = C, so p(x) = L(x-2)".

3. Integration of J;’:\/; yields y(x) = J'\/; dx = 2 > +C. Then substitution of
x =4, y= 0 gives 0 :1T6+ C, so y(x) — %(x3/2 —8)

4. Integration of ' =x7 yields y(x) = Jx"z dx = —1/x+C. Then substitution of
x=1, y=5gives 5=-1+C, so y(x) = -1/x+6.

5. Integration of ' =(x+2)"""? yields y(x) = J.(x+2)"”2 dx = 24/x+2+C. Then
substitution of x=2, y=—-1 gives -1=2-2+C, so y(x) = 24x+2 -5.

6. Integration of " =x(x*+9)"* yields y(x) = Jx (x> +9"dx = L(x*+9)" +C.
Then substitution of x=-4, y=0 gives 0=1(5’+C, so
y(x) = %[(xz +9)*7 - 125].

7. Integration of " =10/(x”+1) yields y(x) = JlO/(xz +1)dx = 10tan”' x+C. Then

substitution of x=0, y=0 gives 0=10-0+C, so y(x) = 10tan”" x.

8. Integration of y"=cos2x yields y(x) = jcos 2xdx = 4sin2x+ C. Then substitution

of x=0, y=1gives 1=0+C, so y(x) = isin2x+1.

9. Integration of ' =1/41-x" yields y(x) = Jl/ 1-x*dx = sin" x+C. Then

substitution of x=0, y=0 gives 0=0+C, so p(x) = sin™" x.
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10.

11.

12.

13.

14.

15.

16.

10

Integration of y'=xe™ yields
y(x) = Jxe_x dx = Jue” du = (u-1e" = —(x+D)e*+C

(when we substitute # =—x and apply Formula #46 inside the back cover of the
textbook). Then substitution of x =0, y=1 gives 1=-1+C, so

y(x) = =(x+1)e " +2.

If a(t) = 50 then w(r) = [50dt = 50¢+v, = 50¢+10. Hence
x(1) = J(50t+10)dt: 2562 +10¢+x, = 251 +10¢+20.

If a(r) = =20 then v(t) = [(~20)d¢ = ~201+v, = —20¢~15. Hence
x(1) = [(206-15)dt = =104 =15¢+x, = =108 =15+5.

If a(f) = 3t then w(t) = [3tdt = 3 +v, = 3£ +5. Hence
x(t) = [ +35)di= 46 +51+x, = 11 +51.

If a(f) = 2t+1then (1) = [(2t+1)dt = £ +1+v, = £ +¢—7. Hence
x(t) = [(P+t-Tydi= 30 +41=Tt+x, = 1 +11-Tt+4.

If a(t) = 4(t+3)°. then v(t) = j4(t+3)2 dt = £(t+3)’°+C = £(t+3)’ - 37 (taking
C=-37 sothat v(0)=-1). Hence

x(t) = [[4(e+3)=37]di= L(t+3)* =371+ C = {(¢+3)' =37-26.

If a(t) = 1/~Nt+4 then w(r) = [UNt+4 dt = 2Ji+4+C = 2J1+4 -5 (taking

C=-5 so that v(0)=-1). Hence
x(1) = [t+4-5)dt= £(t+4)" =51+C = 4(1+4)7 -51-2

(taking C=-29/3 so that x(0)=1).
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17.

18.

19.

If a(t) = (t+1)” then v(¢r) = j(t+1)‘3 dt = —+(t+1)7?+C = =L@+ +1
(taking C =+ so that v(0)=0). Hence

x(t) = [[=3@+)7+4]de= L+ +30+C = L[+ +1-1]
(taking C =-4 sothat x(0)=0).
If a(r) = 50sin5¢ then v(r) = JSOsinSt dt = —10cos5t+C = —10cos5¢ (taking
C =0 sothat v(0)=-10). Hence

x(t) = [(~10cos5t)dt = —2sin5t+C = —2sin5t+10

(taking C =-10 so that x(0)=38).

Note that v(f) =5 for 0<7<5 and that v(r)=10—¢ for 5<7<10. Hence
x(t)y=5t+C for 0<r<5 and x(¢)=10t—4£2+C, for 5<¢<10. Now C, =0
because x(0)=0, and continuity of x(¢) requires that x(z)=5¢ and

x(t)=10t —1¢* + C,agree when ¢=35. This implies that C, =-2, and we get the

following graph.

40

30

(5,25)

Section 1.2 11



20.

21.

22.

12

40

30

Note that v(f)=t for 0<¢<5 andthat v(£)=5 for 5<¢<10. Hence x(1)=1f+C
for 0<7<5 and x(1)=5t+C, for 5<7<10. Now C, =0 because x(0)=0, and
continuity of x(¢) requires that x(z)=1¢" and x(¢)=5t+C, agrec when t=35.
This implies that C, =-2', and we get the graph on the left below.

40

30

> 201

(5,12.5)
(5,12.5)

Note that v(£)=1¢ for 0<¢<5 and that v(r)=10-¢ for 5<¢<10. Hence
x(t)=1’+C for 0<¢<5 and x(t)=10t—4£2+C, for 5<¢<10. Now C, =0
because x(0) =0, and continuity of x(¢) requires that x(¢#)=+¢> and

x(t) =10t -+’ + C, agree when ¢=35. This implies that C, =-25, and we get the
graph on the right above.

For 0<¢<3: v(f)=3t so x(1)=3"+C,. Now C =0 because x(0)=0, so

x(t)=2¢* on this first interval, and its right endpoint value is x(3)=71.

For 3<¢<7: v(t)=5 so x(¢)=5t+C,. Now x(3)=7+ implies that C, =-73,
so x(t)=5t—7+ on this second interval, where its right endpoint value is x(7) =271.

For 7<t<10: v=5==3(¢t=7), so v(t)=—3t+%L. Hence x(t)=-3+2t+C,,

and x(7)=27% implies that C, =—22, Finally, x(¢)=1(-5¢*+100¢—290) on this
third interval, and we get the graph at the top of the next page.
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23.

24.

25.

26.

27.

40

30

(7.27.5)

(3.7.5)

v = —9.8¢+ 49, so the ball reaches its maximum height (v = 0) after =15 seconds. Its
maximum height then is ¥(5) = —4.9(5)> + 49(5) = 122.5 meters.

v = —32r and y = —167* + 400, so the ball hits the ground (v = 0) when
t = 5sec, and then v = —-32(5) =-160 ft/sec.

a =-10m/s’ and vy = 100 km/h = 27.78 nm/s, so v = —10¢+27.78, and hence
x(f) = =5 +27.78. The car stops when v = 0, ¢ = 2.78, and thus the distance
traveled before stopping is x(2.78) = 38.59 meters.

v = —9.8/+ 100 and y = —4.97 + 100z + 20.

(a) v = 0 when ¢#=100/9.8 so the projectile's maximum height is
¥(100/9.8) = —4.9(100/9.8)* + 100(100/9.8) + 20 =~ 530 meters.

(b) It passes the top of the building when y(f) = —4.97 + 1007+ 20 = 20,
and hence after r=100/4.9 = 20.41 seconds.

(c) The roots of the quadratic equation y(r) = —4.97 + 100t +20 = 0 are
t = —0.20, 20.61. Hence the projectile is in the air 20.61 seconds.

a=-98m/s> sov=-98r-10 and
y=-497-101+ .

The ball hits the ground when y = 0 and

y=-98r-10 = -60,
so =5.10s. Hence

yo = 4.9(5.10)* + 10(5.10) = 178.57 m.
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28.

29.

30.

31.

32.

33.

14

v = —32¢—-40 and y = —167" —40r + 555. The ball hits the ground (v = 0)
when ¢ = 4.77 sec, with velocity v = v(4.77) = —192.64 ft/sec, an impact
speed of about 131 mph.

Integration of dv/dr=0.12£ + 0.6 ¢, W0)=0 gives v(f)=03 r +0.04 £. Hence

v(10) = 70. Then integration of dx/dt=0.3 £+ 0.04 £, x(0)=0 gives

x(f)=0.17 +0.04 £, so x(10)=200. Thus after 10 seconds the car has gone 200 ft and
is traveling at 70 ft/sec.

Taking xo = 0 and vy = 60 mph = 88 ft/sec, we get

y = —at+ 88,

and v = 0 yields # = 88/a. Substituting this value of # and x = 176 in
x = —at’/2 + 881,

we solve for a = 22 fi/sec’. Hence the car skids for ¢ = 88/22 = 4 sec.
If @ = 20 m/sec® and xp = O then the car's velocity and position at time ¢ are given
o vy =-20t+v, x=-10 t2+vot.
It stops when v = 0 (so vy = 20f), and hence when

x =75 =-107+Q0nt = 10 ~.
Thus ¢ = /7.5 sec so

vo = 2047.5 = 5477 m/sec = 197 km/hr.
Starting with xo = 0 and vy = 50 km/h = 5%x10* m/h, we find by the method of
Problem 30 that the car's deceleration is @ = (25/3)x10” m/h*. Then, starting with x, =
0 and vo = 100 km/h = 10° m/h, we substitute 1 = vy/a into

x = —at’/2 +

and find that x = 60 m whenv = 0. Thus doubling the initial velocity quadruples the
distance the car skids.

If vo = 0 and yo = 20 then

v=—at and y = —%at2+20.
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34.

35.

36.

37.

Substitution of ¢ = 2, y = 0 yields a = 10 ft/sec’. If vy = 0 and
yo = 200 then

v = —-10r and y = —5¢ + 200.

Hence y = 0 when ¢ J40 = 2410 sec and v = 2010 = —63.25 fi/sec.

On Earth: v = -32r+ v, so t = v/32 at maximum height (when v = 0).
Substituting this value of # and y = 144 in

y = ~16¢ + vot,

we solve for vy = 96 ft/sec as the initial speed with which the person can throw a ball
straight upward.

On Planet Gzyx: From Problem 27, the surface gravitational acceleration on planet
Gzyx is a = 10 ft/sec’, so

v = -10t+96 and y = -5+ 96t

Therefore v = 0 yields ¢ = 9.6 sec, and thence ymax = 1(9.6) = 460.8 ft is the
height a ball will reach if its initial velocity is 96 ft/sec.

If vo = 0 and y, = & then the stone’s velocity and height are given by

v = —gt, y=—0.5 gt2+h.
Hence y = 0 when ¢ = 2h/g so

—-g\J2h/g = —2gh.

The method of solution is precisely the same as that in Problem 30. We find first that, on
Earth, the woman must jump straight upward with initial velocity vo = 12 ft/sec to
reach a maximum height of 2.25 ft. Then we find that, on the Moon, this initial velocity
yields a maximum height of about 13.58 ft.

V

We use units of miles and hours. If xo = vy = 0 then the car’s velocity and position
after ¢ hours are given by

2

v=a, x=31ir.

Since v = 60 when ¢ = 5/6, the velocity equation yields @ = 72 mi/hr’. Hence the
distance traveled by 12:50 pm is

x = (0.5)(72)(5/6)* = 25 miles.
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38.

39.

40.

41.

42.

16

Again we have

2

v=a, x=1ir.

Butnow v = 60 when x = 35. Substitution of a = 60/t (from the velocity equation)
into the position equation yields

35 = (0.5)(60/t)(") = 30z,

whence ¢ = 7/6 hr, that is, 1:10 p.m.

Integration of ' = (9/vs)(1 — 4x?) yields
y = Bhg)Bx—4x) + C,
?md the initial condition yp(-1/2) = 0 gives C = 3/vs. Hence the swimmer’s trajectory
" y(x) = Bv)(Bx—4x’ + 1),
Substitution of 1(1/2) = 1 now gives v = 6 mph.
Integration of ' = 3(1 — 16x") yields
y = 3x—(48/5)x° + C,
?md the initial condition y(-1/2) = 0 gives C = 6/5. Hence the swimmer’s trajectory
: y(x) = (1/5)(15x — 48x" + 6),

so his downstream drift is »(1/2) = 2.4 miles.

The bomb equations are a =-32, v=-32, and s, =s =-16¢"+800, with #=0 at the
instant the bomb is dropped. The projectile is fired at time 7 =2, so its corresponding

equations are a =-32, v=-32(¢t-2)+v,, and

0
s, =8 = —16(1=2)" +v,(t-2)

for ¢t>2 (the arbitrary constant vanishing because s,(2)=0). Now the condition
s,(1)=—161"+800 =400 gives =5, and then the requirement that s,(5) =400 also
yields v, =544/3=181.33 ft/s for the projectile's needed initial velocity.

Let x(¢) be the (positive) altitude (in miles) of the spacecraft at time ¢ (hours), with
t = 0corresponding to the time at which the its retrorockets are fired; let v(¢) = x'(¢) be
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43.

44.

the velocity of the spacecraft at time ¢. Then v, =-1000 and x, =x(0) is unknown.
But the (constant) acceleration is a =+20000, so

v(£) = 20000£—1000 and  x(¢) =100007* —10007+ x,.

Now v(r) = 200007 —-1000 = 0 (soft touchdown) when ¢ =-- hr (that is, after exactly
3 minutes of descent. Finally, the condition

0 = x(&)=10000(%)° —1000(%) + x,
yields x, =25 miles for the altitude at which the retrorockets should be fired.

The velocity and position functions for the spacecraft are v (¢) =0.0098¢ and
x,(#)=0.0049¢", and the corresponding functions for the projectile are
vp(f)=3c=3%x10"and x,(r)=3x10"z. The condition that x, = x, when the
spacecraft overtakes the projectile gives 0.0049¢* =3 x10’¢, whence

7
p = X0 6 12045%10° sec

0.0049
6.12245x10°

(3600)(24)(365.25) o

4 years.

Since the projectile is traveling at & the speed of light, it has then traveled a distance of
about 19.4 light years, which is about 1.8367x10'" meters.

Let a>0 denote the constant deceleration of the car when braking, and take x, =0 for

the cars position at time ¢ =0 when the brakes are applied. In the police experiment
with v, =25 ft/s, the distance the car travels in ¢ seconds is given by

x(t) = LBy
2 60

(with the factor £ used to convert the velocity units from mi/hr to ft/s). When we solve
simultancously the equations x(r) =45 and x'() =0 we find that a =142 =14.94 ft/s”.
With this value of the deceleration and the (as yet) unknown velocity v, of the car
involved in the accident, it position function is
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The simultaneous equations x(¢) =210 and x'(¢) =0 finally yield v, = %\/E =79.21
ft/s, almost exactly 54 miles per hour.

SECTION 1.3
SLOPE FIELDS AND SOLUTION CURVES

The instructor may choose to delay covering Section 1.3 until later in Chapter 1. However,
before proceeding to Chapter 2, it is important that students come to grips at some point with the
question of the existence of a unique solution of a differential equation — and realize that it
makes no sense to look for the solution without knowing in advance that it exists. It may help
some students to simplify the statement of the existence-uniqueness theorem as follows:

Suppose that the function f(x,y) and the partial derivative df /dy are both
continuous in some neighborhood of the point (a, b). Then the initial value
problem

L fen @ =0

has a unique solution in some neighborhood of the point a.

Slope fields and geometrical solution curves are introduced in this section as a concrete aid in
visualizing solutions and existence-uniqueness questions. Instead, we provide some details of
the construction of the figure for the Problem 1 answer, and then include without further
comment the similarly constructed figures for Problems 2 through 9.

1. The following sequence of Mathematica commands generates the slope field and the
solution curves through the given points. Begin with the differential equation
dv/dx = f(x,y)where
flx , vy 1 := -y - Sinl[x]
Then set up the viewing window
a=-3; b=23; ¢=-3;d-= 3;
The components (u,v) of unit vectors corresponding to the short slope field line
segments are given by

1/8qrt[l + £Ix, yl~2]
£lx, yl/Sqrtll + £Ix, y]~2]

ulx , vy 1
vix , v 1

The slope field is then constructed by the commands

Needs ["Graphics "PlotField™ "]

dfield = PlotVectorField[{ulx, yl, vIx, y1}, {x, a, b}, {y., e, 4},
HeadWidth -> 0, HeadLength -> 0, PlotPoints -> 19,
PlotRange -> {{a, b}, {e¢, d4}}, Axes -> True, Frame -> True,
FrameLabel -> {"x", "y"}, AspectRatio -> 1];
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The original curve shown in Fig. 1.3.12 of the text (and its initial point not shown there)
are plotted by the commands

x0 = -1.9; y0 = 0;
point0 = Graphics[{PointSize[0.025], Point[{x0, y0}1}1;
soln = NDSolve[{Derivative[l] [y] [x] == f[x, y[x]], y[x0] == yo0},

yIixl, {x, a, b}l;
soln[[1,1,2]];
curve0 = Plot[soln[[1,1,2]11, {x, a, b},
PlotStyle -> {Thickness[0.0065], RGBColor[0, 0, 1]1}];

The Mathematica NDSolve command carries out an approximate numerical solution of

the given differential equation. Numerical solution techniques are discussed in Sections
2.4-2.6 of the textbook.

The coordinates of the 12 points are marked in Fig. 1.3.12 in the textbook. For instance

the 7th point is (-2.5, 1). It and the corresponding solution curve are plotted by the

commands

x0 = -2.5; y0 = 1;

point7 = Graphics[{PointSize[0.025], Point[{x0, y0}1}1;

soln = NDSolve[{Derivative[l] [y] [x] == f[x, y[x]], y[x0] == yo0},

yIixl, {x, a, b}l;
soln[[1,1,2]];
curve7 = Plot[soln[[1,1,211, {x, a, b},
PlotStyle -> {Thickness[0.0065], RGBColor[0, 0, 1]1}];

Finally, the desired figure is assembled by the Mathematica command

Show[ dfield, point0,curvel,
pointl, curvel, point2,curve2, point3,curve3d,
point4, curve4, point5,curve5, pointé6,curvesb,
point7,curve7, point8,curve8, point9,curve9,
pointl0, curvell, pointll,curvell, pointl2,curvell];
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11.

12.

13.

Because both  f(x,y) = 2x%* and 9f /dy = 4x’y are continuous everywhere, the
existence-uniqueness theorem of Section 1.3 in the textbook guarantees the existence of a
unique solution in some neighborhood of x = 1.

Both f(x,v) = xIlny and df/dy = x/y are continuous in a neighborhood of

(1, 1), so the theorem guarantees the existence of a unique solution in some
neighborhood of x = 1.

Both f(x,y) = " and 9f/dy = (1/3)y>" are continuous near (0, 1), so the
theorem guarantees the existence of a unique solution in some neighborhood of x = 0.
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14.

15.

16.

17.

18.

19.

20.

21.

22

f(x,y) = " is continuous in a neighborhood of (0, 0), but 9 /Iy = (1/3)y>° is
not, so the theorem guarantees existence but not uniqueness in some neighborhood of
x = 0.

f(x,y) = (x— »)"? is not continuous at (2,2) because it is not even defined if y > x.

Hence the theorem guarantees neither existence nor uniqueness in any neighborhood of
g q 1) g

the point x = 2.

f(x,y) = (=" and 9f/dy = —(1/2)(x— y)™"* are continuous in a neighborhood
of (2, 1), so the theorem guarantees both existence and uniqueness of a solution in some
neighborhood of x = 2.

Both f(x,y) = (x—1/y and 9f /dy = —(x—1)/»" are continuous near (0, 1), so the
theorem guarantees both existence and uniqueness of a solution in some neighborhood of
x = 0.

Neither f(x,¥) = (x—1)/y nor 9f/dy = —(x— 1)/»* is continuous near (1, 0), so the
existence-uniqueness theorem guarantees nothing.

Both f(x,¥) = In(1+ y*) and 9f /9y = 2y/(1+ ?) are continuous near (0, 0), so
the theorem guarantees the existence of a unique solution near x = 0.

Both f(x,¥) = x*— " and 9f /dy = —2y are continuous near (0, 1), so the theorem
guarantees both existence and uniqueness of a solution in some neighborhood of x = 0.

The curve in the figure on the left below can be constructed using the commands
illustrated in Problem 1 above. Tracing this solution curve, we see that y(—4) = 3.
An exact solution of the differential equation yields the more accurate approximation
v(—4)=3.0183.

/ | I N B /) S —
BV s / 7/ — N\
N < A 2~ \ \
AN J 11 Y Y — N\ \\
0 \\ \\ \ < / // // - 0 // // // / \\ \\ (4.0)
R T AN — 7/ ] -t/ — % N\ L)
e S U S U N — 7/ 2t/ AN Vv
= S U T \ N\ — / N\ L T B
= T R T VNN — s NN N Vol
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22,  Tracing the curve in the figure on the right at the bottom of the preceding page , we see
that y(—4)=-3. An exact solution of the differential equation yields the more accurate

approximation y(—4)=-3.0017.

23.  Tracing the curve in figure on the left below, we see that y(2)=1. A more accurate
approximation is y(2) =1.0044.

- A A A | J2 Y B A 2k — S sS [ A A B A
[ A A VARV B A N~ S S AV AVAN N A
[ A AV GV AV Y AN A | NN ~——— s f s ]E
[ A YAV AS SV AV VAV SV AN | \N\NN~~—— v/ /777 1 f!

1wl S S S === HENNNN~N~—— ks S/ /i
| ] S s —~~ -/ NNNNNSN~—+ /s ; /
11 7 - S N NS~~~/ NNNNNSN~—~t+— s/ / 7/
!/ Y —~ NN~— -/ ANANNNNNSN~—~d - sy /7

N ©9) - ol RO L
/ / - —~ N\ N~— 4 AN N\ A N NN - /s /7]

/ / S~ ~ N NN s/ \ \ NN~ - VAV AVayaY

/ /) S s —~~~~= /) VAN N N~ — A A

-1t /] S S === f ] -1 N N\ ~N o~ - AV AVAV VAN AN B

IRV AV O AV | N\NN~="0r s/ /777 /I

/R R A A 4 VAV AVAV AN AN NN~——— s VAV AV YN YA

[ A A /7 /11 N~—— v/ VAV ARV B A A A

—2H [ R B A A B B B B B 2 — = T
-2 —1I 0 1I 2 -2 -1 0 1I é

X X
24.  Tracing the curve in the figure on the right above, we see that p(2) =1.5. A more

accurate approximation is y(2) =1.4633.

25.  The figure below indicates a limiting velocity of 20 ft/sec — about the same as jumping
off a 64 -foot wall, and hence quite survivable. Tracing the curve suggests that v(¢) =19

ft/sec when ¢ is a bit less than 2 seconds. An exact solution gives ¢ =1.8723 then.

40
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0 l / ¥ v yi ¥ yi / 4 / / ¥ v yi
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26.  The figure below suggests that there are 40 deer after about 60 months; a more accurate
value is 7 = 61.61. And it's pretty clear that the limiting population is 75 deer.
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27.  If b<0 then the initial value problem 3’ = 2\/)_2 , »(0)=5b has no solution, because the

square root of a negative number would be involved. If >0 we get a unique solution
curve through (0,b) defined for all x by following a parabola — in the figure on the left

below — down (and leftward) to the x-axis and then following the x-axis to the left. But
starting at (0,0) we can follow the positive x-axis to the point (¢,0) and then branching

off on the parabola y =(x—c¢)*. This gives infinitely many different solutions if 5 =0.
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28.  The figure on the right above makes it clear initial value problem x3’=y, y(a)=5b has
a unique solution off the y-axis where a #0; infinitely many solutions through the
origin where a =5=0; nosolutionif ¢ =0 but »+#0 (so the point (a,b)lies on the
positive or negative y-axis).
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29.  Looking at the figure on the left below, we see that we can start at the point (a,b) and

follow a branch of a cubic up or down to the x-axis, then follow the x-axis an arbitrary
distance before branching off (down or up) on another cubic. This gives infinitely many

solutions of the initial value problem y"=33*" y(a)=5b that are defined for all x.
However, if b #0 there is only a single cubic y = (x —c)’ passing through (a,b), so
the solution is unique near x =a.

L NN
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30.  The function y(x)=cos(x—c), with y’(x)=-sin(x—c), satisfies the differential

equation 3’ =—/1—y? ontheinterval ¢<x<c+7z where sin(x—c)>0, so it follows

that
—J1-3 = —yl-cos’(x—c) = —4fsin’(x—c) = —sin(x—c) = .

If |b| >1 then the initial value problem 3"=—y/I-y>, ¥(a)=» has no solution because

the square root of a negative number would be involved. If |b| <1 then there is only one

curve of the form y =cos(x —c¢) through the point(a,b); this give a unique solution.
But if » =1 then we can combine a left ray of the line y =+1, a cosine curve from the
line y =+1 to the line y =-1, and then a right ray of the line y =—1. Looking at the

figure on the right above, we see that this gives infinitely many solutions (defined for
all x) through any point of the form (a,%1).

31.  The function y(x)=sin(x—c), with }’(x)=cos(x—c), satisfies the differential

equation 3’ =+/1—3" onthe interval c—7z/2<x<c+m/2 where cos(x—c)>0, so it
follows that

\/l—y2 = \/l—sinz(x—c) = \/cosz(x—c) = —sin(x—c) = y.
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If |b| >1 then the initial value problem 3" =./1—3*, y(a)=>b has no solution because
the square root of a negative number would be involved. If |b| <1 then there is only one
curve of the form y =sin(x —¢) through the point(a,b); this give a unique solution.
But if » =1 then we can combine a left ray of the line y =—1, a sine curve from the
line y =—1 to the line y =+1, and then a right ray of the line y =+1. Looking at the

figure on the left below, we see that this gives infinitely many solutions (defined for all x)
through any point of the form (a,%1).
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32.  Looking at the figure on the right above, we see that we can piece together a "left half" of
a quartic for x negative, an interval along the x-axis, and a "right half" of a quartic curve

for x positive. This makes it clear he initial value problem ' = 4x\/)_/ , y(a)=>b has

infinitely many solutions (defined for all x) if »=0; there is no solution if 5 <0
because this would involve the square root of a negative number.

33.  Looking at the figure provided in the answers section of the textbook, it suffices to
observe that, among the pictured curves y =x/(cx —1) for all possible values of ¢,

e there is a unique one of these curves through any point not on either coordinate axis;
e there is no such curve through any point on the y-axis other than the origin; and
e there are infinitely many such curves through the origin (0,0).

But in addition we have the constant-valued solution y(x)=0 that "covers" the x-axis.
It follows that the given differential equation has near (a,b)

e aunique solutionif a#0;

e no solutionif a=0 but b#0;
e infinitely many different solutions if a=5=0.
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SECTION 1.4
SEPARABLE EQUATIONS AND APPLICATIONS

Of course it should be emphasized to students that the possibility of separating the variables is

the first one you look for. The general concept of natural growth and decay is important for all

differential equations students, but the particular applications in this section are optional.

Torricelli's law in the form of Equation (24) in the text leads to some nice concrete examples and

problems.
de 2 —x24e —x?
1. - = —j2xdx; Iny = =x"4+¢;, v(x) =e = Ce
J ¥
2. d—J; = —J2xdx, -—=—-x"=-C, y(x) = 21
Jy y x+C
( dy . —cos x+c¢ —cosx
3. - = Jsmxdx; Iny = —cosx+c¢; y(x) = e = Ce
J ¥
(d d.
4. Do (A, — A4+ v(x) = C(1+x)
Jy I+x

dy

\/1 = = 26\117_; sin"'y = Jx+C y(x) = sin(\/;+C)
o -y X

% = [3Wrav 2y =2x+200 y(x) = (x2+C)
J/

3/2

J}2/3 — 3x4/3+%c; J}(x) — (2x4/3+c)

t—
N
Rb—t

5
1)

JYy

Jcosydy = J2xdx; siny = x’+C;  y(x) = sin"l(x2+C)

d
@ _ |2 de _ [ + L dx (partial fractions)
y I-x I+x 1-x

Iny = In(l+x)—In(l-x)+InC:  p(x) = ci+—x
- X
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

28

dy dx 1 I .. _lxCi+n)

A+y)Y  J(1+x)?° l+y  1+x 1+x
sy = I+x () = I+x 1 = x—=C(1+x)
1+C(1+x) 1+ C(1+x) 1+ C(+x)
r 2 B
@ _ dex; LS = (o)
Jy 2y 2 2
i ydy 1 2 1.2 1 2 x2
i dex; Eln(y +1) = 3x"+5InC; y +1 = Ce
J Yy
(1y3dy | 4 .
il = Jcosxdx; gln(y +l) = sinx+C
J Y

I+yyldy = 1++/x ) dx; y+2y7 = x+2x7+C
Jev)ay = f(

(%—%jdy = J(l—izjdx; —2+L3 = ln|x|+l+C
J\y y X X y 3y X

sinydy _ j xdx —In(cos x) = %ln(l+x2) +InC
J cosy

secy = CVl+x*;  y(x) = sec” (C\/l+x2)

Y = l+x+y+xy = 1+x)(1+y)

dy 2
= |(0+x)dx; In|l+yl = x+ix"+C
Jl+y J( x)dx n| y| X+3x

¥’y = 1-x"+y’—x*y’ = (1-x)(1+ %)

J1+y? X

Lo Je"dx; Iny = e +InC;  y(x) = Cexp(e’)
J ¥

y(0)=2e implies C=2 so p(x) = 2exp(e’).
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20.

21.

22.

23.

24.

25.

26.

27.

J il = j3x2dx; tan"'y = X’ +C; p(x) = tan(x3+C)
p(0)=1 implies C=tan"'1=7/4 so y(x) = tan(x3+7t/4).
fzydy ) J% v =¥ —16+C

2 —
y(5)=2 implies C=1 so y° = 1+/x*—16.
Jﬂ = J(4x3—l)dx; Iny = x*—=x+InC; yp(x) = Cexp(x* —x)

y

y(1)=-3 implies C=-3 so p(x) = —3exp(x’ —x).

J b _ de; Iln(2y-1) = x+1InC; 2y-1= Ce™
2y -1

y()=1 implies C=e” so y(x) = %(1+e2x_2).

& = JCO§de; Iny = In(sinx)+InC; y(x) = Csinx
% sin x

y(Z)=% impliess C=% so yp(x) = Zsinx.

- J(l+2x); Iny = Inx+x*+InC;  p(x) = Cxexp(x’)
y X
1

y()=1 implies C=e"' so yp(x) = xexp(x’—1).

dy 2 1 2 3 -1
— 2x+3x7); ——=x+x+C; y(x) = ——7—
Jyz J( ) y J( ) x2+x3+C

y(1)=-1 implies C=-1 so y(x) =

1-x2=x>"
Jeydy = j6ezxdx; e/ =3 +C;  y(x) =ln(3ezx+C)

y(0)=0 implies C=-2 so p(x) =ln(3e2"—2).
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28.

29.

30.

30

dx
sec’ ydy = j—; tan y :\/;+C; (x) =tan”' \/;+C
J yd N ) y(x) ( )
y(4)=Z implies C=-1 so yp(x) =tan”' (\/; - 1) .
(a) Separation of variables gives the general solution

H—izjdy _ _J N A S
y y x=C

(b) Inspection yields the singular solution y(x)=0 that corresponds to no value of
the constant C.

(c) In the figure below we see that there is a unique solution curve through every
point in the xy-plane.

When we take square roots on both sides of the differential equation and separate
variables, we get

i = dx; )= x—C,; (x) = (x-C)".
Jzﬁ Ly Ly = (x-C)

This general solution provides the parabolas illustrated in Fig. 1.4.5 in the textbook.
Observe that y(x) is always nonnegative, consistent with both the square root and the

original differential equation. We spot also the singular solution y(x)=0 that
corresponds to no value of the constant C.
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31.

(a) Looking at Fig. 1.4.5, we see immediately that the differential equation
(¥')’ =4y has no solution curve through the point (a,b) if b<0.

(b)  Butif »2=0 we obviously can combine branches of parabolas with segments
along the x-axis to form infinitely many solution curves through (a,b).

(c) Finally, if b >0 then on a interval containing (a,b) there are exactly two
solution curves through this point, corresponding to the two indicated parabolas through
(a,b), one ascending and one descending from left to right.

Problem 31 Figure

The formal separation-of-variables process is the same as in Problem 30 where, indeed,
we started by taking square roots in (y")> =4y to get the differential equation

y'= 2\/; . But whereas )’ can be either positive or negative in the original equation, the
latter equation requires that )" be nonnegative. This means that only the right half of
cach parabola y=(x-C )2 qualifies as a solution curve. Inspecting the figure above, we

therefore see that through the point (a,b) there passes

(a)  No solution curve if b <0,
(b) A unique solution curve if b >0,
(c) Infinitely many solution curves if b =0, because in this case we can pick any

¢ > a and define the solution y(x)=0 if x<¢c, y(x)=(x—-c) if x>c.
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32.

33.

32

Problem 32 Figure (a)

¥ = sec(x)

I > -

N
T
1

w
T
1

~
T
|

Separation of variables gives
dy

to J/JJ/Z—I

if | y| >1, so the general solution has the form y(x)=%sec(x —C). But the original

= sec”|y|+C

differential equation "= y+/»” —1 implies that »">0 if y>1, while »'<0 if
y < —=1. Consequently, only the right halves of translated branches of the curve
y=secx (figure above) qualify as general solution curves. This explains the plotted

general solution curves we see in the figure at the top of the next page. In addition, we
spot the two singular solutions y(x)=1 and y(x)=-1. It follows upon inspection of
this figure that the initial value problem "= y\/yz_—l , ¥(a)=>b has aunique solution if
|b| >1 and has no solution if |b| <1. Butif b=1 (and similarly if »=-1) then we can
pick any ¢ > a and define the solution y(x) =1 if x<¢, y(x)= |sec(x - c)| if

c<x<c+%. Sowesee thatif b==1, then the initial value problem

¥ =yyy* =1, y(a)=>b has infinitely many solutions.

The population growth rateis & = In(30000/25000)/10 = 0.01823, so the population
of the city ¢ years after 1960 is given by P(r) = 25000e"*'®*. The expected year
2000 population is then P(40) = 25000e"°"*>* = 51840,
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35.

36.

37.

38.
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The population growth rateis £ = In(6)/10 = 0.17918, so the population after ¢
hours is given by P(¢) = P,e"'™"*'. To find how long it takes for the population to
double, we therefore need only solve the equation 2P = P,e™'™'™ for

t = (In2)/0.17918 = 3.87 hours.

As in the textbook discussion of radioactive decay, the number of “C atoms after ¢
years is given by N (1) = N,e""'°’. Hence we need only solve the equation

LN, = N, e for t = (In6)/0.0001216 = 14735 years to find the age of the
6770 0

skull.

As in Problem 35, the number of "“C atoms after ¢ years is given by
N(t) = 5.0x10" """ Hence we need only solve the equation

4.6x10" = 5.0x10" """ for the age ¢ = (In(5.0/4.6))/0.0001216 =~ 686 years

of the relic. Thus it appears not to be a genuine relic of the time of Christ 2000 years
ago.

The amount in the account after ¢ years is given by A(f) = 5000e"**". Hence the

amount in the account after 18 years is given by 4(18) = 5000e***® = 21,103.48
dollars.

When the book has been overdue for ¢ years, the fine owed is given in dollars by
A(t) = 0.30e*™’. Hence the amount owed after 100 years is given by

A4(100) = 0.30e"" = 44.52 dollars.
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39.

40.

41.

42.

43.

34

To find the decay rate of this drug in the dog's blood stream, we solve the equation
1 = ¢7% (half-life 5 hours) for & =(In2)/5=0.13863. Thus the amount in the dog's

—0.13863¢

bloodstream after ¢ hours is given by A(f) = 4,e . We therefore solve the

equation A(l) = A, = 50x45 = 2250 for A4,=2585mg, the amount to
anesthetize the dog properly.

To find the decay rate of radioactive cobalt, we solve the equation 1 = ¢7*"* (half-life
5.27 years) for k=(In2)/5.27 =0.13153. Thus the amount of radioactive cobalt left

after ¢ years is given by A(f) = A4, e """
A1) = A,e PP = 0.014, for £=(In100)/0.13153=35.01 and find that it will be

about 35 years until the region is again inhabitable.

. We therefore solve the equation

Taking ¢ = 0 when the body was formed and ¢+ = T now, the amount Q(¢) of U in
the body at time ¢ (in years) is given by O(f) = Qpe™, where k = (In 2)/(4.51x10°).
The given information tells us that

oT)  _
0, —0(T)

After substituting Q(T) = Qpe™’, we solve readily for ¢’ = 19/9, so
T = (1/k)In(19/9) = 4.86x10°. Thus the body was formed approximately 4.86 billion
years ago.
Taking ¢ = 0 when the rock contained only potassium and ¢ = 7 now, the amount
O(f) of potassium in the rock at time ¢ (in years) is given by O(f) = Qe ™, where
k= (In2)/(1 .28><109). The given information tells us that the amount A(f) of argon at
time ¢ is

A1) = 5[0, -00)]
and also that A(7) = Q(T). Thus

Q,-0(T) =90(T).
After substituting Q(T) = Q,e”*" we readily solve for

T = (In10/In2)(1.28x10%) = 4.25x10°.

Thus the age of the rock is about 1.25 billion years.

Because 4 = 0 the differential equation reduces to 7" = kT, so 7(z) = 25¢™. The
fact that 7(20) = 15 yields & = (1/20)In(5/3), and finally we solve
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45.

46.

47.

48.

5=25" for = (In5)Y/k = 63 min.

The amount of sugar remaining undissolved after 7 minutes is given by A(t) = 4,e™™;

we find the value of k by solving the equation A(1) = Ae™* = 0.754, for
k=-In0.75=0.28768. To find how long it takes for half the sugar to dissolve, we solve
the equation A(f) = 4,e™ =14, for t=(In2)/0.28768 =2.41 minutes.

4

(a) The light intensity at a depth of x meters is given by 7(x)=/I,e'**. We solve

the equation I(x)=1Ie"** =11, for x=(In2)/1.4=0.495 meters.
(b) At depth 10 meters the intensity is /(10) = /e " = (8.32x107) /.

(c) We solve the equation /(x)=1,e"** =0.01/, for x=(In100)/1.4 =3.29
meters.

(a) The pressure at an altitude of x miles is given by p(x)=29.92¢7**. Hence the

pressure at altitude 10000 ftis p(10000/5280) = 20.49 inches, and the pressure at
altitude 30000 ftis p(30000/5280) = 9.60 inches.

(b) To find the altitude where p = 15 in., we solve the equation 29.92¢™*** =15 for
x=(In29.92/15)/0.2 = 3.452 miles = 18,200 ft.

If N(#) denotes the number of people (in thousands) who have heard the rumor after ¢
days, then the initial value problem is

N’= K100-N), NO) = 0

and we are given that N(7) = 10. When we separate variables (dN /(100—N) =k dt)
and integrate, we get In(100 — N)=—kr+ C, and the initial condition N(0)=0 gives

C=In100. Then 100-N =100e™, so N(1)=100(1-¢™"). We substitute 1=7,

N =10 and solve for the value & =In(100/90)/7 =0.01505. Finally, 50 thousand
people have heard the rumor after 7= (In2)/k =46.05 days.

Let N,(t) and N,(¢) be the numbers of 28U and U atoms, respectively, at time ¢ (in
billions of years after the creation of the universe). Then N,(¢)= N,e ™ and

Ny(1)=N,e™*", where N, is the initial number of atoms of each isotope. Also,
k=(n2)/4.51 and ¢=(In2)/0.71 from the given half-lives. We divide the equations
for N, and N, and find that when ¢ has the value corresponding to "now",
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50.

S1.

S2.
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et = 8 = 1377,

5

Z|=

Finally we solve this last equation for ¢ = (In137.7)/(c—k) = 5.99. Thus we get an

estimate of about 6 billion years for the age of the universe.

The cake's temperature will be 100° after 66 min 40 sec; this problem is just like Example

6 in the text.

a) A()=10e". Also 30= A(X)=10¢"""2, soso
2

€15k/2 — 3; k = 31113 — 11’1(32/15).
15

Therefore A(f) =10(e*) =10-3*'",
(b) After 5 years we have A(5)=10-3*" =20.80 pu.

(c) A(r)=100 when A(r) = 103415 ¢ = I_SM 15,72 yeurs
2 In(3)
(a) A(t):lse—/ct; IO:A(S)ZISe—kt’SO
i = kt, k _ _ln_
2 5

Therefore
/ 3 3 —t/5 2 t/5

A(t) = 15 ——In=| = 15| = =15-|=| .

“ exp( 5 nzj @ (3)
(b) After 8 months we have

8/5
A®) = 15-(—) = 7.84 su.

(¢) A(t)=1 when

A(t):ls.(zj’ P LG
3 In(3)

Thus it will be safe to return after about 33.4 months.

= 33.3944.

If L(¢) denotes the number of human language families at time ¢ (in years), then
L(t) = " for some constant k. The condition that L(6000) = ¢ =1.5 gives
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54.

3s.

6.

1

~ 6000
L(T)=¢e" =3300,s0 T = %ln 3300 = 60001n 3300 =~119887.18. This result suggests

In(3/2)
that the original human language was spoken about 120 thousand years ago.

3 : :
lnE. If "now" corresponds to time ¢=7, then we are given that

If L(¢) denotes the number of Native America language families at time ¢ (in years),
then L(¢)=e" for some constant k. The condition that L(6000) = e*** =1.5 gives

k= ! lné. If "now" corresponds to time ¢=7, then we are given that
6000 2
L(T)=e" =150,s0 T = llnlSO = 6000In150 = 74146.48. This result suggests that the
k In(3/2)

ancestors of today's Native Americans first arrived in the western hemisphere about 74
thousand years ago.

With A(y) constant, Equation (19) in the text takes the form

ﬂ:k\/;

dt

We readily solve this equation for 2\/; = kt+C. The condition »(0) = 9 yields

C = 6, and then (1) = 4 yields & = 2. Thus the depth at time ¢ (in hours) is
vty = 3- t)z, and hence it takes 3 hours for the tank to empty.

With 4 = 7#(3)* and a = n(1/12)*, and taking g = 32 ft/sec’, Equation (20)
reducesto 162" = —\/; . The solution such that y = 9 when ¢ = 0 is given by
324y = -t+972. Hence y = 0 when # = 972 sec = 16 min 12 sec.

The radius of the cross-section of the cone at height y is proportional to vy, so A(y) is
proportional to *. Therefore Equation (20) takes the form

J}ZJ/, = - k\/; .
and a general solution is given by
2y = 5kt + C.

The initial condition y(0) = 16 yields C = 2048, and then (1) = 9 implies that
5k = 1562. Hence y = 0 when

t = C/5k = 2048/1562 = 1.31 hr.
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59.
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The solution of )" = —k./y is given by

2y = k+cC

The initial condition »(0) =/ (the height of the cylinder) yields C=2 Jh . Then
substitution of t =17, y=0 gives k= (2 Jh Y/T. It follows that

vy = h(l- t/T)z.
If r denotes the radius of the cylinder, then
V(y)y = nr'y = ar*h(1-t/T)’ = V,(1-t/T)".

3/4 2

Since x = ", the cross-sectional areais A(y) = 7x° = 7y>">. Hence the

general equation A(y)y = —a+f2gy reduces to the differential equation yy =—k

with general solution
(12y* = -kt + C.

The initial condition »(0) = 12 gives C = 72, and then y(1) = 6 yields £ = 54.
Upon separating variables and integrating, we find that the the depth at time 7 is

y(t) = J144-1081 ().
Hence the tank is empty after # = 144/108 hr, thatis, at 1:20 p.m.

(a) Since x> = by, the cross-sectional areais A(y) = mx*> = zby. Hence the

equation A(y)y" = —ayJ2gy reduces to the differential equation

2y = —k = —(a/nwh)/2g
with the general solution
QB3y"? = —kt + C.

The initial condition y(0) = 4 gives C = 16/3, and then y(1) = 1 yields £ = 14/3.
It follows that the depth at time 7 is

W = 8 -7

(b)  The tank is empty after + = 8/7 hr, thatis, at 1:08:34 p.m.

(¢)  Weseeabove that k = (a/7b)\2g = 14/3. Substitution of @ = 7%, b =1,
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61.

62.

g = (32)(3600)2 ft/nr yields r = (1/60)7/12 ft =0.15in for the radius of the
bottom-hole.

With g = 32 ft/sec’ and a = 7(1/12)?, Equation (24) simplifies to

dy V4
A(y)— = ——/y.
- TR
If z denotes the distance from the center of the cylinder down to the fluid surface, then
vy =3-z and A(y) = 1009 - 22)1/ 2, Hence the equation above becomes
dz V4
10 9_ 2 1/2_ - = 3_ 1/2’
O = 15079

180(3+2)"?dz = ndt,

and integration yields
1203+ z2)"* = mt+C.

Now z = 0 when # = 0, so C = 120(3)"%. The tank is empty when z = 3 (that s,
when y = 0) and thus after

t = (120/m)(6”* - 3°?) = 362.90 sec.

It therefore takes about 6 min 3 sec for the fluid to drain completely.

A(y) = #(8y—y?) asin Example 7 in the text, butnow a = 7/144 in Equation (24),
so the initial value problem is

8@y =) =y, n0) =8
We seck the value of # when y = 0. The answer is ¢ = 869 sec = 14 min 29 sec.

The cross-sectional area function for the tank is 4 = 7(1—3") and the area of the

bottom-hole is a = 1077, so Eq. (24) in the text gives the initial value problem

n(l—Jﬂz)% = —10772%9.8y, »(0) = 1.

Simplification gives

(y—uz _y3/2)% - —1,4><10_4\/m

so integration yields
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64.
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22 _%yw = —1.4x10*J10¢+C.

The initial condition »(0) =1 implies that C = 2 - 2/5 = 8/5, so y=0 after
t = (8/5)/1 .4><10_4\/ﬁ) = 3614 seconds. Thus the tank is empty at about 14
seconds after 2 pm.

(a) As in Example 8, the initial value problem is

w0 = —akfy, 0)=4
dt
where k = 0.6r°2g = 4.8/°. Integrating and applying the initial condition just in
the Example 8 solution in the text, we find that

Eyyz_%ysn — —kt+ﬂ.
3 5 15

When we substitute y = 2 (ft) and ¢ = 1800 (sec, that is, 30 min), we find that
k = 0.009469. Finally, y = 0 when

t = ﬂ = 3154 sec = 53 min 34 sec.
15k

Thus the tank is empty at 1:53:34 pm.
(b) The radius of the bottom-hole is
r = k/4.8 =0.04442 ft = 0.53 in, thus about a half inch.

The given rate of fall of the water level is dy/dt = —4 in/hr = —(1/10800) ft/sec. With
4 =n7x" and a = 77, Equation (24) is

—(mr)\2gy = —8mriyy.

Hence the curve is of the form y = kx”, and in order that it pass through (1, 4) we

(77x*)(1/10800)

must have k£ = 4. Comparing \/; = 2x* with the equation above, we see that
(8r%)(10800) = 1/2,

so the radius of the bottom hole is » = 1/(240\/5) ft = 1/35 in.
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Let ¢ = 0 at the time of death. Then the solution of the initial value problem

T = K70 -T), 7(0) = 98.6
is
T(t) = 70+28.6¢™".

If + = a at 12 noon, then we know that

T(t) = 70+28.6¢7 = 80,

T(a+1) = 70+28.6e"“" = 75,

Hence
28.6¢™ =10 and 28.6¢ e * = 5.

It follows that ¢ = 1/2, so k = In 2. Finally the first of the previous two equations
yields

a = (In2.86)/(In2) = 1.516 hr = 1 hr 31 min,
so the death occurred at 10:29 a.m.

Let + = 0 when it began to snow, and ¢ = 7, at 7:00 am. Let x denote distance along
the road, with x = 0 where the snowplow begins at 7:00 a.m. If y = ¢t is the snow
depth at time ¢, w is the width of the road, and v = dx/dr is the plow’s velocity, then
"plowing at a constant rate" means that the product wyv is constant. Hence our
differential equation is of the form

P = 2
dt t

The solution with x = 0 when ¢ = 1 is

= 1"

We are given that x = 2 when ¢ = £+ 1 and x = 4 when ¢ = £, + 3, so it follows
that

o+ 1 =1t and f+3 = fe*
Elimination of 7, yields the equation

e*—3e"+2 = (F-1)*-2) =0,
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so it follows (since k> 0)that ¢® = 2. Hence 1o+ 1 = 2fy, so fop = 1. Thus it began
to snow at 6 a.m.

We still have ¢ = £p €™, but now the given information yields the conditions

to+1 = tge*  and  fH+2 = et

at 8 a.m. and 9 a.m., respectively. Elimination of #; gives the equation
20 _F 1 = 0,

which we solve numerically for £ = 0.08276. Using this value, we finally solve one of
the preceding pair of equations for #, = 2.5483 hr = 2 hr 33 min. Thus it began to
snow at 4:27 a.m.

(a) Note first thatif @ denotes the angle between the tangent line and the horizontal,
then ¢=2-6 so cota=cot(£—0)=tanf =y'(x). It follows that

sino 1 1

sing = = = .
Jsinla+cos’a Al+cot’a \/1+y’(x)2

Therefore the mechanical condition (sin¢)/v = constant (positive) with v =4/2gy
translates to

= constant, so y[1+(3")’] = 2a

1
a1+ ()

for some positive constant a. We readily solve the latter equation for the differential

equation
Yy = d _ [2azy
dx y

(b) The substitution y =2asin’t, dy =4asintcostdt now gives

: /2a —2asin*¢ cost
dasintcostdt = \|[—————dx = —dx,
2asin” ¢ sin ¢

dx = dasin’t dt.
Integration now gives
x = [4asin’tdr = 2a [(1-cos2t) dt
= 2a(t—<sin26)+C = a(2t—sin2t)+C,

and we recall that y =2asin’ ¢ = a(1—cos2t). The requirement that x =0 when =0
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implies that C =0. Finally, the substitution @ =2t (nothing to do with the previously
mentioned angle € of inclination from the horizontal) yields the desired parametric
equations

x =a(@—sin@), v=a(l-cosb)

of the cycloid that is generated by a point on the rim of a circular wheel of radius a as it
rolls along the x-axis. [See Example 5 in Section 10.4 of Edwards and Penney, Calculus,
6th edition (Upper Saddle River, NJ: Prentice Hall, 2002).]

69.  Substitution of v =dy/dx in the differential equation for y = y(x) gives
a v = 1+,
dx
and separation of variables then yields
J D ﬂ; sinh™'v = £+C1; Y sinh £+C1J.
V1412 a a dx a
The fact that »’(0) =0 implies that C, =0, so it follows that
dy . x x
— = sinh| — |; y(x) = acosh| — [+C.
dx a a
Of course the (vertical) position of the x-axis can be adjusted so that C =0, and the units
in which 7' and p are measured may be adjusted so that a =1. In essence, then the
shape of the hanging cable is the hyperbolic cosine graph y =cosh x.
SECTION 1.5

LINEAR FIRST-ORDER EQUATIONS

pzexp(Jldx)zex; Dx(y-e")=2e"; y-er=2e"+C;  y(x) =2+Ce"

y(0)=0 implies C=-2 so y(x) = 2-2¢"

p=exp(J(—2)dx)=e_2x; D (y-e_z")=3; ye=3x+C; y(x) = Bx+C)e™

»(0)=0 implies C=0 so p(x) = 3xe™*

p=exp(J3dx)=e3x; D. (J;-e3"):2x; yer=x"+C, yKx) = +C)e
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p=exp(J(—2x)dx)=e_xz; D_ (y-e""z)zl; y-e"“2 =x+C; y(x) = (x+C)e"2

Jo, =exp(J(2/x)dx) =" =x"; D, (y-xz) =3x; y-x’=x+C
y(x) = x+C/x*;  y(1)=5 implies C=4 so p(x) = x+4/x°

Jo, =exp(J(5/x)dx)=e51nx =x’; D, (y-xs) =7x% y-xX’=x"+C
y(x) = x’+C/x°;  y(2)=5 implies C=32 so yp(x) = x*+32/x°
p=exp(J(l/2x)dx)=e(1“x)/2=\/;; Dx(y-\/;)=5; yAx=5x+C
y(x) = 5vVx+C/x

Jo, =exp(j(1/3x)a’x)=e(h”‘)/3 =3x; D_ (y-%/;):4%/;; y-%/;=3x4/3+C

y(x) = 3x+Cx"?

pzexp(J(—l/x)dx)ze_lnx=1/x; D (y-1/x)=1/x; y-l/x=Inx+C
y(x) = xInx+Cx; y(1)=7 implies C=7 so p(x) = xInx+7x

p =exp ( J(—3/2x) dx) = (P02 o 732,

D, (y-x_3/2)=9x1/2/2; y-x7"?=3x""+C; y(x) = 3x°+Cx?
p=exp(J(l/x—3)dx)=e1“x_3x=xe_3"; Dx(y-xe_“)zo; y-xe*=C

y(x) = Cx'¢;  y(1)=0 implies C=0 so y(x) = 0 (constant)

Jo, =exp(J(3/x)dx)=e3lnx =x’; D, (y-x3) =2x; y-xX’=1x*+C

y(x) = 3’ +Cx7; p(2)=1 implies C=-56 so y(x) = 1x°-56x

pzexp(Jldx)zex; Dx(y-ex)zezx; y.e":%ez"+C

y(x) =4de"+Ce™;  p(0)=1 implies C=1 so y(x) = L&'+

p=exp(j(—3/x)dx)=e_31”=x_3; Dx(y-x"3)=x_1; y-x"=Inx+C
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16.

17.

18.

19.

20.

21.

22.

23.

y(x) = X’Inx+Cx’; y(1)=10 implies C=10 so yp(x) = x’Inx+10x’

2

p=exp(J2xdx)=exz; Dx(y-exz)zxex Doyt =%e’“2+C

_xz

p(x) = 1+Ce™;  p(0)=-2 implies C=—3 so y(x) = +—-3e
D =exp ( Jcosxdx) =e™; D, (y : esm") =e™cosx;  y-et =" +C

—sinx

y(x) = 1+Ce™™;  yp(r)=2 implies C=1 so p(x) = l+e

P =exp(jl/(l+x)dx) =e"" =1+x; D, (y-(1+x)) =cosx; y-(l+x)=sinx+C

C+sinx S 1+sinx
—_— (0)=1 implies C=1 so y(x) =
1o x »(0) p y(x) .

y(x) =

p= exp(J(—2/x)dx) =e " =x7;, D, (y-x"z) =cosx; y-x =sinx+C
y(x) = x*(sinx+C)

p=exp ( Jcotxdx) =" =ginx; D, (p-sinx)=sinxcosx
y-sinx=1sinx+C;, p(x) = Lsinx+Cescx

p =exp ( [[QES)) a’x) =% D, ( y- e—HZ/z) =(1+x)e "

2 2 2
J/‘€XX/2:—€XX/2+C; y(x) — _1+Cexx/2

—x-x2/2

y(0)=0 implies C=1 so y(x) = —1+e
p= exp(J(—3/x)dx) =™ =x7;, D, (y . x_3) =cosx; y-x =sinx+C
y(x) = ¥’sinx+Cx’;  p(2x)=0 implies C=0 so yp(x) = x’sinx
p= exp(J(—2x)dx) =¢*;, D, (y e ) =3x% ye =x+C

y(x) = (x3 + C) et p(0)=5 implies C=5 so p(x) = (x3 + 5) et

p =exp ( J(2 - 3/x)dx) ="M =x7e;, D, (y . x_3e2x) =4e*

y-xe =27 +C;  y(x) = 2x’+Cx’e™
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p= exp(J.3x/(x2 +4)dx) = T2 (x* + 4)3/2; D (y A(x? +4)3/2) =x(x’ +4)1/2

y- P+ =L +47+C; y(x) = L+4CET+4)77

»(©0)=1 implies C=% so yp(x) = $[1+16(x* +4)"?]

First we calculate

3x7 dx 3x _3ro» 5
Jx2+l = J[3x—x2+1}dx = E[X —In(x +1)].

It follows that p = (x”+1)""*exp(3x°/2) and thence that

Dx (y . (x2 + ])—3/2 eXp(3x2 /2)) — 6x(x2 +4)—5/2’
V- ()C2 + 1)_3/2 exp(3x2 /2) = —2(x2 +4)—3/2 +C,
P(x) = =2exp(3x*/2)+ C(x* +1)” exp(-3x" /2).

Finally, »(0)=1 implies that C =3 so the desired particular solution is

y(x) = —2exp(3x°/2)+3(x> +1) exp(=3x>/2).

With x"=dx/dy, the differential equation is y’x"+4y°x=1. Thenwith y as the

independent variable we calculate

p(») = exp( [4/0)dy) = ™ = ¥ D (xy*) =y

L,C
2)}2 J}4

4

Xy :%J’ZJFC; x(y) =

With x"=dx/dy, the differential equation is x"'—x = ye”. Then with y as the
independent variable we calculate

p() = exp([(-Ddy) = ¢ D (xe”) =y

x-e’ =1y +C x(y) = (%yz+C)ey

With x"=dx/dy, the differential equationis (1+y*)x"—2yx=1. Thenwith y as the

independent variable we calculate
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31.

32.

p(») = exp [(2p/(1+)7)dy) = ™ = (1+37)
D, (x-(+y)") = (1+y*)”

An integral table (or trigonometric substitution) now yields

al = = al - = 1 ~+tan” y+C
I+y (l+yz) 2{1+y

x(y) = %|:y+(l+yz)(‘[a1’1_1 y+C)]

2

p =exp ( J(—2x)dx) =¢*; D, (J’ e ) = ye =C+ f e dt

y(x) = exz(C+%\/;erf(x))

After division of the given equation by 2x, multiplication by the integrating factor
P = x'? yields

172+ 1 _-3 1

/2 -1/2
X Ty -—5x 77y = x “cosx,

D, (x_l/zy) = x"?cosx,

xPy = C+ J;x "% cost dt.
The initial condition y(1) = 0 implies that C = 0, so the desired particular solution is
y(x) = x'° J;x % cost dt.

—J-de

@ y =Ce’ (-P)=-Py,so yv.+Py, =0.

® v = (—P)e‘j”"-U(Qef”")dx}e‘j”"-Qef”" = —Py,+0

(a) If y=Acosx+ Bsinx then
V'+y = (A+B)cosx+(B—A)sinx = 2sinx

provided that 4 =—1 and B =1. These coefficient values give the particular solution
Yp(X) = sinx — cos x.
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(b)  The general solution of the equation "+ y =0 is p(x) = Ce™ so addition to the
particular solution found in part (a) gives y(x) = Ce™ + sin x — cos x.

(c) The initial condition »(0) =1 implies that C =2, so the desired particular
solution is y(x) = 2¢™ + sin x — cos x.

The amount x(¢) of salt (in kg) after ¢ seconds satisfies the differential equation
x'=-x/200, so x(¢) = 100e7""*®. Hence we need only solve the equation
10 = 1007 for t =461 sec = 7 min 41 sec (approximately).

Let x(¢) denote the amount of pollutants in the lake after ¢ days, measured in millions of
cubic feet (mft’). The volume of the lake is 8000 mft’, and the initial amount x(0) of
pollutants is x, = (0.25%)(8000) = 20 mft’. We want to know when

x(¢) = (0.10%)(8000) =8 mft>. We set up the differential equation in infinitesimal form
by writing

dx =[in]—[out]

(0.0005)(500) df ———- 500 d,
8000

which simplifies to
de 1 x de 1

— . or —
dt 4 16 dt 16

t/16

1
T
Using the integrating factor p =e''®, we readily derive the solution x(#) =4 +16e™""°

for which x(0)=20. Finally, we find that x =8 when 1=16In4 =222 days.

The only difference from the Example 4 solution in the textbook is that V= 1640 km’
and =410 km’/yr for Lake Ontario, so the time required is

t = K1n4 = 4In4 = 5.5452 years.

r

(a) The volume of brine in the tank after # minis V(r) = 60 — ¢ gal, so the initial
value problem is

dx 3x

— =2- , x(0) = 0.
dt 60—1¢
The solution is
(6O—t)3
x(t) = (60—1)————~,
@) = ( ) 3600

(b) The maximum amount ever in the tank is 40/+/3 =23.09 Ib. This occurs after
£ =60—20~/3 ~25/36 min.
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37.

38.

39.

The volume of brine in the tank after ¢+ minis V(r) = 100 + 2z gal, so the initial value
problem is

L S x(0) = 50.
dt 100+ 2¢

The integrating factor p(¢) = (100 + 2)*” leads to the solution

50000

x(t) = (100+2t)—W.

such that x(0) = 50. The tank is full after + = 150 min, at which time
x(150) = 393.75 Ib.

(@) dx/dt = —x/20 and x(0)=50s0 x(¢) = 50e"*.
(b) The solution of the linear differential equation

ﬂ _ 5x _ S5y _ ée—z/zo_L )

dr 100 200 2 40

with 1(0) = 50 is
p(t) = 1507 =100,

(¢) The maximum value of y occurs when

’ _ 15 —t/40 —1/20 __ 5 —t/40 —t/40 _
V(t) = —Te +5Se ——Ze (3—4e ) =0.

We find that ymax = 56.251b when ¢ = 40 In(4/3) = 11.51 min.
(a) The initial value problem

dx X

o o__x 0) = 100
10 *(0)

for Tank 1 has solution x(¢) = 100e™"°. Then the initial value problem

XV 10 -2 p0) =0
dt 10 10

for Tank 2 has solution y(¢) = 10re™"'".
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40.

41.

42.

43.

50

(b) The maximum value of y occurs when
J},(t) — loe—l/lo_te—t/l() — 0
and thus when t=10. We find that yu., = »(10) = 100¢™ =~ 36.79 gal.

(b) Assuming inductively that x, = t"e™" 2/(11!2") , the equation for x,; is

Ay _ lx —lx _r e’ 1

— ==X,
dt R R 1 b Kt R

We easily solve this first—order equation with x,,,(0) = 0 and find that

n+l —t/2
e

t
X =,
(12

thereby completing the proof by induction.
(@) A = 0.064+0.125 = 0.064+3.6¢""
(b) The solution with 4(0) = 0 is
A(r) = 360(” %7 — 00,
so A(40) = 1308.283 thousand dollars.

The mass of the hailstone at time ¢ is m = (4/3)xr’ = (4/3)7k’t’. Then the equation
d(mv)/dt = mg simplifies to

wv'+3v = gt
The solution satisfying the initial condition v(0) = 0 is w(r) = gt/4, so v'(¢) = g/4.
The solution of the initial value problem ) =x—y, »(=5)=y, is

y(x) = x=14+(y, +6)e™.

Substituting x =5, we therefore solve the equation 4+ (y,+6)e™™ = y,

with y; = 3.998, 3.999, 4, 4.001, 4.002 for the desired initial values
vo = —50.0529, -28.0265, —6.0000, 16.0265, 38.0529, respectively.
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44.

45.

46.

The solution of the initial value problem ) =x+y, w(=5) =y, is
y(x) = —x—1+(y,—4)e™.

Substituting x = 5, we therefore solve the equation —6+(y, —4)e"’ = y,
with y; = =10, -5, 0, 5, 10 for the desired initial values
vo = 3.99982, 4.00005, 4.00027, 4.00050, 4.00073, respectively.

With the pollutant measured in millions of liters and the reservoir water in millions of
cubic meters, the inflow-outflow rate is » =1, the pollutant concentration in the inflow

is ¢, =10, and the volume of the reservoir is J =2. Substituting these values in the

equation x"=rc, —(r/V)x, we get the equation

& _, 1
dt

= X
10
for the amount x(z) of pollutant in the lake after ¢+ months. With the aid of the

t/10

integrating factor p=¢e""", we readily find that the solution with x(0)=0 is

x(1) = 20(1-¢"").

Then we find that x =10 when ¢#=10In2 = 6.93 months, and observe finally that, as
expected, x(z)— 20 as ¢ — oo

With the pollutant measured in millions of liters and the reservoir water in millions of
cubic meters, the inflow-outflow rate is =1, the pollutant concentration in the inflow

is ¢, =10(1+cos?), and the volume of the reservoir is ¥ =2. Substituting these values

in the equation x"=rc —(r/V)x, we get the equation

& _ 2(1+c0st)—Lx, that is, ﬂ+Lx= 2(1+cost)
dt 10 dt 10

for the amount x(¢) of pollutant in the lake after # months. With the aid of the

t/10

integrating factor p=¢€"", we get

x-e"’ = J.(2e”10 +2¢"" cost) dt

t/10

= 20" 4+2.—% | Zcost+sins |+C.
(%)2+12 10

When we impose the condition x(0) =0, we get the desired particular solution
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x(f) = ﬂ(lol —~102¢™""" +cost +10sint).
101

In order to determine when x =10, we need to solve numerically. For instance, we can
use the Mathematica commands

x = (20/101) (101 - 102 Exp[-t/10] + Cos[t]l + 10 Sin[t]):
FindRoot[ x == 10, {t,7} 1

{t -> 6.474591767017537}

and find that this occurs after about 6.47 months. Finally, as ¢ — o we observe that
x(t) approaches the function 20+ -2-(cosz+10sin¢) that does, indeed, oscillate about

the equilibrium solution x(#) = 20.

SECTION 1.6
SUBSTITUTION METHODS AND EXACT EQUATIONS

It is traditional for every elementary differential equations text to include the particular types of
equations that are found in this section. However, no one of them is vitally important solely in
its own right. Their main purpose (at this point in the course) is to familiarize students with the
technique of transforming a differential equation by substitution. The subsection on airplane
flight trajectories (together with Problems 56-59) is included as an application, but is optional
material and may be omitted if the instructor desires.

The differential equations in Problems 1-15 are homogeneous, so we make the substitutions

h% dy dy
y = =, Yy =vx, —_— = Vv+Xx—.
dx

For each problem we give the differential equation in x, v(x),and v’ =dv/dx that results,
together with the principal steps in its solution.

2(v+1ydv _

> _—J2xdx; ln(v2+2v—1):—2lnx+lnC
vi+2v—1

1. x(v+l)v'=—(vz+2v—l); j

x? (vz+2v—1) =C, y'+2xy-x>=C

X

2. 2xvv' =1; J.2vdv=jﬂ; vVi=lnx+C,  y’ = x*(Inx+C)

3. xv' =24lv; J dv & = lnx+C  y = x(lnx+C)2

NS
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10.

11.

12.

x(v=1)y'==(v’+1); jz(l ;:)ld" ~ jzdx; 2tan~ v —In(v* +1) = 2Inx +C
y X

2tan”' (y/x)=In(3*/x* +1) = 2Inx+C

x(v+l)v'=—2vz; J(l+i2jdv=— %; lnv—l=—2lnx+C

v v X v
lny—lnx—i = —2lnx+C; In(xy) = c+2

y y

V2 X v

x(2v+l)v’:—2vz; J(g+_)dv:_ %; 1nv2_l = 2lnx+C
Vv

2lny—2lnx—£ = —2lnx+C; 2ylny = x+Cy
J}

xvV'=1; J3v2dv:j%; v’ =3lnx+C;,  y = X’(3lnx+C)
x

xv'=e's - [e"dv=- L e = —x+G -y = I(C-In¥)
X
y = —xln(C—lnx)
xvV =y - d—‘;:— ﬁ; 1 = -lnx+C; x = y(C-Inx)
v x v

xvv =2V +1; J 41;dv :J 4dx; ln(2vz+l) = 4lnx+InC
2vi+1 X

2y°/x*+1 = Cx*; x*+2y° = Cx°

_ 2
x(l—vz)v'=v+v3; jl3 Y dv= ﬁ; J(—l_ 22‘) jdvz &
+1

Vv +v X Vv v

1nv—ln(vz+1) = Inx+InC; v = Cx(vz+1); y = C(xz"‘yz)

xvy =4V +4; J vzdv = ﬁ; VvV +4 = Inx+C
Vv +4 X

Vvi+d = (lnx+C)2; A4x* +y* = xz(lnx+C)2
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13.

14.

15.

16.

17.

18.

54

xV =4V +1; J czz’v =Jﬁ; ln(v+\/v2+l)=lnx+lnC
Vv +1 X

v+ +1 = Cx; y+\/xz+y2 =Cx’
xvy = \/1+v2—(1+v2)

Inx = J vdv
NI —(1+v%)

1 du

i@t

= _J’d_w = —lnw+InC
7

(u = 1+v%)

with w=1-+/u . Back-substitution and simplification finally yields the implicit

solution x —+/x*+3* = C.

x(v+l)v’:—2(v2+2v); j—2(v+l)dv =— _4dx;

: 1n(v2+2v) = —4lnx+InC
Vo +2v X

V+2y = C/xY; Xy +2xy=C

The substitution v = x+ y+ 1 leads to

x_J dv _J'2udu
1+\/1_» 1+u

2u—2In(l+u)+C

2yx+y+1-2In(l+x+y+1)+C

(v =)

=
Il

dv 1, v C
—— = tan —+—
v +4 2 2 2

v = 2tan(2x—-C); y = 2tan(2x—-C)—4x

v=4x+y, V=vV+4; x= j

, vdy 1
v=x+y v =v+l, x = = 1- dv = v=In(v+1)-C
v+1 y+1

Inx+ y+1)+C.

y
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Problems 19-25 are Bernoulli equations. For each, we indicate the appropriate substitution as
specified in Equation (10) of this section, the resulting linear differential equation in v, its
integrating factor p, and finally the resulting solution of the original Bernoulli equation.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

v=y7y V-dv/x = -10/x*; p=1/x" ' = x/(Cx5+2)
v=y’ V+6xv = 18x; p=e3"2; Yy = 3+Ce
v=y7 VH2y = -2 p=éet Yt =1/(Ce )

v=y"; V-6v/x = -15/x*; p=x° y = 7x/(7Cx7+15)

v=y"" V=2v/x =-1;, p=x7; y= (x+sz)_3

v=y7y V42v = /x; p=€F; ¥ = & /(C+hnx)
v=y V+3v/x = 3/N1+xY p=x’y P = (C+3\/1+x4)/(2x3)

The substitution v = 3’ yields the linear equation v' +v = ¢ with integrating
factor p = €. Solution: y’ = ¢(x + C)

The substitution v = 3’ yields the linear equation xv'—v = 3x* with integrating
factor p = 1/x. Solution: y = o'+ Cx)'?

The substitution v = ¢’ yields the linear equation x v'— 2y = 2x’¢** with integrating

factor p = 1/x*. Solution: y = In(C x* + x*¢™

The substitution v = siny yields the homogeneous equation 2xv v’ = 4% +47,
Solution: sin’y = 4x* - Cx

First we multiply each side of the given equation by ¢”. Then the substitution v = ¢’
gives the homogeneous equation (x+v)v’ = x—v of Problem 1 above.
Solution: x* —2x ¢ —¢*¥ = C

Each of the differential equations in Problems 31-42 is of the form M dx+ Ndy = 0, and the
exactness condition dM /dy =dN /dx is routine to verify. For each problem we give the
principal steps in the calculation corresponding to the method of Example 9 in this section.

31.

F = J(2x+3y)dx = x"+3xy+g(»); F, = 3x+g(y) = 3x+2y = N

gy =2y g0 =y X +3xy+y’ = C
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32.

33.

34.

35.

36.

37.

38.

39.

40.

56

F = J(4x—y)dx = 2x* —xy+g(y); F, = —x+g(y) = 6y-x =N
g») =6y, g(») = 3% x'—xy+3y’ = C
F = J(3x2 +29)dx = X +x07 +g(v); F, = Axy+g(y) = dxy+6y° = N

gy =6y g(y) =2y% X +2x° 42y = C

F = J(2xyz+3x2)dx = xX+x"y +g(y); F

y

2x2y+g'(y) = 2xzy+4y3 =N
g =4y gy =»h CHxy +yt = C

F = J(x3+y/x)dx =1x'+ylnx+g(y); F, =Inx+g(y) = y’+Inx= N

J

gy =y gy =1y, 1 +1y 4 ylnx = C

F = [(+ye?)ds = x+e”+g(y); F, = xe” +g'(y) = 2y+xe” = N

y

g =2y, glv) = vs x+e+y’ = C

=x/y+g(y) = x/y+e’= N

p

F = J(cosx+lny)dx = sinx+xlny+g(y);, F,

gy) =e" gy =e" sinx+xlny+e’ = C

F = J.(x+‘[an_1 yydx = Lx*+xtan” y+g(v); F, = 1+xy2 +d(y) = 1x++;; _ N
gy = 1+yy2; g(») = 3In(1+y%); 1y’ +xtan™ y+Lin(l+y?) = C

F = J(3x2y3+y4)dx = Xy +xy +g(y)

F, =3y +40° +g'(y) = 3y’ +y' +4x’ = N

gy =»h gy =1y Sy 4wty = C

F

J(e" siny+tany)dx = e*siny+xtany+ g(y);
F, = ¢e‘cosy+xsec’ y+g(y) = e‘cosy+xsec’ y= N

y

g =0 g =0 e'siny+xtany = C
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41.

42.

43.

44.

45.

2x  3y° xt oy
F = — =0 |dx = —+—=5+g(»);
J} X

y X
2 2y ) 1
F, = _z +—J+g(y) x—2+—J;+—= N
y y X \/J_}
, 1 2 2
gy) = —+—=: gy = 2\/;; x—+y—3+2 y=C
N y

F — J(J}—ZB _%x_5/2J7jdx — xJ}—2/3 +x_3/2J}+g(J});

F

»

Il
!
<

/2+g’(J}) — x—3/2_%xJ}—5/3 — N

g =0 g =0 xy P+x"ly = C
The substitution y'=p, y"=p" in xy" =) yields
xp’ = p, (separable)
d, d
J P = ARN Inp = nx+InC,
y = p = Cx,
y(x) = LCx*+B = 4Ax*+B.
The substitution )" =p, y"=pp’'=p(dp/dy) in yy"+( y')2 =0 yiclds

ywp'+p° =0 = yp’ =-p, (scparable)

Jd_p = —JQ = Inp = -Iny+InC,
P Y

p=Cly = X—J—dy= =~ dy
x(y) = = Ay’ +B.

The substitution y'=p, y"=pp’=p(dp/dy) in y"+4y =0 yields

pp+4y =0, (separable)
[pdp = - Jayay = 1p* =-2y"+C,
p’ = -4y’ +2C = 4(%(?—)/2),
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46.

47.

48.

49.

58

1 dy |
x=|—dy = | —/—— = —sin” =+ D,
JP j%/kz -y’ 2 k
v(x) = ksin[2x —-2D] = k(sin2xcos2D —cos2xsin2D),
v(x) = Acos2x+ Bsin2x.

The substitution y'=p, y"=p’ in xy"+ )" =4x yields

xp'+p = 4x, (linear in p)
D[x-p] =4x = x-p=2x"+4,
= i = 2x+£,
dx X

y(x) = x’+Alnx+B.

The substitution y'=p, " =p"in ' =( y’)2 yields

p =p, (separable)

Jd_p = dex = —-—— =x+8B,
p p

[

dx x+B

The substitution y'=p, y"=p’ in x’y"+3xy" =2 yields

p+3xp =2 = p’+ip = %, (linear in p)
p x

D[x*pl=2x = x-p=x"+C,
@ _1,.C

dx X x

y(x) = lnx+iz+ B.
X

The substitution )" =p, " =pp’'=p(dp/dy) in yy"+( y')2 =yy’ yields

ywp'+p>=w = yp'+p =y (linearin p),
Dly-pl =,

y'+C
B 2y

b

1 , 1
p = —y +—C =
P 2J 2
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x = Jldy = J22ydy = ln(yz+C)—lnB,
p y +C

y’+C = B =  y(x) = i(A+Be’“)l/2.

50.  Thesubstitution y'=p, y"=p in y"=(x+ y’)2 gives p’=(x+ p)’, and then the
substitution v=x+p, p’=v -1 yields
yol=v = ¥_ 1+,
dx
dv 2
> = Ja’x = tan" v = x+ 4,
I+v
’ dy
v =x+y = tan(x+4) = o = tan(x+ 4)—x,
X
y(x) = ln|sec(x + A)| -1x*+B.
51.  Thesubstitution y'=p, y"=pp'=p(dp/dy) in y"=2y( y')3 yields
, d, 1
pp =2y = J—f - J2ydy = -— =y +C,
P P
J | 1
x=|—dy = ——=y —-(x+D,
)4 3
Y +3x+Ay+B =0
52.

The substitution y' = p, y"'=pp’ = p(dp/dy) in y’y"=1 yields

ySpp/ — 1 — J'pdp — de — 1 2 1 +§

P

) Ay* -1 1 j ydy
p=—— = x=|—dy=|———
v’ p VA -1
x = 7 Ay =1+C = Ax+B =4’ -1,
Ay’ —(Ax+B)’ = 1.

53.  The substitution y'=p, y"=pp'=p(dp/dy) in y"=2yy yields

pp=2p = [dp=[wdy = p=y+4,

x = Jldy = J zdy > = l‘[an_ll+c,
P y + A A A
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54.

3s.

6.

57.

S8.

59.

60

tan_li = Ax-C) = J—/; = tan(4x — AC),

y(x) = Atan(4x+ B).

The substitution y'=p, y"=pp’'=p(dp/dy) in yy" =3( y')2 yields

wp =30 = Jd—p = Jﬂ
p y

Inp =3lny+InC = p =0,

x:JldJ}:JdJ}3 =~ 12+Ba
P Cy 2Cy

Ay*(B-x) = 1.

The substitution v=ax+by+c¢, y=(v—ax—c)/b in y = F(ax+by+c) yiclds the
separable differential equation (dv/dx—a)/b = F(v), thatis, dv/dx = a+bF(v).

1-n n/(1-n)

If v =y then y = v/ so 3y = v /(1-n). Hence the given Bernoulli

equation transforms to

vn/(l—n) dv
_+P(x) vl/(l—n) — Q(x)vn/(l—n).
I-n dx

Multiplication by (1—n)/v""™ then yields the linear differential equation
V+A-nm)Pv = (1-n)Qv.

v

If v =Iny then y = ¢" so y' = e'v. Hence the given equation transforms to

eV + P(x)e’ = Q(x)ve'. Cancellation of the factor e” then yields the linear
differential equation v'—Q(x)v = P(x).

The substitution v=1Iny, y =¢’, y'=¢"v' yields the linear equation xv'+2v = 4x’
with integrating factor p = x°. Solution: y = exp(x’ + C/x’)

The substitution x = u—1, y = v—2 yields the homogeneous equation

dv _ u-v

du u+v

The substitution v = pu leads to

Chapter 1



1
m = —E[IH(p2+2p—l)—lnC].

We thus obtain the implicit solution
u’ (p2+2p—l) =C
u u

2
V V
uz(—2+2——lj =v+2uv—u’ =C

(P+2)Y +2(x+D)(y+2)—(x+1) = C
Y 4+2xy—x>+2x+6y = C.

60.  The substitution x = u—3, y = v—2 yields the homogeneous equation
v —u+2v
du du-3v

The substitution v = pu leads to

IJMLHL 15 jdp
GBp+hH(p-1) 4 p-1 3p+1

%[ln(p—1)—51n(3p+1)+lnC].

We thus obtain the implicit solution

S = Cp-D) _ Cv/u=-1) _ Cu*(v—u)
Gp+1y Gv/u+1) Gv+uy

Bv+u) = C(v-u)

(x+3y+3) = C(y—x-5).

61.  The substitution v = x —y Yyields the separable equation v' = 1 —sin v. With the aid
of the identity

1 1+sinv )
= = sec”v+secytanv

l1—siny  cos’v
we obtain the solution
x = tan(x — y) +sec(x — y) + C.

62.  The substitution y =wvx in the given homogeneous differential equation yields the

Section 1.6 61



separable equation x(2v3 - 1) Vio=— (v4 + v) that we solve as follows:

3
sz _ldv = — ﬂ

V4 +v X

J(£_1+ 1 jdv - _jﬂ (partial fractions)
x

Vi—v+l v v+l

In(v*—v+1)—Inv+In(v+1) = —Inx+InC
x(V=v+)(v+1) = Cv

(v* —xp+x)(x+y) = Cay

x’+y = Cxy

63.  Ifwesubstitute y = y,+1/v, ' = y/—v'/v* (primes denoting differentiation with
respect to x) into the Riccati equation " = 4y”+ By+C and use the fact that
y = Ay, + By, +C, then we immediately get the linear differential equation
V+(B+24y)v = — 4.

In Problems 64 and 65 we outline the application of the method of Problem 63 to the given

Riccati equation.

64.  The substitution y =x+1/v yields the linear equation v'—2xv = 1 with integrating
factor p = ¢ In Problem 29 of Section 1.5 we saw that the general solution of this
linear equation is v(x) = e* [C + @erf (x)} in terms of the error function erf(x)
introduced there Hence the general solution of our Riccati equation is given by
y(x) = x+ e [C + @ erf(x)]1 .

65.  The substitution y=x+1/v yields the trivial linear equation v'= —1 with immediate
solution v(x)=C —x. Hence the general solution of our Riccati equation is given by
y(x) = x+1/(C—x).

66.  The substitution y' = C in the Clairaut equation immediately yields the general solution
y = Cx+g(C).

67. Clearlgi the line y = Cx — C*/4 and the tangent line at (C/2, C2/4) to the parabola
y = x~ both have slope C.

68. ln(v+\/l+vz) = —klnx+klna =ln(x/a)_k

v4+Al+1v? = (x/a)_k
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69.

70.

71.

[(x/a)_k—vJ2 = 1+

(x/a)_Zk—2v(x/a)_k+v2 = 1+?
2k -k -k k
L N R VT ) A R
21\ a a 21 \a a

With @ = 100 and £ = 1/10, Equation (19) in the text is
y = 50[(x/100)""° — (x/100)"""].
The equation y'(x) = 0 then yields
(x/100)"0 = (9/11)",
so it follows that
Vmax = S0[(9/11)°2 = (9/11)!'"?] = 3.68 mi.

With &k =w/v,=10/500=1/10, Eq. (16) in the text gives
ln(v+\/l+v2) = —%lnx+C

where v=y/x. Substitutionof x=200,y=150,v=3/4 yields C=In(2-200"""),
thence

2
In| L4+, 1+2 | = —ilnx+1n(2-2oo“l°),
10

X X

which — after exponentiation and then multiplication of the resulting equation by x —

S : 7 2 9 \1/10 : :
simplifies as desired to y+4/x* +y° = 2 (200x ) . If x=0 then this equation
yields y =0, thereby verifying that the airplane reaches the airport at the origin.

(a) With ¢=100and k=w/v,=2/4=1/2, the solution given by equation (19) in

the textbook is y(x) = 50[(x/100)"* — (x/100)**]. The fact that y(0) = 0 means that
this trajectory goes through the origin where the tree is located.

(b)  With k=4/4=1 the solutionis y(x) = 50[1 — (x/100)*] and we see that the
swimmer hits the bank at a distance »(0) = 50 north of the tree.

() With k=6/4=1 the solutionis y(x) = 50[(x/100)™"* = (x/100)**]. This

trajectory is asymptotic to the positive x-axis, so we see that the swimmer never reaches
the west bank of the river.
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72.  Thesubstitution y'=p, y"=p  in ry” = [1+()’]? yields

v - (1 rpa;l;/z = de.
+p

Now integral formula #52 in the back of our favorite calculus textbook gives

rp’ = (1+p°)

p
J1+p°

and we solve readily for

=x—a = rp =0+p)x—-a),

, _ (x=a) N dy x—a
P —(x-a) dx g rz—(x—a)z’

&S

whence

L (x—a)dx e P —(e—aV +b
) m v (x—a) +b,

which finally gives (x—a)’+(y—b)* =7 as desired.

CHAPTER 1 Review Problems

The main objective of this set of review problems is practice in the identification of the different
types of first-order differential equations discussed in this chapter. In each of Problems 1-36 we
identify the type of the given equation and indicate an appropriate method of solution.

1. If we write the equation in the form 3= (3/x)y = x° we see that it is /inear with

integrating factor p =x". The method of Section 1.5 then yields the general solution
y = x3(C + In x).

2. We write this equation in the separable form y'/y* = (x+3)/x’. Then separation of

variables and integration as in Section 1.4 yields the general solution
vy =x/3- Cx—xlInx).

3. This equation is homogeneous. The substitution y =vx of Equation (8) in Section 1.6
leads to the general solution y = x/(C —In x).

4. We note that D, (2xy3 + e") =D, (3x2 y* +sin y) =6xy”, so the given equation is

exact. The method of Example 9 in Section 1.6 yields the implicit general solution
V' +e —cos y = C
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10.

11.

12.

13.

14.

15.

We write this equation in the separable form y'/y* = (2x—3)/x*. Then separation

of variables and integration as in Section 1.4 yields the general solution
y = Cexp[(l —x)/x°].

We write this equation in the separable form y'/y* = (1-2x)/x’. Then separation

of variables and integration as in Section 1.4 yields the general solution
vy =x/(1+Cx+2xInx).

If we write the equation in the form ' +(2/x)y = 1/x’ we see that it is /inear with

integrating factor p =x’. The method of Section 1.5 then yields the general solution
y = x_Z(C + In x).

This equation is homogeneous. The substitution y =vx of Equation (8) in Section 1.6
leads to the general solution y = 3Cx/(C —x).

If we write the equation in the form '+ (2/x)y = 6x\/; we see that it is a Bernoulli

equation with n = 1/2. The substitution v = y™"> of Eq. (10) in Section 1.6 then
yields the general solution y = (x> + C/x)™

We write this equation in the separable form y’/ (1 + yz) = 1+x”. Then separation

of variables and integration as in Section 1.4 yields the general solution
y = tan(C + x + x°/3).

This equation is homogeneous. The substitution y =vx of Equation (8) in Section 1.6
leads to the general solution y = x/(C—-3 Inx).

We note that D, (6xy3 + 2)/4) = D, (9xzy2 + 8xy3) = 18xy” +8y°, so the given

equation is exact. The method of Example 9 in Section 1.6 yields the implicit general
solution 3x%° +2x' = C.

We write this equation in the separable form y’/y* = 5x* —4x. Then separation

of variables and integration as in Section 1.4 yields the general solution
y=1/(C+2x*=x).

This equation is homogeneous. The substitution y =vx of Equation (8) in Section 1.6
leads to the implicit general solution y* = x*/(C+ 2 In x).

This is a linear differential equation with integrating factor p =e’*. The method of
Section 1.5 yields the general solution y = (x* + C)e'3x.

Review Problems
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

66

The substitution v=y—x, y=v+x, y'=v+1 gives the separable equation

v'+1 = (y—x)> = v in the new dependent variable v. The resulting implicit general
solution of the original equationis y—x—1 = Ce*(y—x+ 1).

We note that D, (e" +y e’”’) =D, (ey + xe’”’) = e’ +xye’’, so the given equation is
exact. The method of Example 9 in Section 1.6 yields the implicit general solution
e+ te’ = C.

This equation is homogeneous. The substitution y =vx of Equation (8) in Section 1.6
leads to the implicit general solution y* = Cx*(x* — 7).

We write this equation in the separable form y'/y* = (2 -3x’ ) /x’. Then separation

of variables and integration as in Section 1.4 yields the general solution
y=x/(+CxF+ ).

If we write the equation in the form "+ (3/x)y = 3x~°'* we see that it is linear with

integrating factor p =x’. The method of Section 1.5 then yields the general solution
y = 2+ O,

If we write the equation in the form y"+ (1/(x+1))y = 1/(x* —1) we see that it is linear

with integrating factor p =x+1. The method of Section then 1.5 yields the general
solution y = [C+In(x—1)]/(x+ 1).

If we write the equation in the form y'—(6/x)y = 12x’y*" we see that it is a Bernoulli

equation with n = 1/3. The substitution v = y~" of Eq. (10) in Section 1.6 then
yields the general solution y = (2x'+ Cx%)’.

We note that D, (ey + ycos x) = D, (x e’ +sin x) = e’ +cosx, so the given equation
is exact. The method of Example 9 in Section 1.6 yields the implicit general solution
xe'+ ysinx = C

3/2

We write this equation in the separable form y'/y* = (1 -9x )/ x”'". Then separation

of variables and integration as in Section 1.4 yields the general solution
y = x"?/(6x* + Cx'"* +2).

If we write the equation in the form '+ (2/(x+1))y = 3 we see that it is linear with

integrating factor p =(x+ 1)2 . The method of Section 1.5 then yields the general
solution y = x+ 1+ C (x+ 1)~

We note that Dy(9xl/2y4/3 —12x”5y3/2) =D, (8)63/2)11/3 —15x6/5yl/2) =
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

12x"7y'? —18x"°y"?,s0 the given equation is exact. The method of Example 9 in

Section 1.6 yields the implicit general solution 6x”*y"? — 10x*°y*? = C.
y plicit g ) )

If we write the equation in the form '+ (1/x)y = —x’y*/3 we see that it is a Bernoulli

equation with n = 4. The substitution v = y~ of Eq. (10) in Section 1.6 then yields
the general solution y = x™(C+ Inx)™"”.

If we write the equation in the form 3"+ (1/x)y = 2e**/x we see that it is linear with

integrating factor p =x. The method of Section 1.5 then yields the general solution
y = x(C+e™).

If we write the equation in the form  »'+(1/(2x+1))y = (2x+1)""*> we see that it is

linear with integrating factor p =(2x+ 1)1/2 . The method of Section 1.5 then yields
the general solution y = (x* +x + C)(2x + 1)

The substitution v=x+y, y=v—x, y'=v'—1 gives the separable equation

V=1 = /v in the new dependent variable v. The resulting implicit general solution of
the original equationis x = 2(x + »)? =2 In[1 + (x + »)"*]+ C.

dy (y+7) = 3x’dxis separable; y'+3x’y = 21x’is linear.
dy/(y* —1) = xdxis separable; y'+xy = xy’is a Bernoulli equation with n = 3.
(3x*+2y*)dx+4xydy = Oisexact; " = —4(3x/y+2y/x)is homogencous.

1+3y/x

(x+3y)dx+(3x—y)dy = Ois exact; " = is homogeneous.

v/x=3

dy/(y+1) = 2xa’x/(x2 + 1) is separable; ' — (2x /(x* + 1)) y = 2x/(x* +1)is linear.

dv/ (\/; - y) = cot xdxis separable; 3 +(cotx)y = (cot x)\/; is a Bernoulli equation
with n=1/2.
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CHAPTER 2

MATHEMATICAL MODELS
AND NUMERICAL METHODS

SECTION 2.1
POPULATION MODELS

Section 2.1 introduces the first of the two major classes of mathematical models studied in the
textbook, and is a prerequisite to the discussion of equilibrium solutions and stability in Section 2.2.

In Problems 1-8 we outline the derivation of the desired particular solution, and then sketch some
typical solution curves.

1. Noting that x>1 because x(0)=2, we write

Jx(ldfx) = [tar; J(%—ﬁ)dx = [tar

Inx—-In(x-1) = t+InC; —— =C¢

x(0)=2 implies C=2; x = 2(x-1e’

e’ 2
x(t) = = .
@) 2e —1 2—¢!

Typical solution curves are shown in the figure on the left below.

3 T T T T 15
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2.

Noting that x <10 because x(0)=1, we write

n
T

J—(lgx_ ;- [ ar; J(1+101_ jdx = [10ds

X

Inx-In(10—x) = 10t+1InC; = Ce"
10—x
x(0)=1 implies c:é; 9x = (10—x)e"™
10e" 10

x(t) =

94e'” 14971

Typical solution curves are shown in the figure on the right at the bottom of the
preceding page.

Noting that x>1 because x(0) =3, we write

dx 11
Jm = [lar; J(m—mjdx = [(-2)dr

In(x-1)—In(x+1) = =2¢+InC; —— =Ce™

x(0)=3 implies C= %; 2(x=1) = (x+De™

24 2eM+1
2—e 2 -1

Typical solution curves are shown in the figure on the left below.
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Noting that |x| <3 because x(0)=0, we write

J & = [tar; J[ L jdx:j&z’t
(3+2x)(3-2x) 3+2x 3-2x

LnG+20-LtimE-2v) = 6144mnc; 3HIX _ e
2 2 2 3-2x
x(0)=0 implies C=1; 3+2x = 3-2x)e™

36121—3 ~ 3(6121_1)
2¢+2 2(e12’+1)'

x(t) =

Typical solution curves are shown in the figure on the right at the bottom of the
preceding page.

Noting that x >5 because x(0) =8, we write

dx . 11 ~
Jx(x_s) = [(-3)dr; J(;—x_sjdx = [15a

X

15
= Ce”

Inx—-In(x-5) = 15¢+InC;
x=5

x(0)=8 implies C=8/3; 3x = 8(x—5)e"”"

Typical solution curves are shown in the figure on the left below.

N

L
0.25 05

o
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6. Noting that x <5 because x(0)=2, we wr

ite

dx . LU U P
Jx(s_x) = [(-3)dr; J(x+5_x)d f-15)at

X

Inx-In(5-x) = -15¢+InC; = Ce™
S5—x
x(0)=2 implies C=2/3; 3x = 2(5-x)e™
107" 10
x(f) = = .
( ) 3+2e—15[ 2+3€15l
Typical solution curves are shown in the figure on the right at the bottom of the
preceding page.
7. Noting that x >7 because x(0)=11, we write

dx . 11 ~
Jx(x—7) = [(-4ydr; J(;—X_de = [2841

X

Inx—-In(x-7) = 28¢+InC;

— CeZSZ
x—=7

x(0)=11 implies C=11/4; 4x = 11(x-17)e™

77 77
4-11® 11-4e°

x(1) =

Typical solution curves are shown in the figure on the left below.

=
T
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10.

11.

12.

72

Noting that x >13 because x(0)=17, we write

Jﬁ = [7dr, J(%—x_ll?)jdx = [-91)ar

X

x-13
x(0y=17 implies C=17/4; 4x = 17(x—13)e™"

Inx—In(x—-13) = —91t+InC; =Ce"

(1) = 221" 221
4-17¢7" 174"

Typical solution curves are shown in the figure on the right at the bottom of the
preceding page.

Substitution of P(0)=100 and P’(0)=20 into P’ =k~/P yields k=2, so the
differential equation is P’ = 2/P. Separation of variables and integration,
[aPi2JP = [dt, gives NP = t+C. Then P(0)=100 implics C= 10,50

P(r) = (t+ 10)*. Hence the number of rabbits after one year is P(12) = 484.

Given P’=-6P=—(k/ JP YP=— kP, separation of variables and integration as in
Problem 9 yields 2+/P = —kt+C. The initial condition P(0) = 900 gives C =60, and

then the condition P(6) = 441 implies that k= 3. Therefore 2+/P = —3+60, so
P = 0 after r = 20 weeks.

(a) Starting with dP/dt = k\/F, dP/dt = k\/F, we separate the variables and
integrate to get P(f) = (kt/2+ C)*. Clearly P(0) = P, implies C = \/FO .

()  If P(t) = (kt/2+ 10)%, then P(6) = 169 implies that & = 1. Hence
P(1) = (t/2+ 10)%, so there are 256 fish after 12 months.

Solution of the equation P’ = k P® by separation of variables and integration,

ar - _ [k, Lo kw-c

P’ P

gives P(t) = 1/(C—-kt). Now P(0)=12 implies that C=1/12, so now P(¢) =

12/(1 — 12kt). Then P(10) =24 implies that k= 1/240, so finally P(z) = 240/(20 — ).
Hence P =48 when ¢ =15, that is, in the year 2003. And obviously P — e as ¢t — 20.

Chapter 2



13.

14.

15.

16.

17.

18.

19.

20.

21.

(a) If the birth and death rates both are proportional to P* and 8> 8, then Eq. (1) in
this section gives P’=kP’ with k positive. Separating variables and integrating as in
Problem 12, we find that P(¢) = 1/(C —kt). The initial condition P(0) = F, then gives
C=1/F,so P(t) = 1/(1/P,—kt) = B /(1-kPFy).

(b) If P,=6then P(¢) = 6/(1-6kt). Now the fact that P(10)=9 implies that
k=180, so P(t) = 6/(1-¢/30) = 180/(30—1). Hence itis clear that
P — o as t — 30 (doomsday).

Now dP/dt = —kP* with k>0, and separation of variables yields P(r) = 1/(kt + C).
Clearly C = 1/P, as in Problem 13,s0 P(t) = Py/(1 + kPyt) . Therefore it is clear
that P(1) — 0 as ¢ — oo, so the population dies out in the long run.

If we write P* = bP(a/b-P) we seethat M = a/b. Hence

B _ (aP)R _ a
= 3 = — = M'
D, bP; b

Note also (for Problems 16 and 17) that a=B,/P, and b=D,/P’ = k.

The relations in Problem 15 give & =1/2400 and M = 160. The solution is
P(¢) = 19200/(120+40e™"'"). We find that P=0.95M after about 27.69 months.

The relations in Problem 15 give & =1/2400 and M = 180. The solution is
P(1) = 43200/(240-60e7"*"). We find that P=1.05M after about 44.22 months.

If we write P* = a P(P—b/a) we see that M = b/a. Hence

DA _ (bR)R, _ b
= ) = — = M
B, aF, a

Note also (for Problems 19 and 20) that b=D,/P, and a=B,/ P = k.

The relations in Problem 18 give & =1/1000 and M =90. The solution is
P(¢) = 9000/(100-10&""""). We find that P=10M after about 24.41 months.

The relations in Problem 18 give & =1/1100 and M = 120. The solution is
P(¢) = 13200/(110+10¢°’*). We find that P=0.1M after about 42.12 months.

Starting with the differential equation dP/dt = kP(200 — P), we separate variables and
integrate, noting that P <200 because F, =100:
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23.

24,

74

d—P:Jkdt N J(Lr 1 ja’P:POOkdt;
P(200— P) P 200-P

r_ 200kt+InC = F Ce™™",

In =
200-P 200-P

Now P(0)=100 gives C =1, and P’(0)=1 implies that 1=£%-100(200-100), so
we find that £ =1/10000. Substitution of these numerical values gives

P = 00:/10000 _ 1/50

200—P B

b

and we solve readily for P(1)=200/(1+¢™*"). Finally, P(60)=200/(1+¢*")~153.7

million.

We work in thousands of persons, so M = 100 for the total fixed population. We
substitute M = 100, P(0) = 1, and Py = 50 in the logistic equation, and thereby obtain

1 = k(50)(100 — 50), so k= 0.0004.

If ¢ denotes the number of days until 80 thousand people have heard the rumor, then Eq. (7)
in the text gives
50x100

50+ (100—50)¢

and we solve this equation for = 34.66. Thus the rumor will have spread to 80% of the
population in a little less than 35 days.

(@  x’ = 0.8x—0.004x* = 0.004x(200 —x), so the maximum amount that will dissolve
is M = 200g.

(b)  With M = 200, Py = 50, and £ = 0.004, Equation (4) in the text yields the
solution
(1) = 10000
50+1507%"

Substituting x = 100 on the left, we solve for r = 1.25In3 = 1.37 sec.
The differential equation for N(¢) is N'(t) = kN (15— N). When we substitute N(0) = 5

(thousands) and N'(0) = 0.5 (thousands/day) we find that £ = 0.01. With N in place of
P, this is the logistic equation in Eq. (3) of the text, so its solution is given by Equation (7):
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25.

26.

27.

155 15
N(t) = = 0151
5+10exp[—(0.01)(15)¢] 1+2e

Upon substituting N = 10 on the left, we solve for ¢ = (In 4)/(0.15) = 9.24 days.
Proceeding as in Example 3 in the text, we solve the equations

25.00k(M —25.00) = 3/8,  47.54k(M —47.54) = 12
for M = 100 and £ = 0.0002. Then Equation (4) gives the population function

B 2500
25+ 7570

P(1)
We find that P = 75 when r = 50In9 = 110, thatis, in 2035 A. D.
The differential equation for P(¢) is

P(1) = 0.001P*— SP.
When we substitute P(0) = 100 and P’(0) = 8 we find that 6 = 0.02, so

cf,'_]; = 0.001P* —0.02P = 0.001P(P —20).

We separate variables and integrate, noting that P > 20 because £, =100:

Jl__ﬁfl__ = foootar = Jﬁ ' _Dp - f0.02.dr;
P(P—20) P-20 P

lnp_20 = it+lnC = P=20 _ Ce'™.
P 50
Now P(0)=100 gives C =4/5, hence
. 100
5(P-20) = 4P = P(t) = P

It follows readily that P = 200 when ¢ = 50 In(9/8) = 5.89 months.

We are given that
P = kP>~ 0.01P,

When we substitute P(0) = 200 and P’(0) = 2 we find that £ = 0.0001, so
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Cciz’_ltj = 0.0001P* —0.01P = 0.0001 P(P—100).

We separate variables and integrate, noting that P >100 because F, =200:

Jd—P:jO.OOOIdt - j( ! —ljdpzjo.mcﬁ;
P(P-100) P—100 P

lnP_IOO =l t+InC = P=100 _ Ce'"?,
P 100 P
Now P(0)=100 gives C =1/2, hence
2(P-100) = P = P(t) = 22%.
—e

(a) P = 1000 when ¢ = 100 In(9/5) = 58.78.
(b) P—e as t—100In2 =69.31.

Our alligator population satisfies the equation

651_1; = 0.0001x* —=0.01x = 0.0001x(x —100).

With x in place of P, this is the same differential equation as in Problem 27, but now we
use absolute values to allow both possibilities x <100 and x>100:

Jd—x:J0.000Idt - J( ! —ljdpzjo.mdt;
x(x—100) x—100 «x

ln|x_100|= 1t+lnC = M
X 100 X

— Cet/IOO' (*)

(@)  If x(0)=25 then x<100 and |x—100|=100—x, so (*)gives C =3 and hence

100

100—x = 3xe”100 = X(t) = W

We therefore see that x(7) - 0 as ¢ — oo
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30.

31.

(b)  Butif x(0)=150 then x>100 and |x—100|=x~-100, so (*) gives C=1/3

and hence
300

3_ 10"

3(x-100) = xe"” = x(t) =

Now x(t) = 4o as ¢t — (100In3)", so doomsday occurs after about 109.86 months.

Here we have the logistic equation

ar _ 0.03135P—0.0001489 P> = 0.0001489 P(210.544 — P)

dt
where & =0.0001489 and P =210.544. With F, =3.9 also, Eq. (7) in the text gives

- (210.544)(3.9) B 821.122
(3.9)+(210.544-3.9) o (0-0001489)(210.544)¢ 301206 644 3550

P(1)

(a) This solution gives P(140) =127.008, fairly close to the actual 1930 U.S. census
population of 123.2 million.

(b) The limiting population as ¢ — oo is 821.122/3.9 = 210.544 million.

(c) Since the actual U.S. population in 200 was about 281 million — already exceeding
the maximum population predicted by the logistic equation — we see that that this model
did not continue to hold throughout the 20th century.

The equation is separable, so we have
ar _ jﬂoe_mdt, so InP = —&e_“’ +C.
P o

The initial condition P(0)=F, gives C=InPF,+ 3,/ , so

P(t) = Poexp{%(l—e_m)}.

If we substitute P(0) = 10° and P’(0) = 3x10° into the differential equation
P(t) = Be™P,
we find that f = 0.3. Hence the solution given in Problem 30 is

P(t) = Pexp[(0.3/a)(1-e)].
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The fact that P(6) = 2P, now yields the equation
f) = (03)1-e"-an2 =0
for o. We apply Newton's iterative formula

o @)

an+1 n ’
f(e,)

with f’(a)=1.8¢°* —In2 and initial guess o = 1, and find that & = 0.3915.
Therefore the limiting cell population as ¢ — oo is

P exp(f,/a) = 10°exp(0.3/0.3915) = 2.15x10°.

Thus the tumor does not grow much further after 6 months.

We separate the variables in the logistic equation and use absolute values to allow for both
possibilities B, <M and F, > M :

Inf—— = kMt+InC = ——— = Ce™". (*)
|M - P| |M - P|
If B,<M then P<M and |M—P|=M—P, so substitution of =0, P=F, in (*)
gives C=F,/(M —F,). It follows that

P __ B e
M-P M-P

Butif B, >M then P>M and |M—P| =P - M, sosubstitutionof =0, P=F, in
(*)gives C=PF,/(F,— M), and it follows that

P __ B
P-M P-M

We see that the preceding two equations are equivalent, and either yields

MPele
M—-P)P = (M-P)P™ = P@) = 0 ,
( ) ( ), ®) (M =P )+ B

which gives the desired result upon division of numerator and denominator by ™",
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34.

(a) We separate the variables in the extinction-explosion equation and use absolute
values to allow for both possibilities P, <M and F, > M :

Jd—P:Jkdt - J[ ! —ljdpzjkMdt;
P(P—-M) P-M P

[P M|

[P~

M
lnT| = kMt+InC = = Ce™", *)

If B,<M then P<M and |P—M|=M—P, so substitution of =0, P=F, in (*)
gives C=(M —F,))/F,. It follows that

M-P M—PoekMt
P P, '
Butif F,>M then P>M and |P—M|=P—M, so substitutionof 1=0, P=F, in
(*)gives C=(F —M)/F,, and it follows that

P-M _ R-M ..
P P, '

We see that the preceding two equations are equivalent, and either yields

MP,

P—-MP, = (P.-MYP™ = P@i) = :
( YH = (F ) ) P (M —P)c™

(b) If B, <M then the coefficient M — F, is positive and the denominator increases
without bound, so P(¢f) = 0 as ¢t —> . Butif P, > M, then the denominator

P, —(P,—M)e™" approaches zero — so P(t) — +e0 — as t approaches the value
(1/kM)In([F, /(F, — M )] > 0 from the left.

Differentiation of both sides of the logistic equation P’ =kP-(M — P) yields

P’ = dP"d_P
dP dt
[k-(M —Py+kP-(-1)]-kP(M — P)
k[M —2P]-kP(M — P) = 2k’P(M -1 P)(M - P)

as desired. The conclusions that P”>0 if 0<P<1iM, that P’=0 if P=1M, and
that P"<0 if LM <P <M arethen immediate. Thus it follows that each of the
curves for which P, < M has an inflection point where it crosses the horizontal line
P=1iM.
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35.  Any way you look at it, you should see that, the larger the parameter £> 0 is, the faster the
logistic population P(f) approaches its limiting population M.

36.  With x=¢"  P,=5308, P, =23.192, and P, =76.212, Egs. (7) in the text take the
form

RM » M _
B+(M-PF)x " PR+(M-PB)x

2

from which we get

B+(M~B)x = BM/B, B+(M-B)x* = BM/P,

.= PO(M—PJ’ o = hM-b) (i)
P(M-P) P(M - PR)

R(M-B) _ B(M-B)
PX(M-BY  B(M-PR)

BP(M~PR) = F(M -P)(M-P)

RPM*-2REPM+REF, = F*M* - F(F,+P,)M + B,P2F,
We cancel the final terms on the two sides of this last equation and solve for

_ RQARP -RA-AP)

M 2
RE-R

(ii)
Substitution of the given values P, =5.308, £ =23.192, and P, =76.212 now gives

M = 188.121. The first equation in (i)and x = exp(—kM¢t,) yield

I ROM-R)
My, B(M-B)

k= — (iii)
Now substitution of #; =50 and our numerical values of M, F,, P, P, gives

k = 0.000167716. Finally, substitution of these values of k& and M (and Pp) in the
logistic solution (4) gives the logistic model of Eq. (8) in the text.

In Problems 37 and 38 we give just the values of £ and M calculated using Egs. (ii) and (iii) in
Problem 36 above, the resulting logistic solution, and the predicted year 2000 population.

25761.7

37. k = 0.0000668717 and M =338.027, P(t) = ,
o o P0) 76.212+261.815¢ 72

predicting P = 192.525 in the year 2000.
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4829.73
23.192 + 185.058 ¢ 003054581 °

38. k = 0.000146679 and M =208.250, so P(t) =

predicting P = 248.856 in the year 2000.

P
120

39.  We readily separate the variables and integrate:
ar _ [tc+beos2ztydt = InP = K+ sin 27t +1n C.
P 2r
Clearly C=F,, sowe find that P(¢)=F, exp (kt + 2isin 27ztj. The colored curve in
V4

the figure above shows the graph that results with the typical numerical values
F, =100, £=0.03, and »=0.06. It oscillates about the black curve which represents

natural growth with F, and k& =0.03. We see that the two agree at the end of each full

year.

SECTION 2.2
EQUILIBRIUM SOLUTIONS AND STABILITY

In Problems 1-12 we identify the stable and unstable critical points as well as the funnels and spouts
along the equilibrium solutions. In each problem the indicated solution satisfying x(0) =x is
derived fairly routinely by separation of variables. In some cases, various signs in the solution
depend on the initial value, and we give a typical solution. For each problem we show typical
solution curves corresponding to different values of x,,.
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Unstable critical point: x =4
Spout: Along the equilibrium solution x(f) = 4

Solution: If x,>4 then

j a’x4 = Jdt; In(x-4) = t+C; C = In(x,—4)

x—
x=4 = (x,—4)e's  x(1) = 4+(x,—4)e".

Typical solution curves are shown in the figure on the left below.

6

Stable critical point: x =3
Funnel: Along the equilibrium solution x(¢) = 3

Solution: If x,> 3 then

J dx3 = [(-Ddr, In(x-3) = ~1+C; C = In(x,~3)

X—
x=3=(x,=3)e"s x(t) = 3+(x,-3)e".
Typical solution curves are shown in the figure on the right above.

Stable critical point: x =10

Unstable critical point: x =4

Funnel: Along the equilibrium solution x(¢) = 0
Spout: Along the equilibrium solution x(¢) = 4

Solution: If x,>4 then
J4dt :J Adr J L D
x(x—4) x—4 x
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4t+C = lnx_4; C = lnx°_4

X X,

N W NCTr)

4 = In ;
x(xy—4) x(x,—4)

4x,
x,+(4—x,)e '

x(t) =

Typical solution curves are shown in the figure on the left below.
t ’ )

Stable critical point: x =3

Unstable critical point: x=10

Funnel: Along the equilibrium solution x(¢) = 3
Spout: Along the equilibrium solution x(r) = 0

Solution: If x,>3 then

J(—3)dt=J 3dx :J( 1 —1jdx
x(x-=3) x-3 x

=3t+C = lnx_3; C=1In

X X,

X, —3

N3 | %3

=3t = In ;
x(x, —3) x(xy—3)

3x,
x(1) = TR
x,+(3—x,)e
Typical solution curves are shown in the figure on the right above.
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5. Stable critical point: x =-2
Unstable critical point: x =2
Funnel: Along the equilibrium solution x(f) = -2
Spout: Along the equilibrium solution x(¢) = 2

Solution: If x,>2 then

x“ -4 x=2 x+2

x—2; C = 1nxo—2
x+2 X, +2

4¢t4+C = In

;= ln(x—2)(x0+2)‘ o = (x—2)x,+2)

(x+2)(x,-2) (x+2)(x, —2)

. 2[ (5, +2)+ (x, —2)e" |
) = ) e

Typical solution curves are shown in the figure below.
.5 1 1?5 é 2;5 :Ii 3?5 All 4?5

6. Stable critical point: x =3
Unstable critical point: x=-3
Funnel: Along the equilibrium solution x(f) = 3
Spout: Along the equilibrium solution x(¢) = -3

0 5

Solution: If x,>3 then
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j6dt:j6dxzzj L D
9-x 3+x 3-x

x+3; C=ln

x-=3 Xy —

X, +3

6t+C = In
(x,+3)(x=3)" T (x,+3)(x=3)

3[ (%, =3+ (x, +3)e” |
(3—x,)+(x, +3)e”

= ln(x+3)(x0—3)‘ o = (x+3)(x,—3)

x(t) =

Typical solution curves are shown in the figure below.

7. Critical point: x = 2

This single critical point is semi-stable, meaning that solutions with xo > 2 go to infinity
as t increases, while solutions with xy <2 approach 2.

Solution: If x,>2 then

J i J(—l)dt; L - e o=

(x=2) x=2 X, —2
1 _ i 1 1-1(x—2)

x=2 x,—2 x,—2
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X,—2  x,2t-1)—-4

x(t) = 2+ =
I-#x,-2) tx,—2t-1

Typical solution curves are shown in the figure on the left below.

Critical point: x = 3

This single critical point is semi-stable, meaning that solutions with xo <3 go to minus
infinity as ¢ increases, while solutions with xo >3 approach 3.

Solution: If x,>3 then

= :jdt; : =t1+C; C = 1

(x -3y x=3 X, —3
1 _ - 1 1+1(x—3)
x-3 x,—3 x,—3
(1) = 3+ X, —3 _ x0(3t+1)—9t'
I1+1(x,—3) tx,—3t+1

Typical solution curves are shown in the figure on the right above.

Stable critical point: x =1

Unstable critical point: x =4

Funnel: Along the equilibrium solution x(f) = 1
Spout: Along the equilibrium solution x(¢) = 4

Solution: If x,>4 then
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[3a :JL = J[ 1 —L)dx
(x=4)(x-1) x—-4 x-1

3+C = lnx_4; C = lnx°_4
x—1 x,—1
P C T Et | N E ) )
(x=1)(x, —4) (x=1)(x, —4)

A0 =x) + (x, —d)e”
S (I—x) (= A

x(1)

Typical solution curves are shown in the figure on the left below.

[ L] ]

10. Stable critical point: x =35
Unstable critical point: x =2
Funnel: Along the equilibrium solution x(f) = 5
Spout: Along the equilibrium solution x(¢) = 2

Solution: If x,>5 then

[3ar = M:J( L jdx
(x=5)(x-2) x=2 x-5

3+C = lnx_z; C = lnxo_2
x=5 Xy =3
o WO | (=25 =3)
(x =5)(x, —2) (x=5)(x, = 2)
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_2(5-x))+5(x, - 2)e*
CGmx) (-2

x(1)

Typical solution curves are shown in the figure on the left below.
1t

11.  Unstable critical point: x =1
Spout: Along the equilibrium solution x(7) = 1
Solution: J =2 dx3 = J(—2) dt; ;2 = =2t+ ! =
(x=1) (x=1) (=D

Typical solution curves are shown in the figure on the right above.
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12. Stable critical point: x =2

Funnel: Along the equilibrium solution x(f) = 2

Solution: Jﬂ = j2dt; — = 2t ——.
(2 (2-x) (2-x,)

Typical solution curves are shown in the figure at the bottom of the preceding page.

In each of Problems 13 through 18 we present the figure showing slope field and typical solution
curves, and then record the visually apparent classification of critical points for the given differential
equation.

13. The critical points x =2 and x =—-2 are both unstable. A slope field and typical solution
curves of the differential equation are shown below.

\

———————/I\jl\)\\\\\\

- — -~ ~ N
~ = =~ ~\
—

________/l\><\\\\\
[l

F— - — -
F— — — — -
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0 is stable. A

slope field and typical solution curves of the differential equation are shown below.

12 are both unstable, while the critical point x

The critical points x

14.

e
e
e
z
e
e
e
‘.
e
e

7
7
7,
i
7
7
7,
7
7
7

VAV Y /AVEVENY Va4

2 and x =-2 are both unstable. A slope field and typical solution

The critical points x

15.

curves of the differential equation are shown below.

—4)?

)(’:()(2
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slope

2 is unstable, while the critical point x =-2 is stable. A

field and typical solution curves of the differential equation are shown below.

The critical point x

16.

- 4)®

)(’:()(2

0 are unstable, while the critical point x =-2 is stable.

A slope field and typical solution curves of the differential equation are shown below.

2and x=

The critical points x

17.

L —_ — — — —

L —_ — — — -

L —_ — — — -

—_ — — — -

& = ~—

-—_— — — ~—

EF—_ - — — ~—

L —_ — — — —

NONONN N N NN NN

—~——_ - — — 4

——_ - — — 4

——_ — — —

— — —_— — — 4]
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18. The critical points x =2 and x =-2 are unstable, while the critical point x =0 is stable.
A slope field and typical solution curves of the differential equation are shown below.

0E-4)
|

<
|

=;(3
I
I
I

|
I
[l

i i
/S o A= = —

19. The critical points of the given differential equation are the roots of the quadratic equation
Lx(10-x)—h =0, thatis, x>—10x+104 = 0.

Thus a critical point ¢ is given in terms of /4 by

¢ = 10+ /100 — 404 = 5425107

2

It follows that there is no critical point if /> 24, only the single critical point ¢ =0 if
h =2+, and two distinct critical points if 4 <21 (so 10—254 > 0). Hence the bifurcation

diagram in the Ac-plane is the parabola with the (¢ —5)” =25—10A that is obtained upon
squaring to eliminate the square root above.

20. The critical points of the given differential equation are the roots of the quadratic equation
=x(x=5)+s = 0, thatis, x>—5x+100s = 0.

Thus a critical point ¢ is given in terms of s by
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21.

22.

¢ = 5+£4/25-400s

>
2 2

It follows that there is no critical point if s>+, only the single critical point ¢ =0 if

s =4, and two distinct critical points if s <<= (so 1-16s>0). Hence the bifurcation

diagram in the sc-plane is the parabola (2¢ —5)” =25(1—16s) that is obtained upon
elimination of the radical above.

(@) If k= -a* where a>0, then kx—x’ = —a’x—x> = —x(a’+x*) is0onlyif
x =0, so the only critical pointis ¢=0. If a >0 then we can solve the differential
equation by writing

a’dx 1 X )
——— = || - | = - I,
x(a”+x7) X a +x

lnx—lln(a2+x2) = —a2t+llnC,
2 2
2 20 -2a%
S _ate
a’+x 1-Ce™*"

It follows that x — 0 as 7 — 0, so the critical point ¢ =0 is stable.

() If k=+a® where a>0 then kx—x> = +a’x—x’ = —x(x+a)(x—a) is
Oifeither x=0 or x=2a = i\/z . Thus we have the three critical points ¢ =0, \/E ,

and this observation together with part (a) yields the pitchfork bifurcation diagram shown in
Fig. 2.2.13 of the textbook. If x # 0 then we can solve the differential equation by writing

2
2a7dx :J—3+ L, dez—Pazdt,
x(x—a)x+a) X Xx—a x+a

—2Inx+In(x—a)+In(x—a) = —24°t+InC,
X oa Ce = x*= e = x = —i\/z
x° 1—C€_2a2t ,ll_ce—Zazt '

It follows that if x(0)#0 then x —/k if x>0, x —» —/k if x<0. This implies that

the critical point ¢ =0 is unstable, while the critical points ¢ ==++k are stable.

If &k =0 then the only critical point ¢ =0 of the equation x” = x is unstable, because the

solutions x(¢) = x,e’ diverge to infinity if x, #0. If k=+a" >0, then

x+a’x’ = x(1+a’x*)=0 onlyif x=0, soagain ¢ =0 is the only critical point. If
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k=-a’><0, then x—a’x’ = x(1-a’x*) = x(1-ax)(1+ax)=0 ifeither x =0 or
x==1/a = +~-1/k. Hence the bifurcation diagram of the differential equation

x" = x+kx’ looks as pictured below:

23.  (a) If h<kM then the differential equationis x" = kx((M —h/k)—x), whichisa
logistic equation with the reduced limiting population M - &/ k.
(b) If &> kM then the differential equation can be rewritten in the form
x =

—ax—bx* with a and b both positive. The solution of this equation is

() ax,

B (a+bx,)e" —bx,

s0 it is obvious that x(¥) >0 as t— oo

24. If x,> N then

[~k(N —Hydr = (N - H)dx —J( ! ! jdx

(x—=N)(x—-H) - x-N x-H
k(N=y+C = XY oo R
x—H xo—H

k(N =)t = n &=V
(x = H)(xy = M)

gk _ (x=N)(x,—H)
(x = H)(x, = M)

94
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25.

26.

27.

28.

29.

N(x,— H)—H(x,—N)e """

O TG T - e

(@) In the first alternative form that is given, all of the coefficients within parentheses are
positive if /1 <xo<N. Hence itis obvious that x(1) > N as t— oo,

(ii) In the second alternative form that is given, all of the coefficients within parentheses
are positive if xo < H. Hence the denominator is initially equal to N - H> 0, but decreases
as ¢ increases, and reaches the value 0 when

f= N5 o,
N-H H-x,

If 4h=kM* then Eqs. (13) and (14)in the text show that the differential equation takes
the form x” = —k(M /2—x)*> with the single critical point x = M /2. This equation is

readily solved by separation of variables, but clearly x' is negative whether x is less than
or greater than M/ 2.

Separation of variables in the differential equation x” = —k ((x —a)’ +b’ ) yields
x(1) = a- btan(bkt+ tan™" “%bx()j ,

It therefore follows that x(¢) goes to minus infinity in a finite period of time.

Aside from a change in sign, this calculation is the same as that indicated in Egs. (13) and
(14) in the text.

This is simply a matter of analyzing the signs of x’ in the cases x <a, a <x<b, b<x<cg,
and ¢ > x. Alternatively, plot slope fields and typical solution curves for the two differential
equations using typical numerical values suchas a=-1,b=1,¢=2.

SECTION 2.3

ACCELERATION-VELOCITY MODELS

This section consists of three essentially independent subsections that can be studied separately:
resistance proportional to velocity, resistance proportional to velocity-squared, and inverse-square
gravitational acceleration.
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Equation:

Solution;

Answer:

Equation:

Solution;

Answer:

Equation:

Solution;

Answer:

Equation:

Solution;

Equation:

Solution;

Answer:

v = k(250-v), v(0) =0, w»10) = 100

(=Lydv
250 —v

= — [kd;  In(250-v) = —kt+InC,
v(0)=0 implies C = 250; v(¢) = 250(1—e™™)
v(10) =100 implies k& =+1n(250/150) = 0.0511;

v =200 when f=-(In50/250)/k =31.5sec
Vi=—kv, v(0) = v,; x =v, x(0) = x,

X)) = v(@t) = ve ™ x() = —(v/ ke +C
C = x,+( /)™ x(t) = x,+ (v, /k)(1-€¢™")

limx(¢) = lim[x0+(vo/k)(l—e_l”)] = x,+(v,/k)
V=—kv, v(0) = 40, v(10)=20 x’ =, x(0) =0
w(t) = 40 ™' with &k = (1/10)In 2

x(f) = (40/k)(1 — ™"
x(e0) = lim(40/k)(1—e™) = 40/k = 400/In2 = 577 ft

V=—k? v0)=v,; x =v x0)=x

- d—‘;: [eat; 1 kive =1L

v v Vy
() = v(t) = —2—;  x(t) = llr1(l+v kt)+x,
1+ vkt k ° °

xX(t) = oo as x(t) — oo

V=—kv, v(0) = 40, v(10)=20 x’ =, x(0) =0

= 40 (as in Problem 3)
1+ 40kt
o 400
10) =20 implies 40k =1/10, so v(¢) =
v(10) p () T0+1

x(7) = 400 In[(10 +£)/10]
x(60) = 4001n7 =~ 778 ft
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6. Equation:

Solution;

7. Equation:

(@)

(b)

8. Equation:

V==k7, v(0) = v, X =, x(0) = x,

2v 2 v 2 v,

4
X(t) = vy = %; x(1) = —¢+C
(2+kl‘ vo)

2 2
C = xo+%; x() = x,+ Yo [1— 2 ]
0

k
x(o0) = x,+24v, /k
v =10-0.1v, x(0) = v(0) =0

—-0.1dv
% = [(=0.D)dr; In(10—-0.1v) = —£/10+1
JIO—O.IV j( ydr,  In( V) /10+InC

v(0)=0 implies C=10; In[(10-0.1v)/10] = —¢/10

v(1) = 100(1-¢"""); (o) = 100 fifsec (limiting velocity)

x(t) = 1002 -1000(1-¢""")
y = 90 ft/sec when r = 23.0259 sec and x = 1402.59 ft

v = 10-0.001v*, x(0) = v(0) = 0

(a) J—0.0ldv - = ﬂ; tanh™ —— = L+C
1-0.0001v 10 100 10
v(0) = 0 implies C=0 so v(¢) = 100tanh(z/10)
g0 _ oo
v(eo) = lim 100 tanh(z/10) = 100 limm = 100 ft/sec
100 >0 o e
(b) x(t) = 1000 In(coshz/10)
v = 90 ft/sec when ¢ = 14.7222 sec and x = 830.366 ft
9. The solution of the initial value problem

18

1000 v" = 5000 — 100 v, v(0) =0
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10.

11.

12.

98

() = 50(1 -
Hence, as 7 — oo, we see that w(f) approaches vy, = 50 ft/sec = 34 mph.
Before opening parachute:

v = =32-0.15v, v(0)=0, »(0)=10000
v(1) = 213.333(e " =1),  v(20) = —202.712 ft/sec
p(t) = 11422.2-1422.227"77 —213.3331, »(20) = 7084.75 ft

After opening parachute:

VvVi= =32-1.5v, v(0)=-202.712, y(0)=7084.75
v(t) = —21.3333-181.379¢7"

p(t) = 6964.83+120.919¢7* —21.33331,
y =0 when ¢=326.476

Thus she opens her parachute after 20 sec at a height of 7085 feet, and the total
time of descent is 20 + 326.476 = 346.476 sec, about 5 minutes and 46.5 seconds. Her
impact speed is 21.33 ft/sec, about 15 mph.

If the paratrooper’s terminal velocity was 100 mph = 440/3 ft/sec, then Equation (7) in
the text yields p = 12/55. Then we find by solving Equation (9) numerically with

vo = 1200 and v = O that y = 0 when ¢ = 12.5 sec. Thus the newspaper account is
inaccurate.

With m = 640/32 = 20slugs, W = 6401b, B = (8)(62.5) = 5001b,and Fr = —v Ib
(Fr is upward when v < 0), the differential equation is

20v(f) = -640+500-v = -140—v.

Its solution with v(0) = 0 is
v(t) = 140(e™ -1),
and integration with 1(0)=0 yields
»(1) = 2800(e™™ ~1)—140¢

Using these equations we find that # = 20 In(28/13) = 15.35 sec when v = =75 ft/sec,
and that y(15.35) = —648.31 ft. Thus the maximum safe depth is just under 650 ft.
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Given the hints and integrals provided in the text, Problems 13—16 are fairly straightforward (and
fairly tedious) integration problems.

17.  To solve the initial value problem v/ = —9.8—0.0011v*, v(0)=49 we write

JLZ = - [ar; j 0010595dy __ — [0.103827dr
9.84+0.0011v 1+(0.010595v)

tan™'(0.010595v) = —0.103827¢+C;  v(0)=49 implies C = 0.478854
v(t) = 94.3841tan(0.478854 —0.103827¢)

Integration with y(0)=0 gives
y(t) = 108.468+909.052 In(cos(0.478854 —0.103827¢)) .

We solve w(0)=0 for t=4.612, and then calculate 1(4.612)=108.468.

18.  We solve the initial value problem y' = —9.8+0.0011y*, v(0)=0 muchasin

Problem 17, except using hyperbolic rather than ordinary trigonometric functions. We first
get

v(t) = —94.3841 tanh(0.103827¢),
and then integration with ¥(0) =108.47 gives

p() = 108.47—-909.052 In(cosh(0.103827¢)).

We solve »(0)=0 for ¢t = cosh™'(exp(108.47/909.052))/0.103.827 =4.7992, and then
calculate v(4.7992) =—-43.489.

19.  Equation: Vo= 4-(1/4000°, v(0) =0

Solution: JLZ = Jdt; L())a’vz - jL dt
4—-(1/400)» 1-(v/40) 10

tanh™'(v/40) = t/10+C; C=0; v(t) = 40tanh(z/10)
Answer: v(10) =30.46 fi/sec,  w(eo) = 40 fi/sec

20.  Equation: Vo= =32-(1/800)°, w(0) = 160, »(0) = 0

Solution: J dv - = - Jdt; M = —Jldt;
324+ (1/800)v 1+(v/160) 5
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tan~'(v/160) = —¢/5+C; v(0)=160 implies C=7x/4

Tt
t)y = l60tan| ———
(1) (4 5)
y(t) = 800 ln(cos(%—éjj+4001n2

We solve v(r) = 0 for +=3.92699 and then calculate 1(3.92699) = 277.26 ft.

7

21.  Equation: Vi=—g-pv, v0)=v, »0) =0

: dv plgdv
Solution: J = — |dt; e~ = - |Jgpds
g+pv’ '[ J']+(,/p/gv)2 J

an” (Jp/gv) = —Jgp 1+C; v(0)=v, implies C=tan” (Jp/gv,)

v(t) = —\/gtan[t\/g—tan‘1 [VO\/ZN
P g

We solve w() = 0 for ¢ =

! tan™' ["o B] and substitute in Eq. (17) for y(?):
V&P g

1, ‘cos(tan_1 voJp/ g —tan™ vo\//Tg)‘
P ; n‘ cos(tan‘1 vo\//Tg) ‘

%ln(sec(tan_lvo,/p/g)) = %ln /1+%)§

2
2p g

By an integration similar to the one in Problem 19, the solution of the initial value problem
Vv = =32+0.075v*, w(0)=0 is

22.

v(t) = —20.666tanh(1.54919¢)

so the terminal speed is 20.666 ft/sec. Then a further integration with »(0)=0 gives

p(t) = 10000 —13.333 In(cosh(1.549191))

We solve »(0)=0 for = 484.57. Thus the descent takes about 8 min 5 sec.
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23.

24,

25.

26.

Before opening parachute:

v = —=32+40.00075v*, v(0)=0, y(0)=10000
v(t) = —206.559tanh(0.154919¢)  v(30) = —206.521 ft/sec
y(¢y = 10000-1333.33 In(cosh(0.154919¢)), »(30) = 4727.30 ft

After opening parachute:

v = =32+0.075v°, v(0)=-206.521, »(0)=4727.30
v(t) = —20.6559 tanh(1.549191+0.00519595)

y(t) = 4727.30-13.3333In(cosh(1.54919 ¢+ 0.00519595))
y = 0 when ¢=229.304

Thus she opens her parachute after 30 sec at a height of 4727 feet, and the total
time of descent is 30 +229.304 = 259.304 sec, about 4 minutes and 19.3 seconds.

Let M denote the mass of the Earth. Then

(@) ~V2GM/R = ¢ implies R = 0.884x10™ meters, about 0.88 cm;

(b) \/2G(329320M )/R = cimplies R = 2.91x10’ meters, about 2.91 kilometers.

(a) The rocket's apex occurs when v =0. We get the desired formula when we set
v=0 i Eq. (23),
Vo=, +2GM(l—lj,
r R
and solve for r.

(b)  Wesubstitute v=0, »=R+10’ (100 km = 10’ m) and the mks values
G=6.6726x10", M = 5.975x10*, R = 6.378x10° in Eq. (23) and solve for
v, =1389.21 m/s =1.389 kmy/s.

(© When we substitute v, =(9/10)W2GM /R in the formula derived in part (a), we
find that »__ =100R/19.

By an elementary computation (as in Section 1.2) we find that an initial velocity of v, =16

ft/sec is required to jump vertically 4 feet high on earth. We must determine whether this
initial velocity is adequate for escape from the asteroid. Let » denote the ratio of the radius
of the asteroid to the radius R = 3960 miles of the carth, so that

. 15 1
3960 2640
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27.

28.

102

Then the mass and radius of the asteroid are given by

M,=rM ad R, =R

a

in terms of the mass M and radius R of the earth. Hence the escape velocity from the
asteroid's surface is given by

2GM, 2G-r’M 2GM
v, = = =r =rvy
R, IR, R

in terms of the escape velocity v, from the earth's surface. Hence v, =36680/2640

=13.9 ft/sec. Since the escape velocity from this asteroid is thus less than the initial
velocity of 16 ft/sec that your legs can provide, you can indeed jump right off this asteroid
into space.

(a)  Substitution of v, =2GM /R =k?/R in Eq. (23) of the textbook gives

ar__ G _ k
dt r \/;

We separate variables and proceed to integrate:

J\/;dr = Jkdt = ErS/2 = kt+gR3/2
3 3
using the fact that =R when 7=0). We solve for r(f)=(2kt+R>?)"" and note that
g 3

r(t) —> o0 as t —> oo,

(b) If v,>2GM /R thenEq. (23) gives

dr \/2GM ( ) 2GMJ i k
=y = + VO—T = — 4+ > —F.

Z 7 7 \/;

Therefore, at every instant in its ascent, the upward velocity of the projectile in this part is
greater than the velocity at the same instant of the projectile of part (a). It's as though the
projectile of part (a) is the fox, and the projectile of this part is a rabbit that runs faster.
Since the fox goes to infinity, so does the faster rabbit.

(a) Integration of gives

ron

Ly - om [l_ij
2
and we solve for

dr =y =- 2GM(l—lj

ron
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29.

30.

taking the negative square root because v <0 in descent. Hence

t:—\/ L T ar (r=r1,cos’ 0)
2GM By—r

= J,/2GM [2r,cos’ 0 dO

3/2
0

N2GM

r r

t = 0 ,/rr —r? +rcos! |—
\V26M ( ° ° 7 j

(b)  Substitution of G=6.6726x10"", M = 5.975x10* kg, r=R = 6.378x10°m,

and 7, =R+ 10° yields #=510.504, that is, about 84 minutes for the descent to the
surface of the earth. (Recall that we are ignoring air resistance.)

(6+sin@ cosO)

(c) Substitution of the same numeral values along with v, =0 in the original
differential equation of part (a) yields v=-4116.42 m/s=-4.116 km/s for the velocity at
impact with the earth's surface where r=R.

. dv GM .
Integration of v— = ——, y(0)=0, v(0)=v, gives
gr & 1R »(0) 0)=v, g
1, GM GM 1 ,
—y° = ——+—v,

2 y+R R 2

which simplifies to the desired formula for v*. Then substitution of
G=6.6726x10", M = 5.975x10"kg, R = 6.378x10°m v=0,and vp=1
yields an equation that we easily solve for y=51427.3, that is, about 51.427 km.

When we integrate

vﬂ = - GA,:[e + GM’”Z , r0)=R, r(0)=yv,
dr r (S-r)

in the usual way and solve for v, we get

\/2GM 2GM, 2GM_ 2GM_ =,
y = e __ e m+ n +V0,
r R r—=S R-S8

The earth and moon attractions balance at the point where the right-hand side in the
acceleration equation vanishes, which is when
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If we substitute this value of », M, =7.35x10” kg, S =384.4x10°, and the usual values

of the other constants involved, then set v =0 (to just reach the balancing point), we can
solve the resulting equation for vo= 11,109 m/s. Note that this is only 71 m/s less
than the earth escape velocity of 11,180 m/s, so the moon really doesn't help much.

SECTION 2.4

NUMERICAL APPROXIMATION: EULER'S METHOD

In each of Problems 1-10 we also give first the explicit form of Euler's iterative formula for the
given differential equation y”= f(x,y). As we illustrate in Problem 1, the desired iterations are
readily implemented, either manually or with a computer system or graphing calculator. Then we
list the indicated values of y(4) rounded off accurate to 3 decimal places.

1.

104

For the differential equation y"= f(x,y) with f(x,y)=—y, the iterative formula of

Euler's method is y,4+1 = v, + A(=y,). The TI-83 screen on the left shows a graphing
calculator implementation of this iterative formula.

3. T+H:B+Rr 23y
HHH+E Y H -

S0 =D
() | T B iy
Do

e e e
= OOk

[y Bt e T [ [t |
= SRIEEE

==t =D
e s s e e
() I Y T = T

After the variables are initialized (in the first line), and the formula is entered, each press of
the enter key carries out an additional step. The screen on the right shows the results of 5
steps from x=0 to x=0.5 with step size 4= 0.1 — winding up with y(0.5) = 1.181.
Approximate values 1.125 and 1.181; true value y(3)=1.213

The following Mathematica instructions produce precisely this line of data.

f[x_,Y_] = -Y:
glx 1 = 2 Expl-x];

Chapter 2



h = 0.25; x = 0; vl = y0;

Dol k = flx,yl]l; (* the left-hand slope
vl = yl1 + h*k; (* Euler step to update y
X =X + h, (* update x
{i,1,2} 1

h =0.1; x = 0; v2 = y0;

Dol k = flx,y2]1; (* the left-hand slope
v2 = y2 + h*k; (* Euler step to update y
X =X + h, (* update x
{i,1,5} 1

Print[x," lI’-y-llll ||’y2’|| ||’g[0.5]]

0.5 1.125 1.18098 1.21306

Iterative formula: V1 = Yo T h(2v)

Approximate values 1.125 and 1.244; true value y(3)=1.359

Iterative formula: Vo1 = Yo+ h(y, + 1)

Approximate values 2.125 and 2.221; true value y(3)=2.297

Iterative formula: Vi1 = Vo T h( — V)

Approximate values 0.625 and 0.681; true value y(1)=0.713

Iterative formula: Yur1 = Ya Ty —x,— 1)

Approximate values 0.938 and 0.889; true value y(4)=0.851

Iterative formula: Vi1 = Yo+ A(=2x,)

Approximate values 1.750 and 1.627; true value y(4)=1.558

Iterative formula: Vel = Vo + B(=3X2V)

Approximate values 2.859 and 2.737; true value y(3)=2.647

Iterative formula: Vel = Yu h CXP(—yn)

Approximate values 0.445 and 0.420; true value y(1)=0.405

Iterative formula: Vet = Y+ B(1 +y2)/4

Approximate values 1.267 and 1.278; true value y(3)=1.287

Section 2.4
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10. Iterative formula: Vel = Vpt h(2x,1y,f)

Approximate values 1.125 and 1.231; true value y(3)=1.333

The tables of approximate and actual values called for in Problems 11-16 were produced using the
following MATLAB script (appropriately altered for each problem).

% Section 2.4, Problems 11-16
0 = 0; v0 = 1;
first run:
0.01;
x0; y =vy0; vyl
n = 1:100
Yy =y + h*(y-2);
vyl = [yl,yl;
X = X + h;
end
second run:
= 0.005;
= x0; y =1y0; vy2 =y0;
or n = 1:200
Yy =y + h*(y-2);
v2 = [y2,yl;
X =X + h;
end
% exact values
x =x0 : 0.2 : x0+1;
ve = 2 - exp(x);
% display table
va = y2(1:40:201) ;
err = 100*(ye-ya)./vye;
[x; v1(1:20:101); va; ye; err]

yO0;

Fh X B 0° N

o

R

Fh ¥ P o°

11. The iterative formula of Euler's method is  y,+1 = v, + A(v, — 2), and the exact solution is
y(x) = 2—¢". The resulting table of approximate and actual values is

X 0.0 0.2 0.4 0.6 0.8 1.0
v (h=0.01) 1.0000 0.7798 0.5111 0.1833 | -0.2167 | —0.7048
vy (h=0.005) 1.0000 0.7792 0.5097 0.1806 | -0.2211 | -0.7115
y actual 1.0000 0.7786 0.5082 0.1779 | -0.2255 | -0.7183
error 0% —0.08% | -0.29% | -1.53% 1.97% 0.94%

12. Iterative formula: Vel = Vo T h(y, — 1)2/ 2

Exact solution: vy =1+2/(2-x)
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13.

14.

15.

16.

X 0.0 0.2 0.4 0.6 0.8 1.0
y (h=0.01) 2.0000 2.1105 2.2483 24250 2.6597 2.9864
y (h=0.005) | 2.0000 2.1108 2.2491 2.4268 2.6597 2.9931
y actual 2.0000 2.1111 2.2500 2.4286 2.6597 3.0000
error 0% 0.02% 0.04% 0.07% 0.13% 0.23%
Iterative formula: Virl = Vo T 2hx,f /Vn
Exact solution: y(x) = 8+xH"?
X 1.0 1.2 1.4 1.6 1.8 2.0
y (h=0.01) 3.0000 3.1718 3.4368 3.8084 4.2924 4.8890
y (h=0.005) | 3.0000 3.1729 3.4390 3.8117 4.2967 4.8940
y actual 3.0000 3.1739 3.4412 3.8149 4.3009 4.8990
error 0% 0.03% 0.06% 0.09% 0.10% 0.10%
Iterative formula: Vel = Yut hye/x
Exact solution: vy = 1/(1 —=Inx)
X 1.0 1.2 1.4 1.6 1.8 2.0
y (h=0.01) 1.0000 1.2215 1.5026 1.8761 2.4020 3.2031
vy (h=0.005) 1.0000 1.2222 1.5048 1.8814 2.4138 3.2304
y actual 1.0000 1.2230 1.5071 1.8868 2.4259 3.2589
error 0% 0.06% 0.15% 0.29% 0.50% 0.87%
Iterative formula: Vi1 = Yu T h(3 = 2v,/x,)
Exact solution: y(x) = x+4/x°
X 2.0 22 24 2.6 2.8 3.0
y (h=0.01) 3.0000 3.0253 3.0927 3.1897 3.3080 3.4422
y (h=0.005) | 3.0000 3.0259 3.0936 3.1907 3.3091 3.4433
y actual 3.0000 3.0264 3.0944 3.1917 3.3102 3.4444
error 0% 0.019% | 0.028% | 0.032% | 0.033% | 0.032%
Iterative formula: Virl = Vo T 2hx>/ y,%
Exact solution: yx) = (°=37)"°
X 2.0 2.2 24 2.6 2.8 3.0
y (h=0.01) 3.0000 4.2476 5.3650 6.4805 7.6343 8.8440
y (h=0.005) | 3.0000 4.2452 5.3631 6.4795 7.6341 8.8445
y actual 3.0000 4.2429 5.3613 6.4786 7.6340 8.8451
error 0% —0.056% | —0.034% | —0.015% | 0.002% | 0.006%
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The tables of approximate values called for in Problems 17-24 were produced using a MATLAB
script similar to the one listed preceding the Problem 11 solution above.

17.

X 0.0 0.2 0.4 0.6 0.8 1.0
y (h=0.1) 0.0000 0.0010 0.0140 0.0551 0.1413 0.2925
y (h=0.02) 0.0000 0.0023 0.0198 0.0688 0.1672 0.3379
y (h=0.004) 0.0000 0.0026 0.0210 0.0717 0.1727 0.3477
vy (h=0.0008) | 0.0000 0.0027 0.0213 0.0723 0.1738 0.3497

These data indicate that (1) = 0.35, in contrast with Example 5 in the text, where the
initial condition is p(0) = 1.

In Problems 18-24 we give only the final approximate values of y obtained using Euler's method
with step sizes 2 = 0.1, & = 0.02, 2 = 0.004,and &2 = 0.0008.

18.  With x, = 0 and y, = 1, the approximate values of (2) obtained are:

h 0.1 0.02 0.004 0.0008
y 1.6680 1.6771 1.6790 1.6794

19.  With xp = 0 and yy = 1, the approximate values of »(2) obtained are:

h 0.1 0.02 0.004 0.0008
y 6.1831 6.3653 6.4022 6.4096

20.  With xo = 0 and yy = —1, the approximate values of 1(2) obtained are:

h 0.1 0.02 0.004 0.0008
y -1.3792 —1.2843 —-1.2649 -1.2610

21.  With xo = 1 and yy = 2, the approximate values of 1(2) obtained are:

h 0.1 0.02 0.004 0.0008
y 2.8508 2.8681 2.8716 2.8723

22. With xp = 0 and y = 1, the approximate values of 1(2) obtained are:

h 0.1 0.02 0.004 0.0008
y 6.9879 7.2601 7.3154 7.3264

23. With xp = 0 and yy = 0, the approximate values of (1) obtained are:

h 0.1 0.02 0.004 0.0008
y 1.2262 1.2300 1.2306 1.2307
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24,

25.

26.

27.

28.

With xp = =1 and yy = 1, the approximate values of )(1) obtained are:

h 0.1 0.02 0.004
% 0.9585 0.9918 0.9984

0.0008
0.9997

Here f(t,v)=32-1.6v and 7,=0, v,=0.

With /£ =0.01, 100 iterations of v, =v, +h f(¢,,v,) yield v(1)=16.014, and 200
iterations with 2 =0.005 yield v(1) =15.998. Thus we observe an approximate velocity of
16.0 ft/sec after 1 second — 80% of the limiting velocity of 20 ft/sec.

With /2 =0.01, 200 iterations yield v(2)=19.2056, and 400 iterations with 4 =0.005
yield v(2)=19.1952. Thus we observe an approximate velocity of 19.2 ft/sec after 2
seconds — 96% of the limiting velocity of 20 ft/sec.

Here f(t,P)=0.0225P—0.003P> and t,=0, P,=25.

With & =1, 60 iterations of P, =P +h f(t,,P,) yield P(60)=49.3888, and 120

iterations with 2 =0.5 yield P(60)=49.3903. Thus we observe a population of 49 deer
after 5 years — 65% of the limiting population of 75 deer.

With 4 =1, 120 iterations yield P(120) = 66.1803, and 240 iterations with 2 =0.5 yield
P(60) = 66.1469. Thus we observe a population of 66 deer after 10 years — 88% of the
limiting population of 75 deer.

Here f(x,y)=x"+3"-1 and x,=0, y,=0. The following table gives the
approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2) =1.00 rounded off accurate to 2 decimal places.

h 0.1 0.01 0.001 0.0001 0.00001
n 20 200 2000 20000 200000
v(2) 0.7772 0.9777 1.0017 1.0042 1.0044

Here x,y)=x+13> and x,=-2, y,=0. The following table gives the
) 7) 0 Yo

approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2) =1.46 rounded off accurate to 2 decimal places.

h 0.1 0.01 0.001 0.0001 0.00001
n 40 400 4000 40000 400000
¥(2) 1.2900 1.4435 1.4613 1.4631 1.4633
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29.  Withstepsizes 2 = 0.15, 2 = 0.03, and 2 = 0.006 we get the following results:

y with y with y with
X h=0.15 h=0.03 h=0.006

-1.0 1.0000 1.0000 1.0000
0.7 1.0472 1.0512 1.0521
-0.4 1.1213 1.1358 1.1390
0.1 1.2826 1.3612 1.3835
+0.2 0.8900 1.4711 0.8210
+0.5 0.7460 1.2808 0.7192

While the values for 2 = 0.15 alone are not conclusive, a comparison of the values of y
for all three step sizes with x> 0 suggests some anomaly in the transition from negative to
positive values of x.

30. Withstepsizes 2 = 0.1 and 2 = 0.01 we get the following results:

y with y with
X h=0.1 h=0.01
0.0 0.0000 0.0000
0.1 0.0000 0.0003
0.2 0.0010 0.0025
0.3 0.0050 0.0086
1.8 2.8200 4.3308
1.9 3.9393 7.9425
2.0 5.8521 28.3926

Clearly there is some difficulty near x = 2.

31.  Withstepsizes 2 = 0.1 and 2 = 0.01 we get the following results:

y with y with

X h=0.1 h=0.01
0.0 1.0000 1.0000
0.1 1.2000 1.2200
0.2 1.4428 1.4967
0.7 4.3460 6.4643
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11.8425
39.5010

0.8
0.9

5.8670
8.3349

Clearly there is some difficulty near x = 0.9.

SECTION 2.5

A CLOSER LOOK AT THE EULER METHOD

In each of Problems 1-10 we give first the predictor formula for u,+; and then the improved Euler
corrector for y,+1. These predictor-corrector iterations are readily implemented, either manually or
with a computer system or graphing calculator (as we illustrate in Problem 1). We give in each
problem a table showing the approximate values obtained, as well as the corresponding values of
the exact solution.

A, 1+H: B+ 2ay YW=l Y CHA 2 Dk
2. EEEE| [ M=y

Y—Hat U Y CHA 2 Dk 1.518d

{ ==Ll 1.6381
1.5188 1.4224
1.6351 1.3416
1.4224 1.214%

1. Upt1 = Ynt+ h(_y n)
Vir1 = Yu T (W2 — 1]

The TI-83 screen on the left above shows a graphing calculator implementation of this
iteration. After the variables are initialized (in the first line), and the formulas are entered,
each press of the enter key carries out an additional step. The screen on the right shows the
results of 5 steps from x=0 to x=0.5 with step size 4= 0.1 — winding up with

v(0.5) = 1.2142 — and we see the approximate values shown in the second row of the
table below.
X 0.0 0.1 0.2 0.3 0.4 0.5
ywith /=0.1 | 2.0000 1.8100 1.6381 1.4824 1.3416 1.2142
y actual 2.0000 1.8097 1.6375 1.4816 1.3406 1.2131
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Uptl = Vn + 2hyn

Yutl = Vn + (h/z)[zyn + 2un+1]

X 0.0 0.1 0.2 0.3 0.4 0.5
y with 2=0.1 0.5000 0.6100 0.7422 0.9079 1.1077 1.3514
y actual 0.5000 0.6107 0.7459 09111 1.1128 1.3591
Uptl = Vn + h(yn + 1)
Vil = Yu (h/2)[()/n + 1) + (unH + 1)]
X 0.0 0.1 0.2 0.3 0.4 0.5
y with 2=0.1 1.0000 1.2100 1.4421 1.6985 1.9818 2.2949
y actual 1.0000 1.2103 1.4428 1.6997 1.9837 2.2974
Uptl = Vn + h(xn _yn)
Yn+tl = Vn + (h/z)[(xn _yn) + (xn +h- u11+1)]
X 0.0 0.1 0.2 0.3 0.4 0.5
y with 2=0.1 1.0000 0.9100 0.8381 0.7824 0.7416 0.7142
y actual 1.0000 0.9097 0.8375 0.7816 0.7406 0.7131
Uptl = Vn + h(yn —Xn— 1)
Vil = Yu (h/2)[()/n —Xn— 1) + (unH —Xp—h— 1)]
X 0.0 0.1 0.2 0.3 0.4 0.5
y with 2=0.1 1.0000 0.9950 0.9790 0.9508 0.9091 0.8526
y actual 1.0000 0.9948 0.9786 0.9501 0.9082 0.8513
Upt1 = Vn— 2xnynh
Yn+t1 = Vn— (h/z)[zxnyn + 2(xn + h)unH]
X 0.0 0.1 0.2 0.3 0.4 0.5
y with 2=0.1 2.0000 1.9800 1.9214 1.8276 1.7041 1.5575
y actual 2.0000 1.9801 1.9216 1.8279 1.7043 1.5576

_ 2
Uptl = Y — 3xnyn h

Vu+tl = VYn— (h/z)[?’xI?yn + 3(xn + h)zunH]
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X 0.0 0.1 0.2 0.3 04 0.5
y with 2=0.1 3.0000 2.9955 2.9731 2.9156 2.8082 2.6405
y actual 3.0000 2.9970 2.9761 2.9201 2.8140 2.6475
8- Uptl = Vn + h CXP(—J’n)
V1 = Yu T (W2)exp(—=yn) + exp(—tty1)]
X 0.0 0.1 0.2 0.3 04 0.5
y with 2=0.1 0.0000 0.0952 0.1822 0.2622 0.3363 0.4053
y actual 0.0000 0.0953 0.1823 0.2624 0.3365 0.4055
9.ty = Yath(1+y)/4
Yurt = Yu T AL+ ya + 1+ (unir)’]/8
X 0.0 0.1 0.2 0.3 04 0.5
y with 2=0.1 1.0000 1.0513 1.1053 1.1625 1.2230 1.2873
y actual 1.0000 1.0513 1.1054 1.1625 1.2231 1.2874
10. Uptl = Vn + 2xl1y13 h
Vil = Yu h[xnyg + (xn + h)(u11+1)2]
X 0.0 0.1 0.2 0.3 04 0.5
y with 2=0.1 1.0000 1.0100 1.0414 1.0984 1.1895 1.3309
y actual 1.0000 1.0101 1.0417 1.0989 1.1905 1.3333

The results given below for Problems 11-16 were computed using the following MATLAB script.

% Section 2.5,
0 =0; yo0
first run:

0.01;
x0;

Fh X B 0° K

(0]
R
nmnp

u

Yy
vyl =

Yy
Yy

y
1:
+

=l;

=y0; vyl

100

h*f (x,y):
+ (h/2)*(f(x,y)+f(x+h,u));
[vl,vy1:

X = X + h;

end

0.005;
x0; vy

KB o

second run:

= y0; vy2

Problems 11-16

= 'y'o;

= 'y'o;

Section 2.5

%predictor
%$corrector
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for n = 1:200
u =y + h*f(x,y); %predictor
y =y + (h/2)*(f(x,y)+f(x+h,u)); %corrector

y2 = [y2,vy];
X = X + h;
end

% exact values
x =x0 : 0.2 : x0+1;
ye = g(x);

% display table

va = y2(1:40:201) ;

err = 100*(ye-ya)./vye;

X = sprintf('%10.5f',x), sprintf('\n');

vl = sprintf('%10.5f',y1(1:20:101)), sprintf('\n');
va = sprintf('%10.5f',va), sprintf('\n');
ve = sprintf('%10.5f',ve), sprintf('\n');

err = sprintf('%10.5f',err), sprintf('\n');
table = [x; yl1; va; ye; err]

For each problem the differential equation "= f(x,y) and the known exact solution y = g(x)
are stored in the files £.m and g.m— for instance, the files

function yp = f(x,y)
Yp = y-2;

function ye = g(x,y)
ve = 2-exp(x);

for Problem 11. (The exact solutions for Problems 11-16 here are given in the solutions for
Problems 11-16 in Section 2.4.)

11.

12.

114

X 0.0 0.2 0.4 0.6 0.8 1.0

v (h=0.01) 1.00000 | 0.77860 | 0.50819 | 0.17790 | —0.22551 | —0.71824

y (h=0.005) | 1.00000 | 0.77860 | 0.50818 | 0.17789 | —0.22553 | —0.71827

y actual 1.00000 | 0.77860 | 0.50818 | 0.17788 | —0.22554 | —0.71828

error 0.000% | -0.000% | —0.001% | —0.003% | 0.003% 0.002%

X 0.0 0.2 0.4 0.6 0.8 1.0

y (h=0.01) 2.00000 | 2.11111 | 225000 | 2.42856 | 2.66664 | 2.99995

y (h=0.005) | 2.00000 | 2.11111 2.25000 | 2.42857 | 2.66666 | 2.99999

y actual 2.00000 | 2.11111 2.25000 | 2.42857 | 2.66667 | 3.00000

error 0.0000% | 0.0000% | 0.0001% | 0.0001% | 0.0002% | 0.0004%
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13.

14.

15.

16.

17.

x 1.0 1.2 1.4 1.6 1.8 2.0
vy (h=0.01) 3.00000 | 3.17390 | 3.44118 | 3.81494 | 4.30091 4.89901
y (h=0.005) | 3.00000 3.17390 3.44117 3.81492 | 4.30089 | 4.89899
y actual 3.00000 3.17389 3.44116 3.81492 | 4.30088 | 4.89898
error 0.0000% | —0.0001% | —0.0001% | 0.0001% | —0.0002% | —0.0002%
x 1.0 1.2 1.4 1.6 1.8 2.0
vy (h=0.01) 1.00000 1.22296 1.50707 1.88673 | 2.42576 | 3.25847
y (h=0.005) 1.00000 1.22297 1.50709 1.88679 | 2.42589 | 3.25878
y actual 1.00000 1.22297 1.50710 1.88681 2.42593 3.25889
error 0.0000% | 0.0002% | 0.0005% | 0.0010% | 0.0018% | 0.0033%
X 2.0 2.2 24 2.6 2.8 3.0
y ( h:0,0]) 3.000000 3.026448 3.094447 3.191719 3.310207 3.444448
y (h:(),()()j) 3.000000 3.026447 3.094445 3.191717 3.310205 3.444445
y actual 3.000000 3.026446 3.094444 3.191716 3.310204 3.444444
error 0.00000% -0.00002% | -0.00002% | —0.00002% | -0.00002% | —0.00002%
X 2.0 2.2 24 2.6 2.8 3.0
y ( h:0,0]) 3.000000 4.242859 5.361304 6.478567 7.633999 8.845112
y (h:(),()()j) 3.000000 4.242867 5.361303 6.478558 7.633984 8.845092
y actual 3.000000 4.242870 5.361303 6.478555 7.633979 8.845085
error 0.00000% 0.00006% —0.00001% | —0.00005% | —0.00007% | —0.00007%
With A = 0.1: v(1) = 0.35183
With 2 = 0.02: y(1) = 0.35030
With 2 = 0.004: v(1) = 0.35023
With 2 = 0.0008:  y(1) = 0.35023
The table of numerical results is
y with y with y with y with
X h=0.1 h=0.02 h=0.004 h=0.0008
0.0 0.00000 0.00000 0.00000 0.00000
0.2 0.00300 0.00268 0.00267 0.00267
04 0.02202 0.02139 0.02136 0.02136
0.6 0.07344 0.07249 0.07245 0.07245
0.8 0.17540 0.17413 0.17408 0.17408
1.0 0.35183 0.35030 0.35023 0.35023
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In Problems 18-24 we give only the final approximate values of y obtained using the improved
Euler method with step sizes 2 = 0.1, 2 = 0.02, 2 = 0.004, and 2 = 0.0008.

18. Withh= 01:  3(2) = 1.68043
With h = 0.02:  1(2) = 1.67949
With & = 0.004:  1(2) = 1.67946
With 7 = 0.0008:  1(2) = 1.67946

19. Withh= 01:  3(2) = 6.40834
With 2 = 002  3(2) = 6.41134
With 2 = 0.004:  1(2) = 6.41147
With 7 = 0.0008:  1(2) = 6.41147

20 With A= 0.1:  p2) = —1.26092
With # = 0.02:  12) = —1.26003
With & = 0.004:  1(2) = —1.25999
With & = 0.0008:  1(2) = —1.25999

2. With A= 0.1:  p2) = 2.87204
With # = 0.02:  1(2) = 2.87245
With & = 0.004:  1(2) = 2.87247
With 7 = 0.0008:  1(2) = 2.87247

22. With h = 0.1:  p2) = 731578
With h = 0.02:  3(2) = 7.32841
With & = 0.004:  ¥(2) = 7.32916
With & = 0.0008:  p(2) = 7.32920

23, With h = 0.1:  p(1) = 1.22967
with # = 002: (1) = 1.23069
With & = 0.004: (1) = 1.23073
With 7 = 0.0008: (1) = 1.23073

2. With h = 0.1: (1) = 1.00006
Wwith # = 0.02: (1) = 1.00000
With & = 0.004: (1) = 1.00000
With 7 = 0.0008: (1) = 1.00000

25.  Here f(t,v)=32-1.6v and ¢,=0, v,=0.
With A =0.01, 100 iterations of

k=f@v), k=f(t+hyv +hk), v

n+l

=+ 2k k)
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26.

27.

28.

yield v(1) =15.9618, and 200 iterations with 42 =0.005 yield v(1) =15.9620. Thus we
observe an approximate velocity of 15.962 ft/sec after 1 second — 80% of the limiting
velocity of 20 ft/sec.

With /2 =0.01, 200 iterations yield v(2)=19.1846, and 400 iterations with 4 = 0.005
yield v(2)=19.1847. Thus we observe an approximate velocity of 19.185 ft/sec after 2
seconds — 96% of the limiting velocity of 20 ft/sec.

Here f(¢,P)=0.0225P-0.003P* and t,=0, P,=25.
With A =1, 60 iterations of

k =/(,F),

n+

k,=f(@+h,P +hk), P = Pn+%(k1+k2)

yield P(60)=49.3909, and 120 iterations with 2 =0.5 yield P(60)=49.3913. Thus we
observe an approximate population of 49.391 deer after 5 years — 65% of the limiting
population of 75 deer.

With 4 =1, 120 iterations yield P(120) = 66.1129, and 240 iterations with 2= 0.5 yield
P(60) = 66.1134. Thus we observe an approximate population of 66.113 deer after 10
years — 88% of'the  limiting population of 75 deer.

Here f(x,y)=x"+3"-1 and x,=0, y,=0. The following table gives the
approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2)=1.0045 rounded off accurate to 4 decimal places.

h 0.1 0.01 0.001 0.0001
n 20 200 2000 20000
y(2) 1.01087 |1.00452 |1.00445 ]1.00445

Here f(x,y)=x+13 and x,=-2, y,=0. The following table gives the
approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2)=1.4633 rounded off accurate to 4 decimal places.

h 0.1 0.01 0.001 0.0001
n 40 400 4000 40000
¥(2) 1.46620 |1.46335 11.46332 |1.46331

In the solutions for Problems 29 and 30 we illustrate the following general MATLAB ode solver.

function
% [t,y]

[t,y] = ode(method, yp,
ode (method, yp.,
% calls the method described by

Section 2.5

t0,b, v0, n)
t0,b, v0, n)
'method’

for the
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ODE 'yp' with function header

y' = yp(t,y)

on the interval [t0,b] with initial (column)

vector y0. Choices for method are 'euler',
'impeuler', 'rk' (Runge-Kutta), 'ode23', 'oded45'.
Results are saved at the endpoints of n subintervals,
that is, in steps of length h = (b - t0)/n. The
result t is an (n+l)-column vector from b to tl,
while y 1is a matrix with n+l rows (one for each
t-value) and one column for each dependent variable.

o® o o o o° P o° P P P o° of

h = (b - t0)/n; % step size
t =t0 : h : b;
t=1¢t"; % col. vector of t-values
y = y0'; % 1lst row of result matrix
for i =2 : n+l % for i=2 to i=n+l

t0 = t(i-1); % old t

tl = t(i); % new t

v0 = y(i-1,:)"'; % old y-row-vector

[T,Y] = feval (method, yp, tO0,tl, yO0);

y = [y:Y']; % adjoin new y-row-vector
end

To use the improved Euler method, we call as 'method' the following function.
function [t,y] = impeuler(yp, tO0,tl, y0)

[t,y] = impeuler(yp, tO0,tl, vO0)
Takes one improved Euler step for

y' = yprime( t,y ),

from t0 to tl with initial wvalue the
column vector vyO0.

of of of 0P 0P o° o° o°

h =tl - t0;

kl = feval( yp, t0, yO ) :
k2 = feval( yp, tl, y0 + h*kl );
k = (k1 + k2)/2;

t = tl;

y = y0 + h*k;
29.  Here our differential equation is described by the MATLAB function

function vp vpboltl(t,v)
vp = -0.04*v - 9.8;

Then the commands
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n = 50;
[tl,v1]
n = 100;
[t2,v2] =
t = (0:10)

ode ('impeuler', 'vpboltl',0,10,49,n);

ode ('impeuler', 'vpboltl',0,10,49,n);

L)
I

ve = 294*exp(-t/25) -245;

[t, v1(1:5:51),

generate the table

o

RO J0 U & Wk

with n =50

49.
37.
26.
15.

5.
-4

0000
4722
3964
7549
5307

.2926
-13.
-22.
-31.
-39.
-47.

7308
7989
5115
8824
9251

v2(1:10:101),

ve]

withn=100 actualv
49.0000 49.0000

37.4721 37.4721
26.3963 26.3962

15.7547 15.7546

5.5304 5.5303

-4.2930 -4 .2932

-13.7313 -13.7314
-22.7994 -22.7996
-31.5120 -31.5122
-39.8830 -39.8832
-47.9257 -47.9259

We notice first that the final two columns agree to 3 decimal places (each difference being
than 0.0005). Scanning the # =100 column for sign changes, we suspect that v=0 (at the
bolt's apex) occurs just after #=4.5 sec. Then interpolation between r=4.5 and r=4.6

in the table

[t2(40:51),v2(40:51)]

.9000
.0000
.1000
.2000
.3000
.4000
.5000
.6000
.7000
.8000
.9000
.0000

(62 I R L L L S I I O¥]

indicates that #=4.56 at the bolt's apex. Finally, interpolation in

[t2(95:96),v2(95:96)]

9.4000
9.5000

-4
-4

6.5345
5.5304
4.5303
3.5341
2.5420
1.5538
0.5696
0.4108
1.3872
2.3597
3.3283
4.2930

3.1387
3.9445

Section 2.5
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gives the impact velocity v(9.41) = -43.22 m/s.

30.  Now our differential equation is described by the MATLAB function

function vp = vpbolt2(t,v)
vp = -0.0011*v.*abs(v) - 9.8;

Then the commands

n = 100;
[tl,v1l] = ode('impeuler', 'vpbolt2',0,10,49,n);
n = 200;

[t2,v2] = ode('impeuler', 'vpbolt2',0,10,49,n);
t = (0:10)';
[t, v1(1:10:101), v2(1:20:201)]1]

generate the table

t with n =100 with n =200
0 49.0000 49.0000
1 37.1547 37.1547
2 26.2428 26.2429
3. 15.9453 15.9455
4 6.0041 6.0044
5 -3.8020 -3.8016
6 -13.5105 -13.5102
7 -22.9356 -22.9355
8 -31.8984 -31.8985
9 -40.2557 -40.2559
10 -47.9066 -47.9070

We notice first that the final two columns agree to 2 decimal places (each difference being
less than 0.005). Scanning the 7 =200 column for sign changes, we suspect that v=0 (at
the bolt's apex) occurs just after = 4.6 sec. Then interpolation between ¢ =4.60 and

t =4.65 in the table

[t2(91:101),v2(91:101)1

4.5000 1.0964
4.5500 0.6063
4.6000 0.1163
4.6500 -0.3737
4.7000 -0.8636
4.7500 -1.3536
4.8000 -1.8434
4.8500 -2.3332
4.9000 -2.8228
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-3.3123
-3.8016

4.9500
5.0000

indicates that #=4.61 at the bolt's apex. Finally, interpolation in

[£t2(189:190),v2(189:190)]1

-43.4052
-43.7907

9.4000
9.4500

gives the impact velocity v¥(9.41) = —43.48 m/s.

SECTION 2.6
THE RUNGE-KUTTA METHOD

Each problem can be solved with a "template" of computations like those listed in Problem 1. We
include a table showing the slope values k,, k,, k;, k, and the xy-values at the ends of two

successive steps of size £ =0.25.

1. To make the first step of size 4 =0.25 we start with the function defined by
flx_, y 1 = -y

and the initial values

x = 0; vy = 2; h = 0.25;

and then perform the calculations

kl = £lx, yl

k2 = f[x + h/2, v + h*kl/2]

k3 = f[x + h/2, v + h*k2/2]

k4 = f[x + h, v + h*k3]

Yy =v + h/6*(kl + 2*k2 + 2*k3 + k4)
x =x+h

in turn. Here we are using Mathematica notation that translates transparently to standard
mathematical notation describing the corresponding manual computations. A repetition
of this same block of calculations carries out a second step of size £ =0.25. The
following table lists the intermediate and final results obtained in these two steps.

ki k» ks ka X Approx.y | Actual y

-2 —1/75 —1.78125 | —1.55469 0.25 1.55762 1.55760

—1.55762 | -1.36292 | -1.38725 | -1.2108 0.5 1.21309 1.21306
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10.

122

ki ko ks ks X Approx.y | Actual y

1 1.25 1.3125 1.65625 0.25 0.82422 0.82436
1.64844 2.06055 2.16357 2.73022 0.5 1.35867 1.35914
ki ko ks ks X Approx.y | Actual y

2 2.25 2.28125 2.57031 0.25 1.56803 1.56805
2.56803 2.88904 2.92916 3.30032 0.5 2.29740 2.29744
ki ko ks ks X Approx.y | Actual y

-1 —0.75 —0.78128 —55469 0.25 0.80762 0.80760
—0.55762 | —0.36292 | —0.38725 | —0.21080 0.5 0.71309 0.71306
ki ko ks ks X Approx.y | Actual y

0 —0.125 —0.14063 | —0.28516 0.25 0.96598 0.96597
—28402 —0.44452 | —0.46458 | —0.65016 0.5 0.85130 0.85128
ki k» ks ka X Approx.y | Actual y

0 —0.5 —0.48438 | —0.93945 0.25 1.87882 1.87883
—0.93941 | -1.32105 | -1.28527 | -1.55751 0.5 1.55759 1.55760
ki ky ks ka X Approx.y | Actual y

0 —0.14063 | —0.13980 | —0.55595 0.25 2.95347 2.95349
—0.55378 | -1.21679 | -1.18183 | -1.99351 0.5 2.6475 2.64749
ki ky ks ka X Approx.y | Actual y

1 0.88250 0.89556 0.79940 0.25 0.22315 0.22314
0.80000 0.72387 0.73079 0.66641 0.5 0.40547 0.40547
ky k> k3 k4 X Approx.y | Actual y

0.5 0.53223 0.53437 0.57126 0.25 1.13352 1.13352
0.57122 0.61296 0.61611 0.66444 0.5 1.28743 1.28743
ki ko ks ks X Approx.y | Actual y

0 0.25 0.26587 0.56868 0.25 1.06668 1.06667
0.56891 0.97094 1.05860 1.77245 0.5 1.33337 1.33333
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The results given below for Problems 11-16 were computed using the following MATLAB script.

% Section 2.6, Problems 11-16
x0 =0; y0 =1;

% first run:
h = 0.2;
x = x0; y=1y0; vyl =y0;
for n = 1:5
kl = £(x,y);
k2 = f(x+h/2,y+h*k1/2);
k3 = f(x+h/2,y+h*k2/2);
k4 = f(x+h,y+h*k3);

v =y +(h/6)*(kl+2*k2+2*k3+k4) ;
vyl = [yl,vyl;

X = X + h;

end

% second run:
h =0.1;
x = x0; y=1y0; vy2 =y0;
for n = 1:10
kl = £(x,y);

k2 = f(x+h/2,y+h*k1/2);
k3 = f(x+h/2,y+h*k2/2);
k4 = f(x+h,y+h*k3);

v =y +(h/6)*(kl+2*k2+2*k3+k4) ;
Y2 = [y2,y];
X = X + h;

end

% exact values
x =x0 : 0.2 : x0+1;
ye = g(x);

% display table

v2 = y2(1:2:11) ;

err = 100* (yve-y2)./ve;

x = sprintf('%10.6f',x), sprintf('\n');

vl = sprintf('%10.6£f',yl), sprintf('\n');
v2 = sprintf('%10.6f',v2), sprintf('\n');
ve = sprintf('%10.6f',ve), sprintf('\n');

err = sprintf('%10.6f',err), sprintf('\n');
table = [x;yl;y2;ye;err]

For each problem the differential equation "= f(x,y) and the known exact solution y = g(x)
are stored in the files £.m and g.m— for instance, the files

function yp = f(x,y)
Yp = y-2;
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and

11.

12.

13.

14.

15.

function ye = g(x,y)
ve = 2-exp(x);
for Problem 11.
X 0.0 0.2 0.4 0.6 0.8 1.0
y (h=0.2) 1.000000 0.778600 0.508182 0.177894 | -0.225521 | -0.718251
vy (h=0.1) 1.000000 0.778597 0.508176 0.177882 | -0.225540 | —0.718280
y actual 1.000000 0.778597 0.508175 0.177881 -0.225541 | -0.718282
€rror 0.00000% | —0.00002% | —0.00009% | —0.00047% | —0.00061% | —0.00029%
X 0.0 0.2 0.4 0.6 0.8 1.0
y (h=0.2) 2.000000 2.111110 2.249998 2428566 2.666653 2.999963
y (h=0.1) 2.000000 2111111 2.250000 2428571 2.666666 2.999998
y actual 2.000000 2111111 2.250000 2428571 2.666667 3.000000
€rror 0.000000% | 0.000002% | 0.000006% | 0.000014% | 0.000032% | 0.000080%
X 1.0 1.2 1.4 1.6 1.8 2.0
y (h=0.2) 3.000000 3.173896 3441170 3.814932 4.300904 4.899004
y (h=0.1) 3.000000 3.173894 3.441163 3.814919 4.300885 4.898981
y actual 3.000000 3.173894 3.441163 3.814918 4.300884 4.898979
€rror 0.00000% | —0.00001% | —0.00001% | —0.00002% | —0.00003% | —0.00003%
X 1.0 1.2 1.4 1.6 1.8 2.0
y (h=0.2) 1.000000 1.222957 1.507040 1.886667 2.425586 3.257946
y (h=0.1) 1.000000 1.222973 1.507092 1.886795 2.425903 3.258821
y actual 1.000000 1.222975 1.507096 1.886805 2.425928 3.258891
error 0.0000% 0.0001% 0.0003% 0.0005% 0.0010% 0.0021%
X 2.0 2.2 2.4 2.6 2.9 3.0
y (h=0.2) 3.000000 3.026448 3.094447 3.191719 3.310207 3.444447
y (h=0.1) 3.000000 3.026446 3.094445 3.191716 3.310204 3.444445
y actual 3.000000 3.026446 3.094444 3.191716 3.310204 3.444444
error 0.000000% | —0.000004% | —0.000005% | —0.000005% | —0.000005% | —0.000004%
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16.

17.

In Problems 18-24 we give only the final approximate values of y obtained using the Runge-Kutta

X 2.0 2.2 24 2.6 2.9 3.0
v ( h=0.2) 3.000000 4.243067 5.361409 6.478634 7.634049 8.845150
y (hZO.l) 3.000000 4242879 5.361308 6.478559 7.633983 8.845089
y actual 3.000000 4242870 5.361303 6.478555 7.633979 8.845085
error 0.000000% | —0.000221% | —0.000094% | —0.000061% | —0.000047% | —0.000039%
With 2 = 0.2: v(1) = 0.350258
With 2 = 0.1: v(1) = 0.350234
With A = 0.05: y(1) = 0.350232
With 2 = 0.025: y(1) = 0.350232
The table of numerical results is
y with y with y with y with
x h=02 h=0.1 h=0.05 h=0.025
0.0 0.000000 0.000000 0.000000 0.000000
0.2 0.002667 0.002667 0.002667 0.002667
04 0.021360 0.021359 0.021359 0.021359
0.6 0.072451 0.072448 0.072448 0.072448
0.8 0.174090 0.174081 0.174080 0.174080
1.0 0.350258 0.350234 0.350232 0.350232

method with step sizes # = 0.2, 2~ = 0.1, 7 = 0.05,and 2 = 0.025.

18.

19.

20.

21.

With 7 = 0.2:
With 2 = 0.1:
With 2 = 0.05:
With 2 = 0.025:
With 7 = 0.2:
With 2 = 0.1:
With 2 = 0.05:
With 2 = 0.025:
With 7 = 0.2:
With 2 = 0.1:
With 2 = 0.05:
With 2 = 0.025:
With 7 = 0.2:
With 2 = 0.1:

W2) =
n2) =
W2) =
n2) =

W2) =
W2) =
W2) =
n2) =

W2) =
n2) =
W2) =
n2) =

v(2) = 2.872467
y(2) = 2.872468

1.679513
1.679461
1.679459
1.679459

6.411464
6.411474
6.411474
6.411474

—-1.259990
—-1.259992
—1.259993
—1.259993
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22.

23.

24,

25.

26.
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With & = 005  1(2) = 2.872468
With & = 0.025:  1(2) = 2.872468

With h = 02:  3(2) = 7.326761
With h = 0.1:  3(2) = 7.328452
With £ = 005 1(2) = 7.328971
With & = 0.025:  1(2) = 7.329134

With £ = 02: (1) = 1.230735
with £ = 0.1: (1) = 1.230731
With £ = 005: (1) = 1.230731
With £ = 0.025: (1) = 1.230731

With h = 02 p(1) = 1.000000
With & = 0.1: p(1) = 1.000000
With & = 005 (1) = 1.000000
With & = 0.025: (1) = 1.000000

Here f(t,v)=32-1.6v and 7,=0, v,=0.

With A =0.1, 10 iterations of

k1 :f(tn,vn), k2 :f(tn +%h’vn +%hk1),
ky=f(t,++hv, +1hk,), k,= f(t,+h,v +hk,),
k=g (k +2k, + 2k, + k), Vo =V, +hk

yield v(1) =15.9620, and 20 iterations with 2 =0.05 yield v(1)=15.9621. Thus we
observe an approximate velocity of 15.962 ft/sec after 1 second — 80% of the limiting

velocity of 20 ft/sec.

With /2 =0.1, 20 iterations yield v(2)=19.1847, and 40 iterations with 4 =0.05
v(2) =19.1848. Thus we observe an approximate velocity of 19.185 ft/sec after 2
seconds — 96% of the limiting velocity of 20 ft/sec.

Here f(t,P)=0.0225P—0.003P> and t,=0, P,=25.

With A =6, 10 iterations of

k= f(1,,P), k,= f(t,+Lh,P +L1hk),
ky=f(t,+5hv, +3hk,), k, = f(t,+h,P,+hk,),
k=<(k +2k,+ 2k, + k), P, =P +hk

yield

yield P(60)=49.3915, as do 20 iterations with 4 =3. Thus we observe an approximate

population of 49.3915 deer after 5 years — 65% of the limiting population of 75 deer.
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27.

28.

With 4 =6, 20 iterations yield P(120) = 66.1136, as do 40 iterations with 4 =3. Thus we

observe an approximate population of 66.1136 deer after 10 years — 88% of the limiting
population of 75 deer.

Here f(x,y)=x"+3"-1 and x,=0, y,=0. The following table gives the
approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2) =1.00445 rounded off accurate to 5 decimal places.

h 1 0.1 0.01 0.001
n 2 20 200 2000
y(2) 1.05722  |1.00447 ]1.00445 ]1.00445

Here f(x,y)=x+13 and x,=-2, y,=0. The following table gives the
approximate values for the successive step sizes / and corresponding numbers n of steps.
It appears likely that y(2) =1.46331 rounded off accurate to 5 decimal places.

h 1 0.1 0.01 0.001
n 4 40 00 40000
v(2) 1.48990 |1.46332 11.46331 |1.46331

In the solutions for Problems 29 and 30 we use the general MATLAB solver ode that was listed
prior to the Problem 29 solution in Section 2.5. To use the Runge-Kutta method, we call as
'method’ the following function.

function [t,y] = rk(yp, t0,tl, y0)

[t, yI = rk(yp, t0, tl, y0)
Takes one Runge-Kutta step for

y' =yp( t,y ).,

from t0 to tl with initial wvalue the
column vector vyO0.

o 0 0P 0P oP P oP

h =tl - t0;

k1l = feval(yp, tO , y0 ):
k2 = feval(yp, t0 + h/2, yv0 + (h/2)*kl );
k3 = feval(yp, t0 + h/2, yv0 + (h/2)*k2 );
k4 = feval(yp, t0 + h ;Y0 + h *k3 );
k = (1/6)*(kl + 2*k2 + 2*k3 + k4);

t = tl;

y = y0 + h*k;
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29.  Here our differential equation is described by the MATLAB function

function vp = vpboltl(t,v)
vp = -0.04*v - 9.8;

Then the commands

n = 100;
[tl1,v1l] = ode('rk','vpboltl',0,10,49,n);
n = 200;

[t2,v] = ode('rk','vpboltl',0,10,49,n);
t = (0:10)';

ve = 294*exp(-t/25) -245;

[t, v1(1l:n/20:1+n/2), v(1l:n/10:n+l), wvel

generate the table

t withn=100 withn=200 actualv

0 49.0000 49.0000 49.0000
1 37.4721 37.4721 37.4721
2 26.3962 26.3962 26.3962
3 15.7546 15.7546 15.7546
4 5.5303 5.5303 5.5303
5 -4 .2932 -4 .2932 -4.2932
6 -13.7314 -13.7314 -13.7314
7 -22.7996 -22.7996 -22.7996
8 -31.5122 -31.5122 -31.5122
9 -39.8832 -39.8832 -39.8832
10 -47.9259 -47.9259 -47.9259

We notice first that the final three columns agree to the 4 displayed decimal places.
Scanning the last column for sign changes in v, we suspect that v=0 (at the bolt's apex)
occurs just after 7=4.5 sec. Then interpolation between #=4.55 and r=4.60 in the table

[£2(91:95),v(91:95)]

4.5000 0.5694
4.5500 0.0788
4.6000 -0.4109
4.6500 -0.8996
4.7000 -1.3873

indicates that r=4.56 at the bolt's apex. Now the commands

zeros (n+l1,1);

Yy
h 10/n;
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for j = 2:n+l

y(3) = y(3-1) + v(j-1)*h +
0.5%(-.04*v(j-1) - 9.8)*h"2;
end

ye = 7350*(1 - exp(-t/25)) - 245*t;

[t, y(1:n/10:n+1l), vel

generate the table

t Approx y Actual y

0 0 0

1 43.1974 43.1976

2 75.0945 75.0949

3 96.1342 96.1348

4 106.7424 106.7432
5 107.3281 107.3290
6 98.2842 98.2852

7 79.9883 79.9895

8 52.8032 52.8046

S 17.0775 17.0790

10 -26.8540 -26.8523

We see at least 2-decimal place agreement between approximate and actual values of .
Finally, interpolation between =9 and 7= 10 here suggests that y=0 just after 1=9.4.
Then interpolation between #=9.40 and #=9.45 in the table

[£2(187:191),y(187:191)]

9.3000 4.7448
9.3500 2.6182
9.4000 0.4713
9.4500 -1.6957
9.5000 -3.8829

indicates that the bolt is aloft for about 9.41 seconds.

30.  Now our differential equation is described by the MATLAB function

function vp = vpbolt2(t,v)

vp = -0.0011*v.*abs(v) - 9.8;
Then the commands
n = 200;
[tl,v1l] = ode('rk','vpbolt2',0,10,49,n);
n = 2*n;

[t2,v] = ode('rk','vpbolt2',0,10,49,n);
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t = (0:10)';

ve = zeros(size(t)):

ve(l:5)= 94.388*tan(0.478837 - 0.103827*t(1:5)):;
ve(6:11l)= -94.388*tanh(0.103827*(t(6:11)-4.6119));

[t, v1(1:n/20:1+n/2), v(l:n/10:n+l1), vel
generate the table

withn =200 withn=400 actualv

=~

0 49.0000 49.0000 49.0000
1 37.1548 37.1548 37.1547
2 26.2430 26.2430 26.2429
3 15.9456 15.9456 15.9455
4 6.0046 6.0046 6.0045
5 -3.8015 -3.8015 -3.8013
6 13.5101 -13.5101 -13.5100
7 -22.9354 -22.9354 -22.9353
8 -31.8985 -31.8985 -31.8984
9 -40.2559 -40.2559 -40.2559
10 -47.9071 -47.9071 -47.9071

We notice first that the final three columns almost agree to the 4 displayed decimal places.
Scanning the last colmun for sign changes in v, we suspect that v=0 (at the bolt's apex)
occurs just after 7=4.6 sec. Then interpolation between #=4.600 and 7=4.625 in the
table

[t2(185:189) ,v(185:189)]

4.6000 0.1165
4.6250 -0.1285
4.6500 -0.3735
4.6750 -0.6185
4.7000 -0.8635

indicates that r=4.61 at the bolt's apex. Now the commands

y = zeros(n+l,1);
h = 10/n;
for j = 2:n+l

v(j) = y(3-1) + v{(j-1)*h + 0.5*%(-.04*v(j-1) - 9.8)*h"2;
end
ve = zeros(size(t)):
ye(l:5)= 108.465+909.091*1log(cos(0.478837 -
0.103827*t(1:5))):
ve(6:11)= 108.465-909.091*log(cosh(0.103827

*(t(6:11)-4.6119)));

[t, y(1:n/10:n+1l), vel
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generate the table

R WOoWw-JOul b WhERLOo

We see almost 2-decimal place agreement between approximate and actual values of y.

Approx y

0
42.9881
74.6217
95.6719
106.6232
107.7206
99.0526
80.8027
53.3439
17.2113
-26.9369

Actual y

0.0001
42.9841
74.6197
95.6742
106.6292
107.7272
99.0560
80.8018
53.3398
17.2072
-26.9363

Finally, interpolation between =9 and 7= 10 here suggests that y=0 just after 1=9.4.

Then interpolation between 7=9.400 and #=9.425 in the table

[t2(377:381) ,y(377:381)]

O WO WYV WYL

indicates that the bolt is aloft for about 9.41 seconds.

.4000 0
.4250 -0.
.4500 -1.
.4750 -2.
.5000 -3.

.4740

6137
7062
8035
9055
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CHAPTER 3

LINEAR SYSTEMS AND MATRICES

SECTION 3.1
INTRODUCTION TO LINEAR SYSTEMS

This initial section takes account of the fact that some students remember only hazily the method of
elimination for 2x2and 3x3 systems. Moreover, high school algebra courses generally
emphasize only the case in which a unique solution exists. Here we treat on an equal footing the
other two cases — in which either no solution exists or infinitely many solutions exist.

1. Subtraction of twice the first equation from the second equation gives -5y =-10, so
y =2, and it follows that x = 3.

2. Subtraction of three times the second equation from the first equation gives 5y =-135, so
y=-3, and it follows that x=5.

3. Subtraction of 3/2 times the first equation from the second equation gives % y=—, S0

¥ =3, and it follows that x = —4.

: : : . 11 44

4. Subtraction of 6/5 times the first equation from the second equation gives < y= 5
so y =4, and it follows that x = 5.

5. Subtraction of twice the first equation from the second equation gives 0=1, so no
solution exists.

6. Subtraction of 3/2 times the first equation from the second equation gives 0=1, so no
solution exists.

7. The second equation is —2 times the first equation, so we can choose y =1 arbitrarily.
The first equation then gives x=-10+4z.

8. The second equation is 2/3 times the first equation, so we can choose y =1 arbitrarily.
The first equation then gives x=4+2¢.

9. Subtraction of twice the first equation from the second equation gives —9y—4z =-3.

Subtraction of the first equation from the third equation gives 2y+z =1. Solution of
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10.

11.

12.

13.

14.

15.

16.

these latter two equations gives y=-1, z=3. Finally substitution in the first equation
gives x =4,

Subtraction of twice the first equation from the second equation gives y+3z=-5.
Subtraction of twice the first equation from the third equation gives —y -2z =3.
Solution of these latter two equations gives y =1, z=-2. Finally substitution in the
first equation gives x = 3.

First we interchange the first and second equations. Then subtraction of twice the new
first equation from the new second equation gives y—z =7, and subtraction of three

times the new first equation from the third equation gives —2y+3z =-18. Solution of
these latter two equations gives y =3, z=-4. Finally substitution in the (new) first
equation gives x = 1.

First we interchange the first and third equations. Then subtraction of twice the new first
equation from the second equation gives —7y—3z =-36, and subtraction of twice the

new first equation from the new third equation gives —16y—7z =-83. Solution of these
latter two equations gives y =3, z =5. Finally substitution in the (new) first equation
gives x = 1.

First we subtract the second equation from the first equation to get the new first equation
x+2y+3z=0. Then subtraction of twice the new first equation from the second

equation gives 3y—2z =0, and subtraction of twice the new first equation from the
third equation gives 2y —z=0. Solution of these latter two equations gives
y=0, z=0. Finally substitution in the (new) first equation gives x =0 also.

First we subtract the second equation from the first equation to get the new first equation
x+8y—4z =45. Then subtraction of twice the new first equation from the second

equation gives —23y+28z =—181, and subtraction of twice the new first equation from
the third equation gives —9y+11z =—71. Solution of these latter two equations gives
y =3, z=-4. Finally substitution in the (new) first equation gives x = 5.

Subtraction of the first equation from the second equation gives —4y+z=-2.

Subtraction of three times the first equation from the third equation gives (after division
by 2) —4y+z=-5/2. These latter two equations obviously are inconsistent, so the

original system has no solution.

Subtraction of the first equation from the second equation gives 7y -3z =-2.

Subtraction of three times the first equation from the third equation gives (after division
by 3) 7y—3z=-10/3. These latter two equations obviously are inconsistent, so the

original system has no solution.
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17.

18.

19.

20.

21.

22.

23.

24.

25.
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First we subtract the first equation from the second equation to get the new first equation
x+3y—6z=-4. Then subtraction of three times the new first equation from the second

equation gives —7y+16z =15, and subtraction of five times the new first equation from
the third equation gives (after division by 2) —7y+16z =35/2. These latter two
equations obviously are inconsistent, so the original system has no solution.

Subtraction of the five times the first equation from the second equation gives
—23y—40z =—14. Subtraction of eight times the first equation from the third equation

gives —23y—40z=-19. These latter two equations obviously are inconsistent, so the
original system has no solution.

Subtraction of twice the first equation from the second equation gives 3y—6z =9.
Subtraction of the first equation from the third equation gives y—2z =3. Obviously

these latter two equations are scalar multiples of each other, so we can choose z =1
arbitrarily. It follows first that y =34 2¢ and then that x =843z,

First we subtract the second equation from the first equation to get the new first equation
x—y+6z=-5. Then subtraction of the new first equation from the second equation

gives 5y —5z =25, and subtraction of the new first equation from the third equation
gives 3y—3z =15. Obviously these latter two equations are both scalar multiples of the
equation y—z =35, so we can choose z =1 arbitrarily. It follows first that y =5+4¢ and
then that x =-5¢.

Subtraction of three times the first equation from the second equation gives 3y -6z =9.
Subtraction of four times the first equation from the third equation gives —3y+9z =—6.
Obviously these latter two equations are both scalar multiples of the equation y—3z=2,

so we can choose z =¢ arbitrarily. It follows first that y=2+43¢ and then that
x=3-2¢1.

Subtraction of four times the second equation from the first equation gives 2y +10z =0.
Subtraction of twice the second equation from the third equation gives y+5z =0.

Obviously the first of these latter two equations is twice the second one, so we can
choose z =1 arbitrarily. It follows first that y =-5¢ and then that x =—41.

The initial conditions y(0)=3 and »’(0)=8 yield the equations 4=3 and 2B =38, so
A=3 and B=4. Itfollowsthat y(x) = 3cos2x+4sin2x.

The initial conditions y(0)=35 and »’(0) =12 yield the equations 4=5 and 3B =12,
so A=5 and B=4. It follows that y(x) = 5cosh3x+4sinh3x.

The initial conditions y(0)=10 and 3’(0)=20 yield the equations 4+ B =10 and
54-5B=20 with solution A=7, B=3. Thus p(x) = 7¢* +3e”",
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26.

27.

28.

29.

30.

31.

32.

33.

The initial conditions y(0) =44 and y’(0)=22 yield the equations 4+ B =44 and
114-11B =22 with solution 4=23, B=21. Thus y(x) = 23¢'™ +21e'".

The initial conditions y(0) =40 and 1’(0)=-16 yield the equations 4+ B =40 and
34-5B=-16 with solution 4=23, B=17. Thus y(x) = 23¢* +17¢™".

The initial conditions y(0)=15 and 3’(0)=13 yield the equations A+ B =15 and
34+7B=-13 with solution 4=23, B=-8. Thus y(x) = 23¢* —8¢'".

The initial conditions y(0)=7 and y’(0)=11 yield the equations 4+ B =7 and
1 4+1B =11 with solution 4=52, B=-45. Thus y(x) = 52¢"? —45¢"".

The initial conditions y(0) =41 and »’(0)=164 yield the equations A+ B =41 and

%A—%B=164 with solution 4=81, B=-40. Thus y(x) = 8le*"* —40e7"",

The graph of each of these linear equations in x and v is a straight line through the
origin (0, 0) in the xy-plane. If these two lines are distinct then they intersect only at the
origin, so the two equations have the unique solution x =y =0. If the two lines

coincide, then each of the infinitely many different points (i, ) on this common line
provides a solution of the system.

The graph of each of these linear equations in x, y, and z is a plane in xyz-space. If these
two planes are parallel — that is, do not intersect — then the equations have no solution.
Otherwise, they intersect in a straight line, and each of the infinitely many different
points (x, y,z) on this line provides a solution of the system.

(a) The three lines have no common point of intersection, so the system has no
solution.

(b)  The three lines have a single point of intersection, so the system has a unique
solution.

(c) The three lines — two of them parallel — have no common point of intersection,
so the system has no solution.

(d) The three distinct parallel lines have no common point of intersection, so the
system has no solution.

(e) Two of the lines coincide and intersect the third line in a single point, so the
system has a unique solution.

® The three lines coincide, and each of the infinitely many different points (x,y,z)
on this common line provides a solution of the system.
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34.

(a) If the three planes are parallel and distinct, then they have no common point of
intersection, so the system has no solution.

(b)  If the three planes coincide, then each of the infinitely many different points
(x,v,z) of this common plane provides a solution of the system.

(c) If two of the planes coincide and are parallel to the third plane, then the three

planes have no common point of intersection, so the system has no solution.

(d)  If two of the planes intersect in a line that is parallel to the third plane, then the
three planes have no common point of intersection, so the system has no solution.

(e) If two of the planes intersect in a line that lies in the third plane, then each of the
infinitely many different points (x, v,z) of this line provides a solution of the system.

) If two of the planes intersect in a line that intersects the third plane in a single
point, then this point (x, y,z) provides the unique solution of the system.

SECTION 3.2

MATRICES AND GAUSSIAN ELIMINATION

Because the linear systems in Problems 1-10 are already in echelon form, we need only start at the
end of the list of unknowns and work backwards.

136

Starting with x, =2 from the third equation, the second equation gives x, =0, and then
the first equation gives x, =1.

Starting with x, =-3 from the third equation, the second equation gives x, =1, and

then the first equation gives x, =5.

If we set x, =t then the second equation gives x, =2+ 5¢, and next the first equation

gives x, =13+11z.

If we set x, =¢ then the second equation gives x, =54 7¢, and next the first equation
gives x, =35+33¢.

If we set x, =¢ then the third equation gives x, =5+ 3¢, next the second equation gives

x, =6+1¢, and finally the first equation gives x, =13+4tz.

If weset x; =t and x, =—4 from the third equation, then the second equation gives

x, =11+3¢, and next the first equation gives x, =17+¢.
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10.

If weset x; =s and x, =¢, then the second equation gives x, =7+2s—7¢, and next
the first equation gives x;, =3—-8s+19z.

If weset x,=s and x, =¢, then the second equation gives x; =10—3¢, and next the
first equation gives x, =—-25+10s+221.

Starting with x, =6 from the fourth equation, the third equation gives x, =-5, next the

second equation gives x, =3, and finally the first equation gives x, =1.

If weset x; =s and x; =t, then the third equation gives x, =5¢, next the second

equation gives x, =13s—8¢, and finally the first equation gives x, =63s—16¢.

In each of Problems 11-22, we give just the first two or three steps in the reduction. Then we
display a resulting echelon form E of the augmented coefficient matrix A of the given linear
system, and finally list the resulting solution (if any). The student should understand that the
echelon matrix E is not unique, so a different sequence of elementary row operations may
produce a different echelon matrix.

11.

12.

13.

14.

Begin by interchanging rows 1 and 2 of A. Then subtract twice row 1 both from row 2
and from row 3.

1 3 2 5
E=/01 0 2| x=3, x,=-2, x;,=4
0 01 4

Begin by subtracting row 2 of A from row 1. Then subtract twice row 1 both from row
2 and from row 3.

1 -6 -4 15
E=/10 1 0 -3|; x=5x=-3,x,=2
0 0 1 2

Begin by subtracting twice row 1 of A both from row 2 and from row 3. Then add row
2 torow 3.

—
(98]

;0 X, =4+3t, x,=3-2t, x;=t

=

Il
o O =
=)
S N W

3
0
Begin by interchanging rows 1 and 3 of A. Then subtract twice row 1 from row 2, and
three times row 1 from row 3.
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0 ;o X, =5+2t, x,=t, x,=17
0

15.  Begin by interchanging rows 1 and 2 of A. Then subtract three times row 1 from row 2,
and five times row 1 from row 3.
1 1 11
E=|0 1 3 3 The system has no solution.
0 0 0 1
16.

Begin by subtracting row 1 from row 2 of A. Then interchange rows 1 and 2. Next
subtract twice row 1 from row 2, and five times row 1 from row 3.

1 4 -7 6
E=/0 1 2 0] The system has no solution.
0 0 0 1

17. x, —4x,—3x,-3x, = 4
2x,—6x, —5x;=5x, = 5

3x,— x,—4x,-5x, = =7

Begin by subtracting twice row 1 from row 2 of A, and three times row 1 from row 3.

1 4 -3 3 4
E=10 1 0 -1 4|, x=3-2t, x,=-4+¢, x,=5-3¢, x, =t
0 0o 1 3 5
18. Begin by subtracting row 3 from row 1 of A. Then subtract 3 times row 1 from row 2,
and twice row 1 from row 3.
1 2 4 -13 -8
E=/0 0 1 4 3, x=442s-3¢t, x,=5, x;=3-4¢, x,=t
0 0 0 0 0
19.

Begin by interchanging rows 1 and 2 of A. Then subtract three times row 1 from row 2,
and four times row 1 from row 3.
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20.

21.

22.

23.

24,

1
E=10 1 -2 3 51| x=3-s-t x,=5+25-3¢, x;=35, x, =t
0

Begin by interchanging rows 1 and 2 of A. Then subtract twice row 1 from row 2, and
five times row 1 from row 3.

1 3 2 -7 3 9
E=101 3 -7 2 7|, x=2+3t, x,=1+s5-2¢t, x;=2+2s, x,=5, x5 =t
001 -2 0 2

Begin by subtracting twice row 1 from row 2, three times row 1 from row 3, and four
times row 1 from row 4.

6
20

;o =2, x,=1, x;=3, x,=4

_o = O

1
5
1
0

o O O =
O O = =

Begin by subtracting row 4 from row 1. Then subtracting twice row 1 from row 2, four
times row 1 from row 3, and three times row 1 from row 4.

1 2 -4 0 -9
0 1 6 1 21
E = ;o =3, x,=-2, x;=4, x,=-1
0O 0 1 0 4
0O 0 0 1 -1

If we subtract twice the first row from the second row, we obtain the echelon form

32 1
E =
{001«-2}

of the augmented coefficient matrix. It follows that the given system has no solutions unless
k=2, in which case it has infinitely many solutions given by x, =1(1-2¢), x, =t.

If we subtract twice the first row from the second row, we obtain the echelon form
3 2 0
E =
0 k-4 0
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25.

26.

27.

28.

140

of the augmented coefficient matrix. It follows that the given system has only the trivial
solution x, =x, =0 unless k=4, in which case it has infinitely many solutions given by

—_2 —
X =—3I, x, =t

If we subtract twice the first row from the second row, we obtain the echelon form

302 11
E =
{0 k-4 —J

of the augmented coefficient matrix. It follows that the given system has a unique solution
if k #4, butno solution if k=4,

If we first subtract twice the first row from the second row, then interchange the two rows,
and finally subtract 3 times the first row from the second row, then we obtain the echelon

form
1 1 k-2
E =
{0 1 3k—7}

of the augmented coefficient matrix. It follows that the given system has a unique solution
whatever the value of £.

If we first subtract twice the first row from the second row, then subtract 4 times the first
row from the third row, and finally subtract the second row from the third row , we obtain
the echelon form

I 21 3
E=/0 55
0 0 0 £-11

of the augmented coefficient matrix. It follows that the given system has no solution unless
k=11, in which case it has infinitely many solutions with x, arbitrary.

If we first interchange rows 1 and 2, then subtract twice the first row from the second row,
next subtract 7 times the first row from the third row, and finally subtract twice the second
row from the third row , we obtain the echelon form

I 2 1 b
E=/0 -5 1 a-2b
0 0 0 ¢-2a-3b

of the augmented coefficient matrix. It follows that the given system has no solution unless
¢ =2a+3b, in which case it has infinitely many solutions with x; arbitrary.
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29.

30.

In each of parts (a)-(c), we start with a typical 2x2 matrix A and carry out two row
successive operations as indicated, observing that we wind up with the original matrix A.

(s ¢t] cR2 [ ¢ ¢ WorR2 [¢ ¢
(a) A = — - = A

cu  cv u v

(s ¢ SwAP(RLR2) [y | SWAP(RLR2) [ ¢
st

cu+s cv+t u v

(s ¢ cRi+R2 u y (-oRR2 [ g ¢
(c) A = - - = A

Since we therefore can "reverse" any single elementary row operation, it follows that we can
reverse any finite sequence of such operations — on at a time — so part (d) follows.

(a) This part is essentially obvious, because a multiple of an equation that is satisfied is
also satisfied, and the sum of two equations that are satisfied is one that is also satisfied.

(b) Letuswrite A =B,,B,, ---,B,,B,_, =A, where each matrix B,_, is obtained
from B, by a single elementary row operation (for k =1,2,:--,n). Then it follows by n

applications of part (a) that every solution of the system LS associated with the matrix A,
is also a solution of the system LS, associated with the matrix A,. But part (d) of Problem
29 implies that A, also can be obtained by A, by elementary row operations, so by the
same token every solution of LS is also a solution of LS.

SECTION 3.3

REDUCED ROW-ECHELON MATRICES

Each of the matrices in Problems 1-20 can be transformed to reduced echelon form without the
appearance of any fractions. The main thing is to get started right. Generally our first goal is to get
a 1 in the upper left corner of A, then clear out the rest of the first column. In each problem we
first give at least the initial steps, and then the final result E. The particular sequence of elementary
row operations used is not unique; you might find E in a quite different way.

1 271 rR2-3R1 [1 27 RI-2R2 [1 0
- -
3 7 0 1 0 1
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3 77 R-R2 [1 27 Re—2R1 [1 27 R2R2 [1 0
2. N N -
25 25 0 1 0 1
3 7 157 R=R2 [1 2 47 R2RU [1 2 4] R2R2 [1 0 2
3. N N -
2 5 11 2 5 11 01 3 01 3
3 7 —-1| R2=R1 |3 7 —=1| RI-R2 |1 12 -10
4. - -
5 2 8 2 -5 9 2 -5 9
R22R1 [1 12 —101 -V29R2 [1 12 —10] R-12R2 [1 ¢ 2
- -
0 -29 29 0 1 -1 01 -1
| 2 —11] R22m0 [1 2 —11] GDR2 [1 2 —11] Ri2R2 []
5. N - -
2 3 -19 0 -1 3 01 3 0
1 _2 19 R2-4R1 1 _2 19 RI+2 R2 1 0 7
6. - -
4 -7 70 0 1 -6 01 -6
1 2 3 1 2 3 1 2 3
R2-RI R3-2RI
7. 1 4 1 - 0o 2 =2 - 0o 2 =2
21 9 21 9 0 -3 3
(1/2)R2 b2 e |2 3 mare |00
- 0 1 -1 - 01 -1 - 01 -1
0 -3 3 0 0 O 0 0 O
1 4 -5 1 -4 -5 1 -4 -5
R2-3RI R3-RI
8. 3 9 3 - 0 3 18 - 0 3 18
12 3 12 3 0 2 8
rers |V T T pare - 5 (~1/12)R3 1o
- 0O 1 10 - 0 1 10 - - (0 1
0 2 3 0 0 -12 0 0
142 Chapter 3
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14.

15.

16.

17.
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1 3 2 1 1 0 0 3
R2-2R1 RI-3R2
— 01 0 =2 — - |01 0 =2
0O 01 2 0O 01 2
1 3 2 5 1 3 2 5 1 3
R2-2RI R3-2RI
2 5 2 3 - o -1 -2 -7 - 0 -1
2 7 7 22 2 7 7 22 0 1
R3+R2 I3 25 (~1)R2 100 4
- o -1 -2 -7 - - |01 0 -3
0 0 1 5 0 01 5
2.2 4 2 SWAP(R1,R2) I -1-43 R2-2RI
1 -1 -4 3 - 2 2 4 2 -
2 7 19 =3 2 7 19 =3
R3-2R1 1 -1 -4 3 (1/4)R2 1 -1-43
- 0O 4 12 4 - 0 1 3 -1
0 27 —9_ 0O 9 27 -9
1 -1 -4 3] 1 0 -1 2
R3-9R2 RI+R2
— 0 1 3 -1 — 01 3 -1
0 0 0_ 0O 0 0 O
1 3 15 7 1T 3 15 7 3
R2-2R1 R3-2RI
2 4 22 8 - 0 -2 -8 -6 - 0 -2
2 7 34 17 2 7 34 17 0 1
CUDR? 1 3 15 7 BB 1 0 3 =2
- 01 4 3 - - |01 4 3
01 4 3 000 0
1 1 1 -1 4 1 1 -1 4
R2-R1 R3-2R1
1 -2 -2 8 -1 - |0 -3 -3 9 3 -
2 3 -1 3 11 2 3 -1 3 11
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11 1 -1 —4 1 1 1 -1 -4
(—=1/3)R2 R3—R2
- 1 1 -3 -1 - O 1 1 -3 -1
01 -3 5 19 0 0 4 8 20
[ 11 -1 -4 1 0 0 2 =3
(-1/4)R3 R1-R2
- 1 1 -3 -1 - - = |01 0 -1 4
001 =2 -5 0 01 -2 -5
1 =2 =5 -12 1 1 =2 =5 -12 1 -2 =5 -12 1
R2-2R1 R3-2R1
18. 2 3 18 11 9| — |0 7 28 35 7| —> |0 7 28 35 17
2 5 26 21 11 2 5 26 21 11 0 9 36 45 9
1TR2 1 =2 -5 -12 1 1TR2 1 -2 -5 =12 1
- |0 1 4 5 1 - 0 1 4 5 1
0 9 36 45 9 0 9 36 45 9
1/9)R3 -2 =5 =12 1 Rro 1 0 3 2 3
- 0 1 4 5 1 - - (01 4 5 1
0 1 4 5 1 0O 00 0 O
2 7 =10 =19 13 SWAP(RIR3) 0o 2 1 3
19. 1 3 -4 -8 6 - 1 3 4 -8 6
1 0 2 1 3 2 7 =10 =19 13
1 0 2 1 3 1 2 1 3
R2-R1 R3-2R1
- 03 -6 -9 3 - 03 -6 -9 3
2 7 =10 =19 13 0O 7 =14 21 7
(1/3)R2 1 0 2 1 3 RiTRD 1 0 2 1 3
- o1 -2 =3 1 - 01 -2 -3 1
0 7 =14 =21 7 00 0 0 O
3 6 1 7 13 1 2 4 -2 -13
R1-R3
20. 5 10 8 18 47 - 5 10 8 18 47
2 4 5 9 26 2 4 5 9 26
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1 2 4 -2 -13 1 2 4 -2 -13
R2-5R1 R3-2R1
- 0 0 28 28 112 - 0 0 28 28 112
2 4 5 9 26 0 0 13 13 352
1 2 4 =2 -13 1 2 0 2 3

(1/28)R2 R3-13R2
- 0 0 1 1 4 - - = |0 01 1 4
0 0 13 13 352 000 00

In each of Problems 21-30, we give just the first two or three steps in the reduction. Then we
display the resulting reduced echelon form E of the augmented coefficient matrix A of the
given linear system, and finally list the resulting solution (if any).

21.

22.

23.

24.

146

Begin by interchanging rows 1 and 2 of A. Then subtract twice row 1 both from row 2
and from row 3.

1 0 0 3
E={01 0 =2 ; x1:3, x2:—2’ x3:4
0 01 4

Begin by subtracting row 2 of A from row 1. Then subtract twice row 1 both from row
2 and from row 3.

1 00 5
E=101 0 3|; x=5 x,=-3,x,=2
0 01 2

Begin by subtracting twice row 1 of A both from row 2 and from row 3. Then add row
2 torow 3.

1 0 =3 14
E=[0 1 2 3| x=443t x,=3-21, x,=t
00 0 0

Begin by interchanging rows 1 and 3 of A. Then subtract twice row 1 from row 2, and
three times row 1 from row 3.

;X =5+2t, x,=t, x;=17

o O
o = O
(=R BV
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25.

26.

27.

28.

29.

Begin by interchanging rows 1 and 2 of A. Then subtract three times row 1 from row 2,
and five times row 1 from row 3.

The system has no solution.

=

Il
o o -
oS~ o
S W
—_ o o

Begin by subtracting row 1 from row 2 of A. Then interchange rows 1 and 2. Next
subtract twice row 1 from row 2, and five times row 1 from row 3.

The system has no solution.

=

Il
o o -
oS~ o
R
—_ o o

x, —4x,—3x,-3x, = 4
5

3x,— x,—4x,-5x, = =7

2x, —6x, —5x; —5x,

Begin by subtracting twice row 1 from row 2 of A, and three times row 1 from row 3.

1 00 2 3
E=101 0 -1 4|, x=3-2t, x,=-4+t, x,=5-3t, x, =t
0 01 3 5

Begin by subtracting row 3 from row 1 of A. Then subtract 3 times row 1 from row 2,
and twice row 1 from row 3.

;0 X, =4+2s-3¢t, x, =5, x;=3-4, x, =t

o = O
<o B W
o W b

Begin by interchanging rows 1 and 2 of A. Then subtract three times row 1 from row 2,
and four times row 1 from row 3.

1 0 1 1 3
E=|01 -2 3 5|, x=3-s5-1, x,=5+25-3¢, x;=5, x, =t
0O 0 0 0O
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30.

31.

32.

33.

34.
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Begin by interchanging rows 1 and 2 of A. Then subtract twice row 1 from row 2, and
five times row 1 from row 3.

1 00 0 -3 2
E=1010 -1 2 1|, x=2+43t, x,=1+s5-2t, x,=2+2s, x, =5, X, =t
o 01 -2 0 2
23 (1/4)R2 123
4 0 - 0 1 0
0 1 0 0 1

If ad —bc#0, then not both ¢ and b can be zero. If, for instance, a # 0, then

a b| WaRlL 11 p/g| R2-—Rl |[] b/a aR2 |1  bla
— — —
¢ d ¢ d 0 d-bc/a 0 ad-bc
(fad-be)R2 [1 B/a] R=G/@R2 [1 0
— — :
o )

If the upper left element of a 2x2 reduced echelon matrix is 1, then the possibilities are

1 0 I *
{0 J and {0 0} , depending on whether there is a nonzero element in the second

row. If the upper left element is zero — so both elements of the second row are also 0,

e 0 1 0 0
then the possibilities are and .
0 0 0 0

If the upper left element of a 3x3 reduced echelon matrix is 1, then the possibilities are

1 00 1 0 * I * 0 I *
0 1 0, |01 *|, |00 1|, and |0 O Of,
0 0 1 0 00 0 00 0 00

depending on whether the second and third row contain any nonzero elements. If the
upper left element is zero — so the first column and third row contain no nonzero
elements — then use of the four 2x2 reduced echelon matrices of Problem 33 (for the
upper right 2x2 submatrix of our reduced 3x3 matrix) gives the additional possibilities
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35.

36.

37.

38.

39.

010 0 1 * 0 0 1 0 00
0 0 1, |0 0 O, |O O O, and |0 O O
0 00 0 00 0 00 0 00

(a) If (x,,y,) isasolution, then it follows that

a(ke,)+b(ky,) = k(ax, +by,) = k-0 = 0,
chry)+d(kyy) = k(ex, +dyy) = k-0

so (kx,,ky,) is also a solution.

(b) If (x,») and (x,,y,) are solutions, then it follows that

a(x +x,) +b(y +v,) = (ax,+by)+(ax, +by,) = 0+0 =0,
e +x,)+d(n +y,) = (ex +dy)+(ex, +dy,) = 0+0 =0

so (x;+x,,y, +y,) is also a solution.
By Problem 32, the coefficient matrix of the given homogeneous 2x2 system is row-
equivalent to the 2x2 identity matrix. Therefore, Theorem 4 implies that the given
system has only the trivial solution.
If ad —bc =0 then, much as in Problem 32, we sce that the second row of the reduced
echelon form of the coefficient matrix is allzero. Hence there is a free variable, and thus
the given homogeneous system has a nontrivial solution involving a parameter z.
By Problem 37, there is a nontrivial solution if and only if

(c+2)(c=3)—(2)(3) = ¢ —c—-12 = (c—4)(c+3) = 0,

that is, cither ¢ =4 or ¢=-3.

It is given that the augmented coefficient matrix of the homogeneous 3x3 system has the
form

pa,+qa, pb+gb, pc+qgc, 0

Upon subtracting both p times row 1 and ¢ times row 2 from row 3, we get the matrix
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a b ¢ O
a, b, ¢, 0
0 0 0 O

corresponding to two homogeneous linear equations in three unknowns. Hence there is at
least one free variable, and thus the system has a nontrivial family of solutions.

40.  Inreducing further from the echelon matrix E to the matrix E*, the leading entries of
E become the leading ones in the reduced echelon matrix E*. Thus the nonzero rows of
E* come precisely from the nonzero rows of E. We therefore are talking about the same
rows — and in particular about the same number of rows — in either case.

SECTION 3.4
MATRIX OPERATIONS

The objective of this section is simple to state. It is not merely knowledge of, but complete mastery
of matrix addition and multiplication (particularly the latter). Matrix multiplication must be
practiced until it is carried out not only accurately but quickly and with confidence — until you can
hardly look at two matrices A and B without thinking of "pouring" the ith row of A down the jth
column of B.

3 =5 -1 0 9 -15 -4 0 5 -15
1. 3 +4 = + —
12 7 3 4 6 21 12 -16 18 5

, J2 03] 23 1] 1o 0 -1s] 6 -9 3] 16 -9 I8
' -1 5 6 7 15 |-5 25 30 |-21 -3 -15| |-26 22 15

5 0 -4 5 =10 0 -16 20 =26 20
3. =210 7|(+4 3 2|=] 0 -14|+ 12 8 |=]12 -6
3 -1 7 4 -6 2 28 16 22 18

2 -1 0 6 -3 4
4. 714 0 =3|+55 2 -1
5 =27 0 7 9

4 -7 0 30 =15 =20 44 22 =20

=128 0 2I|+25 10 -5 |=|533 10 =26

35 -14 49 0 35 45 35 21 94
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10.

11.

12.

13.

2 1[4 2] [-9 1] -4 202 -1] _
3 21 3] |[-10 12]) 1 3]3 2]
10 -3][7 4 3] 7 -13 24
3.2 4 5 2| =123 10 41
2 -3 50 9] |11 -8 57
7 -4 301 0 -3 1 -17 22
1 5 =23 2 4| =12 16 7
0 3 92 -3 5| |27 21 57

3 3 36
[1 2 3]/4|=][26]; 41 2 3] = |4 8

6 6 5 10 15
- 3 0] . 3.0
1 0 3 21 15 1 0 3

-1 4| = ;| -1 4

2 -5 4 35 0 2 -5 4
- 6 5| - 6 5
0 2] 1 4 ;70 2
31 { 5 = 7 | but the product { 2} 3 1
-4 5 - |22 —4 5

9
12

3 0 9
=7 =20 13
16 -25 38

is not defined.

2 1|[-1 0o 4 1 -2 13 ,
AB = = but the product BA is not defined.
4 3|3 =25 5 -6 31

2 7 5 6

AB =3 _5]{—1 4 2 3

Neither product matrix AB or BA is defined.

A(BC)

(AB)C

Section 3.4

(3 12 sffo 1]} _[3 1
-1 4f\[-3 1][2 3]) |-1 4

3 112 s[)fo 1] _[ 3 16][0
-1 4[-3 1])|[2 3] |[-14 -1][2 3

10 17

B

} =[11 1 5 3] butthe product BA is not defined.

32 51
|2 17

-5 %)
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14.  A(BC)

Il
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W W
| |
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-3 -5 -5
3 20 3 12 15
15.  A(BC) = [1 -1 2]jo 3||=|_|[¢ 5] =
2 10
- 4
20 20
3 3 36 12 15
(AB)C = [1 -1 2]||0 3|= 0 3|=
2 2 -2 4 8 10
1 4 1 4
20
1 -1][1 0 -1 2
16. A(BC)=|0 3
3 2132 0 1
1 4
20 4 -4 -2 2
-2 -2 -1 1
=10 3 =/ -9 -12 -9 12
-3 -4 -3 4
1 4] -14 -18 -13 17
20
1 -1]|f1 0o -1 2
(AB)C = (|0 3
3 -2]{3 2 0 1
1 4
2 2 4 -4 -2 2
10 -1 2
=19 -6 =9 -12 -9 12
32 0 1
13 -9 -14 -18 -13 17

Each of the homogeneous linear systems in Problems 17-22 is already in echelon form, so it
remains only to write (by back substitution) the solution, first in parametric form and then in
vector form.

17. X3 =5, x, =t x =5-4, x, =-2s+Tt

x = 5(5,-2,1,0)+1(—4,7,0,1)

-9t

18. X, =8, x, =t x =35-6t, x,

x = 5(3,1,0,0)+#(~6,0,-9,1)
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19.

20.

21.

22.

23.

24.

25.

X, =8, x5 =1 x =-3s+t, x, = 2s—6t, x; = —s5+8¢

x = 5(-3,2,-1,1,0)+7(1,-6,8,0,1)

X, =S8, x =t x =3s=Tt, x; =2, x, =10t

x = 5(3,1,0,0,0)+¢(-7,0,2,10,0)

X, =r, X, =8, X3=1t x =r—=2s=Tt x, =-2r+3s—4t

x = r(1,-2,1,0,0)+s(-2,3,0,1,0)+7(-7,-4,0,0,1)

=r, x, =S8 x =t x =r="Ts=3t, x; =s+2t

x = r(1,1,0,0,0)+s(-7,0,1,1,0)+7(-3,0,2,0,1)

) . 2 1|la b 1 0 X .
The matrix equation = entails the four scalar equations
3 2|c d 0 1

2a+ ¢ =1 2b+d =0
3a+2¢c =0 3b+2d =1

that we readily solve for a=2, b=-1, ¢=-3, d =2. Hence the apparent inverse
2 -1
matrix of A, such that AB=1,is B = { 3 } Indeed, we find that BA =1

as well.

: : 3 4)la b 1 0 : )
The matrix equation 5 = 0 1 entails the four scalar equations

Tlle d
3a+4c =1 3b+4d = 0
5a+7¢ =0 5h+7d =1

that we readily solve for a=7, b=-4, ¢=-5, d =3. Hence the apparent inverse
7 -4
matrix of A, such that AB=1,is B = { s 3 } Indeed, we find that BA =1

as well.

. : 5 7|la b 1 0 , )
The matrix equation = entails the four scalar equations
2 3jlc d 0 1
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26.

27.

28.

29.

154

S5a+7¢ =1 5b+7d
2a+3¢c 0 2b+3d

(T
)

that we readily solve for a=3, b=-7, ¢ =-2, d =5. Hence the apparent inverse

3 -7
matrix of A, such that AB=1,is B = { 5 } Indeed, we find that BA =1
as well.
X X 1 2|a b 1 0 i i
The matrix equation = entails the four scalar equations
-2 4 ||lc d 0 1
a=2c =1 b-2d =0
—2a+4c =0 -2b+4d = 1.

But the two equations in a and ¢ obviously are inconsistent, because (—1)(1)#0, and

the two equations in b and d are similarly inconsistent. Therefore the given matrix A
has no inverse matrix.

a 0 0 - 0][p, 0 0 - 0 ab, 0 0 - 0
0 a0 0 « O0[|0 b 0 - 0 0 ab, 0 0
0 0 a ~ O0[/0 0 b - 0| =0 0 ab 0

0 0 0 - a0 0 0 5] [0 0 0 - ab,|

Thus the product of two diagonal matrices of the same size is obtained simply by
multiplying corresponding diagonal elements. Then the commutativity of scalar
multiplication immediately implies that AB = BA for diagonal matrices.

The matrix power A" is simply the product AAA---A of n copies of A. It follows
(by associativity) that parentheses don't matter:

A'A* = (AAA---A)(AAA---A) = (AAA---A) = A™,

r copies s copies r+s copies
the product of »+s copies of A in either case.

(a+d)A —(ad —be)l = (a+d){a b}—(ad—bc){l 0}
c d 0 1

ab+bd }_ {a2+bc ab+bd}

- ac+cd be+d?

_ | (a® +ad)—(ad - bc)
- (ad +d*) - (ad —bc)

ac+cd
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30.

31.

32.

1

a b
¢ d

B

2 1
IfA:{1 2} then a+d = 4 and ad —bc = 3. Hence
1 310_54_
2 0o 1| |4 5/
4 2
-3
5} L

A2

A3

A4

AS

(@)

but

(b)

(a

A

but

4A-31 = 4{1

4A7 -3A = 4{

4A° —3A°

4A° -3A°

2

5
4

14

13

41

40

13
14

17 14 137
21 (13 14)

[l - Eé al
i {

122 121
121 122

2 -1
If A= and B = then

(A+B)A-B) —{ { 10}{

A2_B2 — |:

If AB=BA then

2 -1 1 5
If A= and B = then
-4 3 3 7

2 {3
(A+B)* =

_[-25 34
| =71 =34
8 5| [16 40] [-8 —45
20 13| |24 64| |-44 -51]
(A+B)(A—B) = A(A-B)+B(A-B)
= A’-AB+BA-B’> = A>-B%.
4M3 41 [5 52
-1 10j|-1 10| [-13 96
-5 2 —1][1 5 16 40
+2 +
13] 7|4 33 7] [24 64
8 -5 -1 3] [16 40 22 41
+2 + = .
20 13 5 1| |24 64 14 79
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33.

34.

35.

36.

37.

38.

39.

40.

41.

156

(b) If AB=BA then
(A+B)(A-B) = A(A-B)+B(A-B)
= A°’—~AB+BA-B’ = A’ -B°.

Four different 2x2 matrices A with AZ=1 are

oo il S e 00

1 -1

If A= | _J # 0 then A> = (0)A—(0)I = 0.
2 -1 ,

If A= # 0 then A> = (DA-(O)I = A.
2 -1
[0 1 ,

If A= Lol? 0 then A> = (O)A—(-DI = L

[0 1
If A= . 0} # 0 then A> = (O)A-(DI = -1

0 1
If A= (1) 0} # 0 is the matrix of Problem 36 and B = {0

of Problem 37, then A’ +B* = (I)+(-I) = 0.

1
0} # 0 is the matrix

If Ax;=Ax, =0, then
A(ex +0,x%,) = ¢ (Ax))+¢, (AX,) = ¢ (0)+¢,(0) = 0.

(@ If Axg=0 and Ax; =b, then A(x,+x,) = Ax,+Ax, = 0+b = b.

(b) If Ax;=b and Ax,=b, then A(x,-X,) = Ax,—Ax, = b-b = 0.

If AB = BA then

(A+B)’ = (A+B)(A+B)" = (A+B)(A’+2AB+B’)
A(A2+2AB+B2)+B(A2+2AB+B2)
(A3+2A2B+AB2)+(A2B+2AB2+B3)
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= A’+3A’B+3AB* +B°.

To compute (A+ B)4 , write (A+ B)4 = (A+B)(A+ B)3 and proceed similarly,
substituting the expansion of (A + B)3 just obtained.

0 0 4 0 00
42. (a)  Matrix multiplication gives N> = [0 0 0| and N* =|{0 0 0
0 00 1000
1 00 0 2 0] [0 0 4] 1 4 4
(b) A’ = I+2N+N?> =0 1 O[+2/0 O 2|+/0 0 O|=|0 1 4
0 0 1 0 0 0] OO0 O] 0 0 1
1 00 0 2 0 0 0 4 1 6 12
A’ =T+3N+3N* =0 1 O[+3]/0 0 2|+3/0 0 O|=[0 1 6
0 0 1 0 0 0 0 00 0 0
1 00 0 20 0 0 1 8 24
A* = I+4N+6N* = (0 1 0|+4/0 0 2|+6/0 0 O|=|0 1 8
0 0 1 0 00 0 00 0 0 1
2 -1 -1 6 -3 -3
43.  First, matrix multiplication gives A*> = | -1 2 -1|=|-3 6 -3| = 3A. Then
-1 -1 2 -3 -3 6
A’ = A A =3A-A = 3A° = 3-3A = 9A,
A' = A’ A = 9A-A = 9A” = 9.3A = 27A,
and so forth.
SECTION 3.5

INVERSES OF MATRICES

The computational objective of this section is clearcut — to find the inverse of a given invertible

matrix. From a more general viewpoint, Theorem 7 on the properties of nonsingular matrices
summarizes most of the basic theory of this chapter.
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In Problems 1-8 we first give the inverse matrix A~ and then calculate the solution vector x.

-4 3] -4 36 -2
s Al 5 7] 5 =7][-1] [-26
= N X = =
-2 3] 2 3 [3] [11]
3 Al 6 7] 6 7] 2] 33
= N X = =
-5 6 -5 6 |[-3] |28

s Al (17 —12] 17 -12][5 25
. = , X = =
-7 5 -7 5 |5 -10

6 Al 1[6 7] 16 =7][10] 1
. = — N X = — = —
3|3 4 3]-3 45| 3

. A_1_1'7 97 R A A
| 41-5 770 41-5 72| 4

g Al 1110 =15 1fto =157 125
. = — , X = — - —
5/-5 8 5/=5 8 |[3] 5|-11

In Problems 9-22 we give at least the first few steps in the reduction of the augmented matrix
whose right half is the identity matrix of appropriate size. We wind up with its echelon form, whose
left half is an identity matrix and whose right half is the desired inverse matrix.

5 6 1 0 RI=R2 |1 1 1 1| R2=4R1 |1 1 1 -1
0. - -
4 5 0 1 4 50 1 01 -4 5

R-R2 |1 0 5 -6 4 5 -6
- ; thus A7 =
01 -4 5 -4 5

5 7 1 0] R=R2 11 1 1 —1| R24RL |1 1 1 -1
10. - -
4 6 0 1 4 6 0 1 0 2 4 5
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1

0 1

1
2500

(1/2)R2
%

1
-5 =2 -2

1
0

0
0

0
1

11.

0 0 1

7

2 0 -1 01
-5 -2 -2 10
-3 -1 -2 0 1

RI+R3 !
— |0
0

0 0
1 0
1

1
-5 2 =2
3 -1 20

1
0
0

R3-2R1
-

1 2 0 -10
0 1 2 1 2
00 -1 4 3 -5

R3+3R2
-

:

-2

2 1
1
-3 -1 -2 0 1

1
0
0

R2-2R3
-

|

54.5
P -7
T T
[
Il
T
« B
=
= o —~ o
‘o 14.0
1
(@\]
5_5
o T oo
P -7
a2
v <
AN — S o
[
o O - —
S
S
_100_

I 1
~ o O -
S
H\—/ S - O
< — O O

AN on O
&
famy <o
.ﬂ\—, 3001

— N on

[

o
o

2 0
0 -3 0 1

3
1
1

R2-R3 !
— |0
0

3 0 0
02 -1 -2120
1 0 =3 01

0

R3-2R1
-

2 -7
0
-2

0 0 18
3
—4

1
0
0

R1-3R2
-

R3-R2
-

SWAP(R1,R2)
-

2 -7
1
2

18
-3 0
4 -

thus A™' = {

0
0
1

1 3 2 01
27310
37900
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o = q
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on

S
1
o o -
lﬂ/_.O
o — O
a7 oo
N — o~
— O o
[

~

o

a7

S

|

=5
1
1

-13 42
3 9
2

]; thus A™ = {

=5
1
1

1 0 0 -13 42
0
0

E

R3+2R2
-

o o -
T — ©
— O O
N en
— < o
— N
o
)
e
o o -
o — O
— O O
O NN
v <t N
(e TN o\ I @\
2

o T o~
4I_A412
‘,lAOAﬂ~
o 9T
- e
— o O
Gk}
&
04|_Al
4I_AlO
—_ o O
o G on

1
0
2

R2-R3
-

-7 -9
3
1

11

—4
)

-7 -9
3 3|; thus A™' =
1 2

11

0 0
—4
2

E

R3-R2
-

1
-]

0 0
-1 10
3212 0 01

1
0 3 8

R2-R1
-

0
0
1

5 0
4 13 0 1

3 212 00

F

15.

1
S AN -
S - o
- T9
v oo P
—
11_
—_ o o
1
&
31
o
&
1
S o o~
o — O
- 77
v o P
- T
—_ o o
1
T 1
o
&

=22 2 7
=27 3 8
10 -1 -3

7
8
-3

=27 3
-1

=22 2
10

0 0
1 0
0 1

1
0
0

1 0
1 0
-3 0 0 1

-3
-2
-3

1 0 1
R2+R1
0 0f — |0
-3 -3 0 01 2

1
2
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3 20

3

R2+R3
-2 -1
3 =2 01

0
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1

0 -1 0

0 6 -5 -3
-3
-1 0 1
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R3-R2
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4
0 0 2 -1
5 0 O

2

R2-R1
-

4 3 0 0
4 5010
510 01

1
19. 1
2

3 0
-5 =2 0 1
2 1 0

4
-3
0

4 3
51 0 0
0 0 2 -1

1
2

4 3
1
0 0 2

SWAP(R2,R3)
-

<t|en [ o

-1

11

=21
9
-3

—4
3

-1 1 00
0 3 010
I 1 1

2 0
20. 1
1

0
0
0

&

~

mﬁ
o — O
4I_A412
- T 7
T v o~
o — O
—_ o O

27

54

”]

-3 7
2 0

3
-2
-1

thus A™ =l
7
0 0 0O

{

0

0
0 0 00
2 0 0 01
1

1
300

0
1

1
0 00

1

0 000
0 0 1
0

|

SWAP(R1,R2)
%

1 0 0 O
1 00
1 0

0 0 0 1

1 0
1 2000
3 001

0

0
1
0

21.
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0
0
0
1

0
1
0
-3 0

1

1 0 000
01 200 O
0 0 0 1
00010

R4-3R1
-

J

1 00

20 00T1PO0

1 01 00O
1 0 00

0 00O
1
0

3 00

1
0
0

000 O
0 0

SWAP(R2.R3)
%

0
1
0

1
0
-3 0

-2 0
1
0
1

0
1

1
0
0 00

1
0
0

2000

R2-2R3
-

1100}

-2 0

1
2
-1 0 0

0 00

1

0

0
0

1

RI-R

0 0
1

0 00

22.

2 00 0 1
4 0 0 0

1

2

0

0

1

1
3 2 4

0

1

E

1

I -1 00

-3 4 0 0
0 0
-3

1 -1 -2 0

R&3RL |0 4 9 ]
0 0
-3 0

-3 4 0 0

I -1 -2 0
0 4 9 1

{
{

R4-5R2
-

R2-3R1

—

—

-3 3 0 1

1

10

1

3

-1 =2 0 -1
R3-R2 1 3 1 -3 4 0
%
00 -1 -1 3 -4 4 0
10 - 0

0
1
In Problems 23-28 we first give the inverse matrix A~ and then calculate the solution matrix X.

-1 -2 0 1 -1
1 3 1 -3 4
I 2 0 0
5 10 1 3

1
0
0
0

R2-3R3
-

-1
-2

0 0 0 1

1 0 0 O

010
0 0 0 1

1

0
..ﬁ

0

—
2
o < O o
| < <_,.
cn
® ™~ o
— | ey W
I o
N
e~ | < O
— =7
1l | |
_|_5 Il
| W
- 7
(@\]
N
_ (e Vol
—
— | [o\ =]
L 1 L 1
I 1 I 1
T o= T o~
<+ 9 ~
L 1 L 1
Il Il
r .o . : LI .
T o= T o~
< 7 ~
L 1 L 1
Il Il
T T
o <t
(o] (g\]
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25.

26.

27.

28.

29.

30.

31.

32.

33.

164

11 -9 4 11 -9 4771 0 3 7 -14 15
Al =|=2 2 -1|; X=|=2 2 -1|l0 2 2|=|-1 3 =2
-2 1 0 -2 1 0l-110 2 2 -4
-16 3 11] -16 3 111[2 0 1 21 9 6
Al=l6 -1 4|, X=]6 -1 —4|0 3 0|=|8 -3 =2
13 2 9| -13 2 911 0 2 -17 6 5
7 20 17 7 =20 171][0 0 1 1 17 =20 24
A'=l0 -1 1;X=|0 -1 11]lo1 0 1|l=|1 -1 1 -1
-2 6 5] -2 6 5|1 010 -5 6 -7
-5 5 10 -5 5 1012 10 2] [-5 5 10
A'=-8 8 15[|;X=/-8 8 15|-1 3 5 0|=|-8 8 15
24 23 45 24 23 45| 1 1 0 5] [24 -23 —45

(a) The fact that A~ is the inverse of A means that AA™ =A™ A =1. Thatis, that

when A™' is multiplied either on the right or on the left by A, the result is the identity
matrix 1. By the same token, this means that A is the inverse of A™".

®) A'AY=A"AAT (A=A T (AT)Y ==L Similarly,
(A™)"A" =1, soit follows that (A™")" is the inverse of A",

ABC-C'B'A"'=AB-I-B"'A"' = A-I-A™" =1, and we see is a similar way that
C'B'A"-ABC=L

Let p=—r>0, g=—s>0, and B=A"". Then

A'A° = APA = (ATHP(ATY
= B’B? = B”" (because p,q>0)
— (A—l)p+q :A—p—q — Ar+s

as desired, and (A")' =(A™?) ¢ =(B*) ¢ =B = A” = A" similarly.

Multiplication of AB=AC on the leftby A™ yields B=C.

In particular, Ae;, =e, where e, denotes the jth column vector of the identity matrix L

Hence it follows from Fact 2 that AI =1, and therefore A = I''=1

Chapter 3
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34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

The invertibility of a diagonal matrix with nonzero diagonal elements follows immediately
from the rule for multiplying diagonal matrices (Problem 27 in Section 3.4). The inverse of
such a diagonal matrix is gotten simply by inverting each diagonal element.

If the jth column of A is all zeros and B is any nXn matrix, then the jth column of BA is
all zeros,so BA #1. Hence A has no inverse matrix. Similarly, if the ith row of A is all

zeros, then so is the ith row of AB.

If ad — bc =0, then it follows easily that one row of A is a multiple of the other. Hence the

& &
reduced echelon form of A is of the form {0 0} rather than the 2X2 identity matrix.

Therefore A is not invertible.

Direct multiplication shows that AA™ = A™A =1.

3 0Olla b 3a 3b
EA = =
0 1|le d ¢ d
0 Ofla, a, ag ap ap ag
EA =10 Ol ay @y ay|= 4 a4y s
_2 0 1_ |31 O3 A a5t 20, ay+a, ay+tag
0 a4 4 Gy dy  dys
EA = 0 Gy dyy Ay | = | 4y G, Ay
_0 0 1 1L831 43 g | G314y Ay

This follows immediately from the fact that the ijth element of AB is the product of the ith
row of A and the jth column of B.

Let e, denote the ith row of 1. Then eB =B,, the ithrow of B. Hence the result in
Problem 41 yields

€ e,B B,
B - e, _ ez‘B _ B, _B
em emB Bm
Let E,E,, ---,E, be the elementary matrices corresponding to the elementary row

operations that reduce A to B. Then Theorem 5 gives B=E E,_, ---E,E A =GA where
G=EE, -—EE,.
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44, This follows immediately from the result in Problem 43, because an invertible matrix is
row-equivalent to the identity matrix.

45. One can simply photocopy the portion of the proof of Theorem 7 that follows Equation (20).

Starting only with the assumption that A and B are square matrices with AB =1, itis
proved there that A and B are then invertible.

46. If C=ABisinvertible,so C' exists, then A(BC"')=1I and (C"'A)B=1I Hence the
fact that A and B are invertible follows immediately from Problem 45.

SECTION 3.6
DETERMINANTS

0 0 3
4 0
1. 4 0 0 :+(3)‘0 5‘ = 3.4.5 = 60
0 5 0
21 0
2 1 2 —+221111—24120—4
—()12()02—( )—(2-0) =
1
1 0 0
0 5 0
3 205 O—+(1)6 9 §| = (5)6 8 _ 5(42-0) = —210
| 3 6 8 B 0 7| B
0 10 7
4 0 10 7
5 11 8 7
5 11
3 2 6 23 5 8
4. 0 0 o 3:—(—3)3 -2 6:3(—4)36:—12(30—24):—72
0 4 0
0 0 17
0010 0
20 0 0
2000 0 0 3 0
00 3 0 30
5 0 0 0 3 0 =+1 =+2(0 0 4 =2(+5) = 2.5.3-4 = 120
00 0 4 0 4
0000 4 50 0
050 0
0500 0
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10.

11.

12.

13.

N OO =

(el N

0 11 -5 0
4 13 6 5
0 5 0 0 =+5
6 -9 17 7
0 8 2 0

11

R2-2R1

2 2 =

3 3
3 2 3 4

R2+R1
31 = o 0 5
2 7 3 2 7
2 5 -2

R3-2R1

5 171 = o 5

4 12 0 0
6 0 0

RI+3R2
2 4 = 1 =2
-5 12 2 -5

2 3 4 1 2

5 6 7| rRa2r1 |0 5

089 oo

4 6 9 0 0
0 0 -3 2
]]]]2R4+2R10
0 5 13| |0
0 0 7 0
4 -1 4 4

R2+R3
2 21 = 1lo0o 2
4 3 1 4

-2 4 6

3 00
= 5(-2)-2 4 5| =
7 6 7

10(+3) 4
6

5
‘=60
7

(=)
—
~
= e Y =)

= 5(6-0) = 30

1
-4 = +(-7
()‘2 .
12

5 6
=+10 8 9

S 0 ON W
— \O ~J A

oo = O
—

20 11
‘ ‘ =100-22 = 78

= +1
2
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4 2 =2
4. |3 1 -5
-5 -4 3
2 5 4
15 |5 3 1
1 4 5
2 4 =2
16. |-5 -4 -1
-4 2 1
2 3 3
0 4 3
17.
2 -1 -1
0 -4 -3
1 4 4
01 -2
18.
33 1
0 1 -3
1 0 0
0 1 -2
19.
2 3 =2
0 -3 3
1 2 1
2 1 3
20.
0 1 -2
-1 4 =2
4
21, A= ‘
7
5 8
22, A=
8 13
168
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1 3| rR2-3r1 |11 3
RI-R2 R3+5R1 -2 14
= 3 1 -5 = [0 =2 =14 = +1 = -22
1 18
-5 -4 3 0 1 18
13 14 13 14
RI+2R3 R2-3R3 13 14
= |5 3 1 = [0 =17 24| = +1 = -74
-17 24
1 4 5 1 4 5
10 0 -4 0O 0 -4
RI-2R3 R2+2R3 10 -4
= |-5 4 -1 = |-13 0 1|=-2 = &4
-13 1
-4 2 1 -4 2 1
1 2 3 3 1
4 3 3 rerl (4 3 =3
3| R3-RI[0 4 3 =3 R3+R
= =214 -4 -4 = 2|10 -1 -7 =28
-3 0 4 4 4
-4 -3 2 0O 0 -1
2 0O 4 -3 2
1 1 4 4 1
1 -2  2|Rrort|l =2 2
2|R33RLl) 1 =2 2 R3-RI
= =1-9 -11 1 = [0 =29 19| =135
4 0 -9 -11 1
1 -3 =2 0O -1 -4
-2 o 1 -3 =2
3 1 0 0 3
1 -2 0 1 0 0
Ol B3#2R1 10 1 =2 0 C2+2C1
= =13 -2 9 = 3 4 9 =39
3 0O 3 -2 9
-3 3 3 -3 -3 3
3 0O -3 3 3
-1 1 2 1 -1
R2-2R1 -3 1 5 r2e2r1|-3 1 5
3| R&+RU |0 =3 1 R3+R1
= =11 -2 3 = |-5 0 13 =179
3 0o 1 =2
6 -1 3 3 0 8
4 0 6 -1
2 4 3 2
I; _ 1L =10, y = 1 = -7
All 7 A5 1
113 8 115 3
= 1, = — = —1, y = — =
Al5 13 A8 5



23.

24,

25.

26.

27.

28.

29.

17 7
12 5

_n 15‘_

6 7 117 6
= ) = — = —
VT Al 4
10 15 111 10
=5, y = — = -3
7 11 Al 7
12 6 115 12
= , y:— = —
Al3 6
3 7 1 16 3
= —, y:— =
4 9 2 Al 4
1 2 =2 .
x =—-2 5 3=
A 3
2 =3 5
15 2 1 .
3 =—|1 5 2|=-=
A 3
5 =3 2
14 4 =2 A
X = — 0 3|=-,
A 7
1 -1 1
15 4 4 )
3 =—2 0 2/=-=
A 7
2 -1 1
13 -1 -5
x =—4 -4 -3 =2,
A
2 0 -5
13 -1 3
xn=—4 4 -4 =0
A
1 0 2
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31.

3 =2 4| =6

A

32.

-1

3 2

-3

3 5

|

on
+ 2 Q
v N
412
[o.0]
<+ 2 {7
1
— | <r
Il
T
<«
<

|

Il
<
~—

(5]
<
o
o)

-8 ]
-26

-3
2

|

25

-15

=25 19

15

)
At=Llo 4 9
13

det A = 35,

34.

det A = 35,

3s.
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36.

37.

38.

39.

40.

41.

42.

1‘5 20 -17
detA = 23, Al =—10 17 -11
23
1 4 =8
1‘11 -14
detA = 29, Al = —|-17 19
29
18 -15
| -6 10 2
detA = 6, A7l = < 15 =21 -6
12 -18 —6
| 21 -1 -13
detA = 37, Al'=—] 4 9 6
37
-6 5 -9
9 12
detA = 107, A = 1 11 =21
107
-15 =20
a,
If A=
2
b b
vectors of B, then AB = Wt WD , SO
azbl azbz

~15
10
~14

-13

—4

~14

} and B=[b, b,] in terms of the two row vectors of A and the two column

ab, ab b’
(AB)T _ ] 2P| 1T [alr alT:I — BTAT’
ale a2b2 b2
because the rows of A are the columns of A and the columns of B are the rows of B,
b +b b
detAB = det||? T[] = [T =] y
c dlly cx+dy| |ex+dy| |ex+dy
= ac X +ad X +bc y +bd‘y‘ = ad X‘+bc y
X y X y y X
X X X
= ad| |-bc = (ad —bc) ‘ = (det A)(det B)
y y y
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43.  We expand the left-hand determinant along its first column:

ka,, a, ay
kay, ay,  ay
kay, ay,  as;
= ka,, (a12a23 —dyd; ) —ka,, (a12a33 _a32a13)+ kay, (a12a23 _azzan)
= k[an (a12a23 _azzan)_am (a12a33 _a32a13)+a31 (a12a23 _a22a13):|
ay 4 dgp
= klay ay  ay

s dyp Ay
44.  We expand the left-hand determinant along its third row:

Gy dy Ay

= dy (azzan —axyd, ) —das (a21a13 —dxydy ) +ay; (a21a13 —dyap )

= _|:a31 (a23a12 —ayd; ) —ds; (a23a11 —a,4;3 ) +ay; (azzan R NLE ):I
ay 4 dp

= klay ay  ay

s dyp Ay
45.  We expand the left-hand determinant along its third column:

a, b ¢ +d,
a, b, c¢,+d,
a, b, c,+d,
(¢, +d)(aby—ah,)—(c, +d,)(ah; —ab) )+ (¢, +dy ) (ah, —ayhy)
¢ (a,by —ash,)—c, (ab, —asb )+ ¢y (ab, —ayb,)

+d, (a,b, —ash, ) —d, (ab; —ayb ) +ds (ab, —a,by)
a b ¢ a, b d

=la, b, c¢|+|a, b, d,

a; by ¢ a; by dy
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46.

47.

48.

49.

We expand the left-hand determinant along its first column:

a,+kb, b ¢

a,+kb, b, c,

a,+kb, b, ¢

= (a,+ kb)) (b,cy —bye, )= (a, + kb, ) (bicy — csby) +(a; + kb, ) (bie, —bycy)
[al (byey —bye, ) —ay (biey —esby )+ ay (bie, —byey )]
+k[ By (byey =bye, )= b, (biey — ey )+ by (b, —byc ) |
a b ¢ b, b d, a b ¢
=la, b, ¢ +klb, b, d,|=|a, b, c,

a, b, ¢ b, b, d, a, b, «c

We illustrate these properties with 2xX2 matrices A = [aij] and B = [bl.j ]
T
(a) (AT)T _ |:a11 a21} _ |:a11 a12} — A
a12 a22 a22 a22

r
(b) (CA)T _ |:Ca11 Can} _ |:ca11 ca21j| _ c|:a11 a21j| — cA!

caZl ca22 calZ ca22 a12 a22

T
ay +by, a12+b12} _ |:a11+b11 a21+b21}
ay +by ay+by, a,+by,  ay,+by,

_ {an a21:| _i{bn b21:| — AT LB’
dpp Ay b, by
The ijth element of (AB)” is the jith element of AB, and hence is the product of the jth
row of A and the ith column of B. The ijth element of B"A” is the product of the ith row
of B" and the jth column of A’. Because transposition of a matrix changes the ith row to
the ith column and vice versa, it follows that the ijth element of B”A” is the product of the

jthrow of A and the ith column of B. Thus the matrices (AB)" and B’A’ have the
same #jth elements, and hence are equal matrices.

) (A+B) = [

a b ¢ a, a, a

Ifwewrite A =l|a, b, ¢,| and A" =1|b b, b,|, then expansion of |A| along its
a b o G 6 G

first row and of |AT | along its first column both give the result

a, (byey —bye, ) +b, (a,¢; —ase, )+ ¢ (a,b, —ash,).
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50.

51.

52.

53.

54.

35S.

56.

57.

58.

174

If A>’=A then |A|2 =|A , SO |A|2—|A| = |A|(|A|—1) = 0, and hence it follows
immediately that either |A| =0 or |A| =1.

If A"=0 then |A|n =0, so it follows immediately that |A|=0.
If A" =A"" then |A|=|AT|=|A_1|=|A|_1. Hence |A|2 = 1, so it follows that |A|=i1.
If A=P"'BP then |A|=|P"'BP|=|P"'||B||P|=|P" |B|[P|=|B|

If A and B are invertible, then |A|#0 and [B|#0. Hence |AB|=|A||B|#0, soit
follows that AB is invertible. Conversely, AB invertible implics that |AB|=|A|B|=0,
so it follows that both |A| #0 and |B| # 0, and thercfore that both A and B are

invertible.

Ifeither AB=1 or BA =1 is given, then it follows from Problem 54 that A and B are

both invertible because their product (one way or the other) is invertible. Hence A™ exists.
So if (for instance) itis AB =1 that is given, then multiplication by A™" on the right

yields B=A"",

The matrix A~ in part (a) and the solution vector x in part (b) have only integer entries
because the only division involved in their calculation — using the adjoint formula for the

inverse matrix or Cramer’s rule for the solution vector — is by the determinant |A| =1.

a d f bc —cd de—bf
If A=|0 b el|then A" = —| 0 ac —qe
abc
0 0 b 0 0 ab

The coefficient determinant of the linear system

ccosB+bcosC = a
ccos A +acosC = b
bcosA+acosB =c

in the unknowns {cos 4, cos B, cos C} is
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Hence Cramer's rule gives

a b ab® —a* +ac? b —a’+¢*
cosd = b 0 g = = ,
2abc 2abc 2bc
¢ a 0

whence a® = b*+c¢> —2bccos A.

59.  These are almost immediate computations.
60. (a) In the 4x4 case, expansion along the first row gives
21 00
2 100 1 10 210
1 210 2 1
=211 2 1/ -0 2 1| =21 2 1|- ,
0 1 2 1 2
0 1 2 |01 2 0 1 2
0 01 2

so B, = 2B,-B, = 2(4)—(3) = 5. The general recursion formula B, = 2B, ,—B,_,
results in the same way upon expansion along the first row.

(b) If we assume inductively that
B, =m-)+l=nand B_, = (n-2)+1=n-1,
then the recursion formula of part (a) yields

B =2B _,-B _, =2(n)—(n-1) = n+1.

n n

61. Subtraction of the first row from both the second and the third row gives
1 a a I a a’
1 b b’ =0 b—a b'-a’| = (b-a)c’-a’)—(c—a)b’ —a’)
1 ¢ ¢ 0 c—a c-a

(b—a)c—a)c+a)y—(c—a)b—-a)b+a)
= (b—a)(c—a)[(c+a)—(b+a)] = (b—a)c—a)c—Db).

62.  Expansion of the 4x4 determinant defining P(y) along its 4th row yields
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1 x x
P(y) = vl x, xi|+-- = y'V(x,x,,x)+ lower-degree terms in y.

2
I x; x;

Because it is clear from the determinant definition of P(y) that

P(x,)=P(x,) = P(x;) =0, the three roots of the cubic polynomial P(y) are x,,x,,x;.
The factor theorem therefore says that P(y) = k(v —x (¥ —x,)(¥ —x;) for some constant
k, and the calculation above implies that

ko= V(x,x,,x) = (0 —x)(x —X,)(x, —x).
Finally we see that

Vi(x,x,,%5,%,) = P(x,) = V(x,x,,%) (x, —x )(x, =%, (x, —x,)

= (x, = x)(x, —2,)(, = x)(or5 = %) — X)) (%, = x;),

which is the desired formula for V(x,x,,x;,x,).

63. The same argument as in Problem 62 yields

P(y) = V(x,x, %, ) (v=x)(y—x,) - (y—x,)
Therefore

Vi(x,xy,,x,) = (x, =x)(x, —x,) - (x, =X, WV (x, %, %,,)

= (=)0, =) (3, —x ) [ [ -x,)

= ll[(xl. - X;).

i>j

64. (@) M1,2,3,4) = 4-1)E-2)4-3)3-DH3-2)2-1) = 12
(b) H-1,2-2,3) =

[3-(0]B-2B3-(=2)][(=2)-(-D][(-2)-2][2-(-1)] = 240
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SECTION 3.7

LINEAR EQUATIONS AND CURVE FITTING

In Problems 1-10 we first set up the linear system in the coefficients a, b, ... that we get by

substituting each given point (x,, y,) into the desired interpolating polynomial equation

v=a+bx+---.

1.

y(x) = a+bx

boifray ! =—2, b=3 = 243
L allsl T e = a=-2, b= so  y(x) = -24+3x

y(x) = a+bx

I -1||a 11
= = a=4,b=-7 so y(kx)=4-Tx
1 2|b -10

y(x) = a+bx+cx’

1 0 Ofla 3
I 1 1{b] = 1|1 = a=3b=0,c=-2 so ypkx)=3-2x
1 2 4]c -5

y(x) = a+bx+cx’
1 -1 1]« 1
I 1 1(b| =15 = a=0,b=2,¢c=3 so p(x)=2x+3x"
1 2 4fc 16

y(x) = a+bx+cx’

I 1
I 2
I 3

O B~ =
o o Q

3
= 3| = a=55b=-3,c=1 so ypkx)=5-3x+x
5

y(x) = a+bx+cx’

I -1 1}|a -1
I 3 9|b| =|-13
1 25|l c 5
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Then we give the polynomial that results from solution of this linear system.
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8.

10.

= a=-10,b=-7,¢c=2 so y(x) = -10-Tx+2x’

y(x) = a+bx+cx’ +dx’

1 -1 1 =1« 1
1 0 0 0fb| |0
1 1 1 1lel |1
1 2 4 8|d 4
el a:O, b:ia C:1, d:_i SO y(X) = l(4‘)(?"‘3)(?2—4)(:3)
3 3 3
y(x) = a+bx+ex’ +dx’
1 -1 1 =1« 3
1 0 0 0fb| |5
1 1 1 cl |7
1 2 4 8|4 3

= a=5,b=3,¢=0,d=-1 so yp(x)=5+3x-x

y(x) = a+bx+cx’ +dx’

1 2 4 §[a -2
1 -1 1 =1{b| |2
1 1 1|e| |10
1 2 4 8|4 26

= a=4,b=3,¢c=2,d=1 so y(x) = 443x4+2x* +x°

y(x) = a+bx+cx’ +dx’

1 -1 1 -17[a 17
1 1 1|6  |-5
1 4 81c| |3
1 3 9 27||d -2

= a=17,b=-5,¢=3,d=-2 so p(x) =17-5x+3x" -2x’

In Problems 11-14 we first set up the linear system in the coefficients A4, B, C that we get by

substituting each given point (x,, y,) into the circle equation Ax+ By+C =-x*—»* (see

Eq. (9) in the text). Then we give the circle that results from solution of this linear system.
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11.

12.

13.

14.

A)C+By+c=—x2 —y2

-1 -1 1} 4 -2
6 6 1||B| = |-72 = A=-6, B=—4, C=-12
7 5 1|C =74

x*+yP—6x—4y-12 = 0

(x=3)+(y-2)* = 25 center (3,2) and radius 5

A)C+By+c=—x2 —y2

3 4 1|4 =25
5 10 1||B| = |-125 = A=6, B=-8, C=-75
9 12 1| C —225

¥+’ +6x-8y-75 =0

(x+3)°+(y—4)° =100  center (-3,4) and radius 10

A)C+By+c=—x2 —y2

1 o0 1[4 ~1
0 =5 1||B| = |-25| = 4=4, B=4, C=-5
-5 -4 1| C —41

x4+ +4x+4y-5=0

(x+2)°+(y+2)* =13 center (—3,-2) and radius J13

A)C+By+c=—x2 —y2

0 0 1|4 0
10 0 1||B| = |-100] = A4=-10, B=-24, C=0
-7 7 1||C -98

¥’ +y*=10x-24y = 0

(x=5)"+(y—12)" =169  center (5, 12) and radius 13

In Problems 15-18 we first set up the linear system in the coefficients A4, B, C that we get by

substituting each given point (x;, ¥,) into the central conic equation Ax” + Bxy+Cy”> =1 (see

Eq. (10) in the text). Then we give the equation that results from solution of this linear system.
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15. Ax® + Bxy+Cy* =1

0 0 25| 4 1
25 25 25| C 1

¥l —xp+y’ =25

16. Ax® + Bxy+Cy* =1

0 0 25| 4 1
25 0 0 || B
100 100 100 || C 1

I
U
b
I
|
I
|
!
|

B C=
25 100 25
4x* = Txy+4y* = 100

17. Ax® + Bxy+Cy* =1

0 0 1 ]| 4 1
1 0 0 (|B| = |1 = A=1,B=—%,C=l
100 100 100 C 1
100x” —=199xy +100y> = 100
18. Ax® + Bxy+Cy* =1
0 0 16|l 4 1 . 481 .
o 0 0|B|=]1] = d=x. B:_%, -
25 25 25| C 1

400x” —481xy+225y" = 3600

. . . . B
19.  We substitute each of the two given points into the equation y = A+—.

X
b A 5 2
1 = = A=3, B=2 so y =3+—
B 4

X

: : o . B
20.  We substitute each of the three given points into the equation y = Ax+—+ %
X

X
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1 1 1 4 ) 1
2 l l Bl =120 = A4=10, B=8§, C=-16 so y = 10x+§——?
2 4 C 41 X X
4 L1
4 16

In Problems 21 and 22 we fit the sphere equation (x—#4)” +(v—k)’> +(z—1I)* =7’ in the expanded
form Ax+By+Cz+D=-x>—y* -z’ thatis analogous to Eq. (9) in the text (for a circle).

21.

22.

Ax+By+Cz+D=-x" -y’ -7

4 6 15 1[4 277
13 5 7 1|8 243

_ = A=-2, B=-4, C=—-6, D=-155
5 14 6 1|C 257
5 5 =9 1D ~131

W +y +z2—2x—4y—62z-155 = 0

(x=17+(y=2)+(z=3) =169 center (1,2,3) and radius 13

Ax+By+Cz+D=-x" -y’ -7

11 17 17 1|| 4 —699
29 1 15 1|| B —-1067
= = A=-10, B=14, C=-18, D=-521
13 -1 33 1|C —-1259
-19 -13 1 1D =531

4y +z2°—10x+14y—-182-521 = 0

(x=57+(y+7) +(z=9)> = 676 center (5,-7,9) and radius 26

In Problems 23-26 we first take = 0 in 1970 to fit a quadratic polynomial P(t) = a+bt+ct’.
Then we write the quadratic polynomial Q(7') = P(T —1970) that expresses the predicted
population in terms of the actual calendar year 7.

23.

P(t) = a+bt+ct’

I 0 0 |a 49.061
1 10 100/ b 49.137
1 20 400]| ¢ 50.809
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24,

25.

26.

In Problems 27-30 we first take # = 0 in 1960 to fit a cubic polynomial P(t) = a+bt+ct’ +dt’.
Then we write the cubic polynomial Q(7) = P(T —1960) that expresses the predicted population

P(t) = 49.061—0.0722¢+0.00798 ¢’
O(T) = 31160.9-31.5134T+0.00798 7>

P(t) = a+bt+ct’

I 0 0 |a 56.590
1 10 100|| b | = |58.867
1 20 400]|c 59.669

P(t) = 56.590+0.30145¢ —0.007375¢
O(T) = —29158.9+29.3589T —0.007375T"

P(t) = a+bt+ct’

I 0 0 |a 62.813
1 10 100||b| = |75.367
1 20 400]| ¢ 85.446

P(t) = 62.813+1.379151—0.012375¢>
O(T) = —50680.3+50.1367T —0.012375T>

P(t) = a+bt+ct’

I 0 0 |a 34.838
1 10 100||b| = |43.171
1 20 400]| ¢ 52.786

P(t) = 34.838+0.7692¢+0.006417>
O(T) = 23396.1-24.4862T +0.006417"

in terms of the actual calendar year T.
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27.

28.

29.

30.

P(t) = a+bt+ct’ +dt’

1 0 O 0 a 44.678

1 10 100 1000 || &b 49.061

1 20 400 8000 ||c 49.137

1 30 900 27000 | d 50.809

P(t) = 44.678+0.850417¢—0.05105¢> +0.000983833 ¢’

O(T) = —7.60554x10°+11539.4T —5.83599 7% +0.000983833 7

P(t) = a+bt+ct’ +dt’

0 0 0 la 51.619
10 100 1000 || 5| [56.590
20 400 8000 || c| |[58.867
30 900 27000 || 4 59.669

N VU W

P(t) = 51.619+0.6724331—0.019565¢* +0.000203167 £
O(T) = —1.60618x10° +2418.827 —1.214197 +0.000203167 T

P(t) = a+bt+ct’ +dt’

0 0 0 la 54.973
10 100 1000 || b 62.813
20 400 8000 || c| |75.367
30 900 27000 || d 85.446

N VU W

P(t) = 54.973+0.308667¢+0.059515¢> —0.00119817 ¢
O(T) = 9.24972x10° —14041.6 T +7.10474T> —0.00119817T*

P(t) = a+bt+ct’ +dt’

1 0 O 0 a 28.053

1 10 100 1000 || &b 34.838

1 20 400 8000 ||c 43.171

1 30 900 27000 | d 52.786

P(t) = 28.053+0.592233¢+0.00907¢* —0.0000443333 ¢
O(T) = 367520-545.895T +0.26975T7 —0.0000443333 7
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In Problems 31-34 we take #= 0 in 1950 to fit a quartic polynomial P(t) = a+bt+ct’ +dt’ +et”.
Then we write the quartic polynomial Q(T') = P(T'—1950) that expresses the predicted
population in terms of the actual calendar year 7.

31. P(t) = a+bt+ct’ +dt’ +et.

1 0 0 0 0 a 139.478]
1 10 100 1000 10000 || b 44.678
1 20 400 8000 160000 || ¢ | =|49.061
1 30 900 27000 810000 ||d 49.137
1 40 1600 64000 2560000 || e | |50.809

P(t) = 39.478+0.209692¢ +0.0564163¢> —0.00292992# +0.0000391375¢*
O(T) = 5.87828x10° —1.19444x10° T +910.118 77 —0.308202 7> +0.0000391375T*

32.  P(@t) = at+bt+ct’+dt’ +et.

1 0 0 0 0 a [44.461 ]
1 10 100 1000 10000 || b 51.619
1 20 400 8000 160000 || c | = |56.590
1 30 900 27000 810000 || d 58.867
1 40 1600 64000 2560000 | e | |59.669

P(t) = 44.461+0.7651¢£—0.000489167¢* —0.0005167> +7.19167x107° ¢*
O(T) = 1.07807x10* —219185T +167.096 T —=0.0566117> +7.19167x10° T*

33.  P(@t) = a+bt+ct’+dt’ +et.

1 0 0 0 0 |lal] [47.197]
1 10 100 1000 10000 || b 54,973
1 20 400 8000 160000 || ¢ | =|62.813
1 30 900 27000 810000 ||d 75.367
1 40 1600 64000 2560000 e | |85.446

P(t) = 47.197+1.22537¢-0.0771921¢* +0.00373475¢> —0.0000493292 ¢*
O(T) = —7.41239x10°* +1.50598 x10° T —1147.37T° +0.388502 T° — 0.0000493292 T*
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34.

3s.

36.

37.

38.

P(t) = a+bt+ct’> +dt’ +et”.

1 0 0 0 0 a [20.190 |
1 10 100 1000 10000 || b 28.053
1 20 400 8000 160000 || ¢ | = |34.838
1 30 900 27000 810000 || d 43.171
1 40 1600 64000 2560000 e | [52.786

P(t) = 20.190+1.000037-0.031775¢> +0.00116067 ¢ —0.00001205¢*
O(T) = —1.8296x10*+370762T —281.742T* +0.0951507 7> —0.00001205 7*

Expansion of the determinant along the first row gives an equation of the form
ay+bx® +cx+d =0 that can be solved for y = Ax” + Bx+ C. If the coordinates of any

one of the three given points (x,,y,), (x,, ¥,), (x;,y,) are substituted in the first row, then
the determinant has two identical rows and therefore vanishes.

Expansion of the determinant along the first row gives

2

yxl’lci 111 311 B11]3Bo11
421=y421—x2321+x341—342=
o 3 o 31 731 |7 9117 9 3

2p+4x’ —12x+14 = 0.

Hence y = 2x*—6x+7 is the parabola that interpolates the three given points.

Expansion of the determinant along the first row gives an equation of the form

a(x’ +y*)+bx+cy+d =0, and we get the desired form of the equation of a circle upon
division by a. If the coordinates of any one of the three given points (x,, y,), (x,,»,), and
(x;,y,;) are substituted in the first row, then the determinant has two identical rows and

therefore vanishes.

Expansion of the determinant along the first row gives

x+y ox oy 1
25 341
125 5 10 1
225 -9 12 1
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39.

40.

186

3 41 |25 —4 1| |25 3 1|25 3 -4
(+1%)|5 10 1-x[125 10 1|+p125 5 1-[125 5 10
-9 12 1| 225 12 1 P25 -9 1 [225 -9 12

200(x” + ¥*)+1200x —1600y —15000 = 0.

Division by 200 and completion of squares gives (x+3)” +(y —4)’ =100, so the circle has
center (-3, 4) and radius 10.

Expansion of the determinant along the first row gives an equation of the form
ax’ +bxy+cy’ +d =0, which can be written in the central conic form

Ax* + Bxy+ Cy® =1 upon division by —d. If the coordinates of any one of the three given

points (x;,¥,),(x,,v,), and (x;, y;) are substituted in the first row, then the determinant
has two identical rows and therefore vanishes.

Expansion of the determinant along the first row gives

2

¥ xy o1
0 0 16 1 _
9 0 o0 1
25 25 25 1

0 16 1 0 16 1 0 0 1 |10 0 16
¥[0 0 Il-x¢|9 0 1+p|9 0 1-[9 0 0
25 25 1 25 25 1 25 25 1 |25 25 25

400x* —481xy+225y° —3600 = 0.
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CHAPTER 4

VECTOR SPACES

The treatment of vector spaces in this chapter is very concrete. Prior to the final section of the
chapter, almost all of the vector spaces appearing in examples and problems are subspaces of
Cartesian coordinate spaces of n-tuples of real numbers. The main motivation throughout is the
fact that the solution space of a homogeneous linear system Ax =0 is precisely such a
"concrete" vector space.

SECTION 4.1
THE VECTOR SPACE R®

Here the fundamental concepts of vectors, linear independence, and vector spaces are introduced in
the context of the familiar 2-dimensional coordinate plane R” and 3-space R’. The concept of a
subspace of a vector space is illustrated, the proper nontrivial subspaces of R’ being simply lines
and planes through the origin.

1. la=b| = [(2,5,-4)-(1,-2,-3)| = |(1,7,-1)| = V51
2a+b = 2(2,5,-4)+(1,-2,-3) = (4,10,-8)+(1,-2,-3) = (5,8,-11)
3a—4b = 3(2,5,-4)-4(1,-2,-3) = (6,15,-12)—(4,-8,-12) = (2,23,0)

2. Ja-b| = |(-10,2)~(3,4,-5)| = [(-4,-4,7)| = 81 = 9
2a+b = 2(=1,0,2)+(3,4,-5) = (-2,0,4)+(3,4,-5) = (1,4,-1)
3a-4b = 3(-1,0,2)-4(3,4,-5) = (-3,0,6)-(12,16,-20) = (~15,-16,26)

3. |a-b| = |2i-3j+5k)-(5i+3j-7k)| = |-3i-6j+12k| = V189 = 3421
2a+b = 2(2i-3j+5K)+(5i+3j-7k)
= (4i—-6j+10K)+(5i+3j-7k) = 9i-3j+3k
3a—4b = 3(2i-3j+5k)—4(5i+3j-7k)
= (61 —9j+15k)—(20i+12j—28k) = —14i-21j+43k

4. |a-b| =|Qi-{-(j-3k)| = 2i-2j+3k| = V17

2a+b = 2Q2i-j)+(j-3k) = (4i-2j)+(j-3k) = 4i-j-3k
3a—4b = 3(2i—j)—4(j-3K) = (6i-3j)—(4j—12k) = 6i—7j+12k
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5. v = 2u, sothe vectors u and v are linearly dependent.

6. au+bv = a(0,2)+5b(3,0) = (3b,2a) = 0 implies a =b =0, so the vectors u and v
are linearly independent.

7. au+bv = a(2,2)+b(2,-2) = (2a+2b,2a-2b) = 0 implies a = b =0, so the vectors
u and v are linearly independent.

8. v = —u, so the vectors u and v are linearly dependent.

In each of Problems 9-14, we set up and solve (as in Example 2 of this section) the system

au+bv = = =w
u, v, || b w,

to find the coefficient values ¢ and b such that w=qu+bv,

1 -1][a 1

9. = = a=3b=2 so w =3u+2v
|2 3 ]|b 0
'3 2a] [O

10. = = a=2,b=-3 so w =2u-3v
14 3|6 |-l
5 20[a] |1

11. = = a=1b=-2 s0o w =u—-2v
7 36 |1

(4 27[a 2
12. }{}z{ } = a=3,b=5 so w =3u+5v

|1 —1yb -2
7 3[a 5

13. = = a=2,b=-2 so w =2u-3v
15 4]|b -2
5 —6]la 5

14. = = a=7,b=5 so w =7u+5v
-2 4 ||b 6

In Problems 15-18, we calculate the determinant |u v w| so as to determine (using Theorem

4) whether the three vectors u, v, and w are linearly dependent (det = 0) or linearly
independent (det # 0).
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3 5 8
15. -1 4 3| = 0 so the three vectors are linearly dependent.
2 6 4
5 2 4
16. -2 =3 5| = 0 so the three vectors are linearly dependent.
4 5 -7
1 3 1
17. -1 0 -2/ = =5 # 0 so the three vectors are linearly independent.
2 1 2
1 4 3
18. I 3 2| =9 # 0 so the three vectors are linearly independent.
01 4

In Problems 19-24, we attempt to solve the homogeneous system Ax = 0 by reducing the
coefficient matrix A = [u v w]| to echelon form E. If we find that the system has only the
trivial solution a = b = ¢ = 0, this means that the vectors u, v, and w are linearly independent.
Otherwise, a nontrivial solution x = [a b c]T # 0 provides us with a nontrivial linear

combination au+bv+cw # 0 that shows the three vectors are linearly dependent.

2 3 0 1 0 -3
19. A=|101 2| - 1|01 =2 =E
I -1 -1 00 O

The nontrivial solution a=3, b=2, ¢=1 gives 3u+2v+w = 0, so the three vectors
are linearly dependent.

5 2 4 1 0 2
20. A=1]531| ->1]01 3| =E
4 1 5 0 0 O

The nontrivial solution a=-2, b=3, ¢=1 gives 2u+3v+w = 0, so the three
vectors are linearly dependent.

I -2 3 I 0 11
21. A=|1 -17| -1]01 4| =E
-2 6 2 0 0 O
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22.

23.

24.

The nontrivial solution a=11, b=4, ¢=-1 gives 1lu+4v—-w = 0, so the three
vectors are linearly dependent.

1 50 1 00
A=|111]| ->]|01 0] =E
0 3 2 0 0 1

The system Ax =0 has only the trivial solution a =5b = ¢ =0, so the vectors u, v, and
w are linearly independent.

2 5 2 1 00
A=|0 4 -1 - |01 0] =E
3 -2 1 0 0 1

The system Ax =0 has only the trivial solution a =5b = ¢ =0, so the vectors u, v, and
w are linearly independent.

1 4 3 1 00
A=142 3| ->1]1010|=E
5 5 -1 0 0 1

The system Ax =0 has only the trivial solution a =5b = ¢ =0, so the vectors u, v, and
w are linearly independent.

In Problems 25-28, we solve the nonhomogeneous system Ax = t by reducing the augmented

coefficient matrix A = [u v w t]| toechelon form E. The solution vector

x=[a b c]T appears as the final column of E, and provides us with the desired linear

combination t = qu+bv+cw.

25.

26.

190

I 3 1 2 1 0 0 2
A=|-20-1 -7 > |010 -1| = E
2 1 2 9 0 01 3

Thus ¢ =2, b=-1, ¢=3 so t = 2u—-v+ 3w,

5 1 5 5 1 0 0 1
A=12 5 -3 30| —->(010 5|=E
-2 -3 4 =21 0 01 -1

Thus a=1, b=5,¢c=-1sot=u+5v-w.
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27.

28.

29.

30.

31.

32.

I -1 4 0 1 0
A=14 24 0| - |01
3 2 119 0 0

= O O

—_ N N
Il
=

Thus ¢ =2, b=6,c=1sot =2u+6v+w.

2 4 17 1 0 01
A=1/5117 - 0101 =E
3 -1 57 0 0 11

Thus a=1, b=1,¢c=1sot=ut+v+w.

Given vectors (0, y,z) and (0,v,w) in V, we see that their sum (0, y+v,z+w) and the
scalar multiple ¢(0,y,z) = (0,cy,cz) both have first component 0, and therefore are
clements of V.

If (x,y,z) and (u,v,w) arein V, then
x+V)+(y+uy+(z+w) = (x+y+z)+@+v+w) = 0+0 = 0,
so their sum (x+u,y+v,z+w) isin V. Similarly,
exteytez = e(x+y+x) = c(0) =0,
so the scalar multiple (cx,cy,cz) isin V.
If (x,y,z) and (u,v,w) arein V, then
2x+u) = 2x)+Q2u) = By)+@Bv) = 3(y+v),
so their sum (x+u,y+v,z+w) isin V. Similarly,
2(ex) =c(2x) = ¢Qy) = 3Aep),
so the scalar multiple (cx,cy,cz) isin V.
If (x,y,z) and (u,v,w) arein V, then

z+w = (2x+3)/)+(2u+3\)) = 2(x+u)+3(J}+‘))’
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33.

34.

35.

36.

37.

38.

39.

192

so their sum (x+u,y+v,z+w) isin V. Similarly,
cz =c¢(2x+3y) = 2(cx)+3(cy),
so the scalar multiple (cx,cy,cz) isin V.

(0,1,0) isin V¥ but the sum (0,1,0)+(0,1,0) = (0,2,0) isnotin V;thus V isnot
closed under addition. Alternatively, 2(0,1,0) = (0,2,0) isnotin V, so V is not
closed under multiplication by scalars.

(1,L,1) isin V, but
20,L1 = ALLL+@LL1) = (2,2,2)

is not, so V' is closed neither under addition of vectors nor under multiplication by
scalars.

Evidently V' is closed under addition of vectors. However, (0,0,1) isin V but
(-1)(0,0,1) = (0,0,-1) is not, so V is not closed under multiplication by scalars.

(1,1,1) isin V, but
20,L1 = ALLL+@LL1) = (2,2,2)

is not, so V' is closed neither under addition of vectors nor under multiplication by
scalars.

Pick a fixed element u in the (nonempty) vector space V. Then, with ¢ =0, the scalar
multiple cu = Ou = 0 mustbein V. Thus V necessarily contains the zero vector 0.

Suppose u and v are vectors in the subspace V' of R’ and ¢ and b are scalars. Then
au and bv arein V because V is closed under multiplication by scalars. But then it
follows that the linear combination au+bv isin ¥ because V is closed under addition
of vectors.

It suffices to show that every vector v in V' is a scalar multiple of the given nonzero
vector u in V. If u and v were linearly independent, then — as illustrated in Example
2 of this section — every vector in R? could be expressed as a linear combination of u
and v. In this case it would follow that V is all of R® (since, by Problem 38, V'is closed
under taking linear combinations). But we are given that V is a proper subspace of R?,
so we must conclude that u and v are linearly dependent vectors. Since u #0, it

follows that the arbitrary vector v in V is a scalar multiple of u, and thus V is
precisely the set of all scalar multiples of u. In geometric language, the subspace V is
then the straight line through the origin determined by the nonzero vector u.
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40.

41.

Since the vectors u, v, w are linearly dependent , there exist scalars p, ¢, » not all zero
such that pu+gv+rw = 0. If »=0, then p and ¢ are scalars not both zero such that

pu+gv = 0. But this contradicts the given fact that u and v are linearly independent.
Hence r#0, so we can solve for

w=-Ly-2y = au+bv,

r r
thereby expressing w as a linear combination of u and v.

If the vectors u and v are in the intersection V' of the subspaces V; and V5, then
their sum u +v isin ¥, because both vectors arein ¥V, and u +v isin V> because
both arec in V5. Therefore u+v isin V, and thus V is closed under addition of
vectors. Similarly, the intersection V' is closed under multiplication by scalars, and is
therefore itself a subspace.

SECTION 4.2

THE VECTOR SPACE R" AND SUBSPACES

The main objective in this section is for the student to understand what types of subsets of the vector
space R” of n-tuples of real numbers are subspaces — playing the role in R” of lines and planes
through the origin in R®. Our first reason for studying subspaces is the fact that the solution space
of any homogeneous linear system Ax = 0 is a subspace of R".

1.

If x=(x,,x,,0) and y=(»,,5,,0) are vectors in W, then their sum
X+y = (4,%,00+ (7, 0,,0) = (4 +3,%,+,,0)

and the scalar multiple ¢x = (¢x,,cx,,0) both have third coordinate zero, and therefore are
also elements of W. Hence W is a subspace of R’.

Suppose X =(x,,X,,x;) and y=(y,,¥,,»;) are vectorsin /¥, so x, =5x, and y, =5y,.
Then their sum s = x+y = (x, +y,,x, + ¥,,X,+¥;) = (5,,5,,5,) satisfies the same
condition

s = X5ty = 5645y, = 5(x,+y,) =5,

and thus is an element of . Similarly, the scalar multiple m = cx = (¢x;, ¢x,,cx;) =
(m,,m,, my) satisfies the condition m, =cx, = c(5x,)=5(cx,) =5m,, and hence is also an
clement of W. Therefore W is a subspace of R’.
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The typical vector in W is of the form x=(x,,1,x,) with second coordinate 1. But the
particular scalar multiple 2x=(2x,,2,2x;) of such a vector has second coordinate 2 #1,

and thus isnotin . Hence W is not closed under multiplication by scalars, and
therefore is not a subspace of R’. (Since 2x=x +x, Wis not closed under vector addition
either.)

The typical vector x=(x,,x,,x,) in W has coordinate sum x, +x,+x, equalto 1. But
then the particular scalar multiple 2x =(2x,,2x,,2x;) of such a vector has coordinate

sum
2%+ 2x,+2x;, = 2(x5;+x,+x) = 2(1) =2 # 1,

and thus isnotin . Hence W is not closed under multiplication by scalars, and
therefore is not a subspace of R’. (Since 2x=x+x, Wis not closed under vector addition
either.)

Suppose X =(x;,X,,X;,x,) and y =(y,,¥,,¥s,,) are vectors in ¥, so

X +2x,+3x;+4x, = 0 and y +2y,+3y,+4y, = 0.

Then theirsum s = xX+y = (x,+y,X, +¥,,x; +y,,x, +v,) = (5,,5,,5;,5,) satisfies the
same condition

S, +2s, +3s,+4s, = (o +y)+2(x,+v,)+3(x;, + ) +H4(x, +v,)
= (x,+2x, +3x;+4x,) + (v, +2y,+3p,+4y,) = 0+0 = 0,

and thus is an element of . Similarly, the scalar multiple m = cx = (¢x;, cx,,¢x5,¢x,) =

(m,,m,,m,, m, ) satisfies the condition
m+2m, +3my, +4m, = cx,+2cx, +3cx; +4ex, = o(x,+2x,+3x,+4x,) = 0,
and hence is also an element of W, Therefore W is a subspace of R”,
Suppose x =(x;,x,,X;,x,) and y =(¥,,¥,,;,¥,) are vectors in W, so
x,=3x;, x,=4x, and y =3y, y,=4y,

Then theirsum s = x+y = (x,+ ¥, %+ V,, X, + v, x, +v,) = (5,5,,5;,5,) satisfies the
same conditions

S =xty = 3)63+3y3 = 3(x3+y3) = 353’
s, = x+y, = 4x,+4y, = 4x,+y,) = 4s,,
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10.

11.

12.

and thus is an element of . Similarly, the scalar multiple m = cx = (¢x;, ¢x,,¢x5,¢x,) =

(m,,m,,my,m,) satisfies the conditions
m, = cx; = ¢(3x;) = 3(cxy) = 3my, m, = cx, = c(4x,) = 4cx,) = 4m,,
and hence is also an element of . Therefore W is a subspace of R*,

The vectors x=(1,1) and y =(1,—1) arein W, but their sum x+y =(2,0) is not,

because |2| # |O| Hence W is not a subspace of R%.

W is simply the zero subspace {0} of R”.

The vector x=(1,0) isin W, but its scalar multiple 2x =(2,0) is not, because
(2> +(0)> =4 #1. Hence W isnot a subspace of R%.

The vectors x=(1,0) and y=(0,1) are in W, but their sum s=x+y=(L1) is not,
because |1| + |1| =2%1. Hence W isnot a subspace of R”.

Suppose X =(x,X,,X;,%,) and y =(y,,»,,¥,,¥,) are vectors in IV, so
x+x, = x+x, and  y+y, =yt

Then theirsum s = xX+y = (x,+y,X, +¥,,x; + v, x, +v,) = (5,,5,,5;,5,) satisfies the
same condition

S +s, = (x1+yl)+(x2+y2) = (x1+x2)+(y1+yz)

= (5+x)+(r+y,) = (G+y)+x+y,) = s+,

and thus is an element of . Similarly, the scalar multiple m = cx = (cx;, ¢x,, cx;,0x,) =

(m,, m,,m;, m, ) satisfies the condition
m+m, = cx;+cx, = c(x; +x,) = c(x;+x,) = cx;+ex, = my+my,
and hence is also an element of W, Therefore W is a subspace of R”,

The vectors x=(1,0,1,0) and y =(0,2,0,3) arein W (because both products are 0 in
each case) but their sum s =x+y=(1,2,1,3) isnot, because 5,5, =2 but s;5, =3.
Hence W is not a subspace of R*.
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13. The vectors x=(1,0,1,0) and y =(0,1,0,1) are in W (because the product of the 4
components is 0 in each case) but their sum s =x+y =(1,1,1,1) is not, because
5,5,5,5, =1#0. Hence W is not a subspace of R”.

14.  Thevector x=(1,1,1,1) isin W (because all 4 components are nonzero) but the multiple
0x =(0,0,0,0) isnot. Hence W is not a subspace of R,

In Problems 15-22, we first reduce the coefficient matrix A to echelon form E in order to
solve the given homogeneous system Ax = 0.

1 41 4 1 01 4
15. A=|1 21 8| —->1]010 2| =E
I 1T 1 6 0 000

Thus x,=s and x, =t are free variables. We solve for x, =—s—4t and x, =-2¢, so

X = (X,%,,%;,x,) = (=s—4t,-2t,5,1)

= (=s,0,5,0)+(—41,-2£,0,1) = su+tv

where u = (-1,0,1,0) and v = (-4,-2,0,1).

1 4 -3 -7 1 015
16. A=12 -1 1 7| ->1]1011 3| =E
I 2 3 11 0 000

Thus x,=s and x, =t are free variables. We solve for x, =—s—5¢ and x, =-s-3t,
SO

X = (x,%,,%;,X,) = (—s—5¢,—s—3t,5,1)

= (—s,-s,5,0)+(-5t,-31,0,t) = su+tv

where u = (-1,-1,1,0) and v = (=5,-3,0,1).

1 3 8 -1 1 0 -1 2
17. A=1]1 3 -10 5| —-101 3 -1| =E
I 4 11 =2 00 0 O

Thus x,=s and x, =t are free variables. We solve for x;, =s—2¢ and x, =-3s+¢,
SO
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18.

19.

20.

21.

X = (x,%,%;,X,) = (—=s—5¢,—s—3t,5,1)
= (s,-3s5,5,0)+(2¢,£,0,1) = su+tv

where u = (1,-3,1,0) and v = (-2,1,0,1).

I 3 2 5 -1 1 0 0 -2 3
A=127411 2| ->|010 1 4| =E
2 6 5 12 -7 001 2 -5

Thus x,=s and x; =¢ are free variables. We solve for x, =2s+31, x, =-s—41,

and x; =—2s5+5¢, so

X = (x,X,,%;,%,,%) = (25 +3t,—s—4¢,-25+5¢1,s,1)
= (2s,—s,-2s,5,0)+(3t,—4¢,5¢,0,1) = su+tv

where u = (2,-1,-2,1,0) and v = (3,-4,5,0,1).

1 -3 -5 -6 1 010
A=121 4 -4, - |01 2 0| =E
1 3 7 1 0 0 0 1

Thus x, =t is a free variable and x, =0.. We solve for x, =—t and x, =-2¢, so
X = (x,%,,%;,x,) = (=t,-21,¢,0) = tu

where u = (-1,-2,1,0).

1 51 -8 1 0 0 5
A=1250 -5 ->1]010 3] =E
271 -9 0 01 2
Thus x, = t isa free variable. We solve for x; =-5¢, x, =3¢, and x, =-2¢. so

X = (x,%,,%;,%,) = (=5¢,3t,-2t,1) = tu

where u = (=5,3,-2,1).

1 7 2 =3 1 00 3
A=1271 -4 - |01 0 2| = E
3 5 -1 -5 0 01 4
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22.

23.

24,

25.

26.

27.

28.
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Thus x, = t is a free variable. We solve for x, =-3t, x, =2¢, and x, =—4¢. so
X = (x,%,%;,%,) = (=3t,2t,—4¢,t) = tu

where u = (=3,2,-4,1).

1 33 3 100 6
A=1275-1| >|010 -4| =E
2 7 4 -4 001 3

Thus x, = t is a free variable. We solve for x, =—6¢, x, =4¢, and x, =-31. so
X = (x,%,,%;,x,) = (=6t,4t,=3t,t) = tu
where u = (-6,4,-3,1).

Let u be avectorin W. Then Ou isalsoin . But Ou = (0+0)u = Ou + Ou, so upon
subtracting Ou from each side, we see that Ou = 0, the zero vector.

(a) Problem 23 shows that Ou=0 for every vector u.

(b) The fact that c0 = ¢(0+0) = c0 +c0 implies (upon adding —c0 to each side)
that c0=0.

(c) The fact that u+ (—1)u = (1 +(=1))u = Ou = 0 means that (—1)u =—u.

If W is a subspace, then it contains the scalar multiples au and bv, and hence contains
their sum qu + bv. Conversely, if the subset W is closed under taking linear combinations
of pairs of vectors, then it contains (1)u+ (1)v = u+v and (c)u+ (0)v = cu, and hence

is a subspace.

The sum of any two scalar multiples of u is a scalar multiple of u, as is any scalar
multiple of a scalar multiple of u.

Let aju +byv and au + byv be two vectors in W ={au+bv}. Then the sum
(aa+bv) + (@u+bywv) = (a,+a,)u+(b+b,)v

and the scalar multiple c(au+5b,v) = (ca,)u+(ch)v are again scalar multiples of
u and v, and hence are themselves elements of . Hence W is a subspace.

If u and v are vectorsin W, then Au=ku and Av=kv. It follows that

A(au+bv) = a(Au) + b(Av) = a(ku)+ b(kv) = k(au + bv),
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so the linear combination qu +bv of u and v isalsoin . Hence W is a subspace.
29, If Axg=b and y= x —X¢, then
Ay = A(xX—Xxg) = AX—Axg = AX — b.
Hence it is clear that Ay =0 if and only if Ax=Dh.

30. Let W denote the intersection of the subspaces U and V. If u and v are vectorsin W,
then these two vectors are bothin U and in V. Hence the linear combination au + bv is
bothin U and in V, and hence is in the intersection /, which therefore is a subspace. If
U and V are non-coincident planes through the origin if R’, then their intersection W isa
line through the origin.

31. Let wy; and w, be two vectors in the sum U+ V. Then w; = w; +v; where w, isin U
and v; isin V (i=1, 2). Then the linear combination

aw +bwy = a(u; +vi) + b(up + v2) = (au; +buy) + (avi +bvy)

is the sum of the vectors au; +bu, in U and av; +bv, in U, and therefore is an element
of U+ V. Thus U+ V isasubspace. If U and V' are noncollinear lines through the
origin in R’, then U+ V is a plane through the origin.

SECTION 4.3

LINEAR COMBINATIONS AND
INDEPENDENCE OF VECTORS

In this section we use two types of computational problems as aids in understanding linear
independence and dependence. The first of these problems is that of expressing a vector w as a
linear combination of k£ given vectors v, v,, -, v, (if possible). The second is that of

determining whether & given vectors v, v,,---, v, are linearly independent. For vectors in R”,

each of these problems reduces to solving a linear system of n equations in £ unknowns. Thus an
abstract question of linear independence or dependence becomes a concrete question of whether or
not a given linear system has a nontrivial solution.

1. v, = 3v,, sothe two vectors v; and v, are linearly dependent.

2. Evidently the two vectors v; and v, are not scalar multiples of one another. Hence they
are linearly dependent.

3. The three vectors vi, Vo, and v; are linearly dependent, as are any 3 vectors in R%. The
reason is that the vector equation c¢1vy +¢v2 +¢3v3 = 0 reduces to a homogeneous linear
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system of 2 equations in the 3 unknowns ¢, ¢,, and c¢,, and any such system has a
nontrivial solution.

4. The four vectors vy, v», v3, and v, are linearly dependent, as are any 4 vectors in R’. The

reason is that the vector equation ¢yvy + cava + ¢3v3 + c4vs = 0 reduces to a homogeneous
linear system of 3 equations in the 4 unknowns ¢, ¢,, ¢;, and c¢,, and any such system

has a nontrivial solution.
S. The equation ¢, v,+c,v, +c,v, = 0 yields
¢(1,0,0)+¢,(0,-2,0)+¢,(0,0,3) = (¢;,—2¢,,3¢;) = (0,0,0),

and therefore implies immediately that ¢, = ¢, = ¢; = 0. Hence the given vectors
vi, Vo, and vs are linearly independent.

6. The equation ¢, v,+c,v, +c,v, = 0 yields
¢,(1,0,0)+c,(L,1,0)+¢;(L,L1) = (¢, +¢, +c5,¢,+¢5,¢5) = (0,0,0).

But it is obvious by back-substitution that the homogeneous system
cte,+e; =0
c,te;, =0

¢, =0

has only the trivial solution ¢, = ¢, = ¢; = 0. Hence the given vectors
vi, Vo, and v3 are linearly independent.

7. The equation ¢, v,+c,v, +c,v, = 0 yields
¢,(2,1,0,0)+¢,(3,0,1,0)+¢,(4,0,0,1) = (2¢, +3c,,¢,¢,,¢;) = (0,0,0,0).

Obviously it follows immediately that ¢, = ¢, = ¢; = 0. Hence the given vectors
vi, Vo, and vs are linearly independent.

8. Here inspection of the three given vectors reveals that v, = v, +v,, so the vectors

vy, Vo, and vs are linearly dependent.

In Problems 9-16 we first set up the linear system to be solved for the linear combination
coefficients {c,}, and then show the reduction of its augmented coefficient matrix A to reduced

echelon form E.
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13.
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We see that the system of 3 equations in 2 unknowns has the unique solution
¢ =2,c,=-3, so w =2v, —3v,.

v, +e,v, =W

-3 6 3 10 7
A=|1 =2 -1| > |01 4] = E
2 3 =2 00 0

We see that the system of 3 equations in 2 unknowns has the unique solution
¢=7,¢c,=4, so w = T7v,+4v,.

7 3 1 1 0 1
-6 -3 0 01 =2
A = — = E
4 2 0 0 0 O
5 3 -1 0 0 O

We see that the system of 4 equations in 2 unknowns has the unique solution
¢=lLc,=-2, so w=v,-2v,.

v, +e,v, =W

7 2 4 1 0 2
3 2 4 01 5
A = — = E
-1 1 3 0 0 0
9 -3 3 0 0 0

We see that the system of 4 equations in 2 unknowns has the unique solution
¢ =2,c,=5 30 W = 2v,+5v,.

v, +e,v, =W

I 5 5 1 00
A=1]5 3 2| —->1]010|=E
-3 4 2 0 0 1
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The last row of E corresponds to the scalar equation Oc, +0c, = 1, so the system of 3

equations in 2 unknowns is inconsistent. This means that w cannot be expressed as a
linear combination of v; and v».

14. oV, +e,v,+e v, = w
1 0 0 2 1 000
0 1 -1 3 01 00
A = — = E
0 -2 1 2 0010
3 0 1 3 0 0 01

The last row of E corresponds to the scalar equation Oc, +0c, +0¢; = 1, so the system

of 4 equations in 3 unknowns is inconsistent. This means that w cannot be expressed as
a linear combination of vy, v, and vs.

15. v, +e, v, +ev; = w
2 3 1 4 1 0 0 3
A=1]|-10 2 5] ->1]010 =2|=E
4 1 -1 6 0 01 4

We see that the system of 3 equations in 3 unknowns has the unique solution
¢ =3,¢c,=-2,¢;=4, so W = 3v,-2v,+4v,.

16. v, te,v,+e v, = W
2 4 1 7 1 0 0 6
01 3 7 01 0 -2
A = —> = E
33 -1 9 0 01 3
1 2 3 11 000 O

We see that the system of 4 equations in 3 unknowns has the unique solution
¢ =6,c,=-2,¢,=3, so w = 6v,—2v,+3v,.

In Problems 17-22, A =[v, v, v,] is the coefficient matrix of the homogencous lincar

system corresponding to the vector equation ¢, v, +c,v, +c,v; = 0. Inspection of the indicated
reduced echelon form E of A then reveals whether or not a nontrivial solution exists.

[y
~J
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|
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o = O
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18.

19.

20.

21.

22.

We see that the system of 3 equations in 3 unknowns has the unique solution
¢ =¢,=c¢; =0, sothevectors v,,v,, Vv, are linearly independent.

2 4 =2 1 0 -3/5
A=]0 -5 1| - |01 -1/5| = E
-3 -6 3 00 0

We see that the system of 3 equations in 3 unknowns has a 1-dimensional solution space.
If we choose ¢, =5 then ¢, =3 and ¢, =1. Therefore 3v,+v,+5v, = 0.

2 5 2 I 00
0 4 -1 0 1 0
A = — = E
3 =2 1 0 0 1
0 1 -1 0 0 0

We see that the system of 4 equations in 3 unknowns has the unique solution
¢ =¢,=c¢; =0, sothevectors v,,v,, Vv, are linearly independent.

—_
—_ = = N
— k= W
o o o =
o o = O
o = O O

We see that the system of 4 equations in 3 unknowns has the unique solution
¢, =c¢, =c¢,; =0, sothevectors v,,v,, Vv, are linearly independent.

3 1 1 1 0 1
0 -1 2 01 2
A: —> :E
1 0 1 0 0 O
2 1 0 0 0 O

We see that the system of 4 equations in 3 unknowns has a 1-dimensional solution space.
If we choose ¢, =—1 then ¢, =1 and ¢, =-2. Therefore v,—-2v,—-v, = 0.

3 3 5 1 0 7/9
9 7 0 1 5/9
A = — =
0 9 5 0 0 O
5 -7 0 0 0 O

We see that the system of 4 equations in 3 unknowns has a 1-dimensional solution space.
If we choose ¢; =—9 then ¢, =7 and ¢, =5. Therefore 7v,+5v,-9v, = 0.
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23. Because v; and v, are linearly independent, the vector equation
cu U, = ¢(vi+vy)+e(vi-v,) =0
yields the homogeneous linear system

¢te, =0

¢—c¢, =0

It follows readily that ¢, =¢, =0, and therefore that the vectors u; and u, are linearly
independent.

24.  Because v; and v, are linearly independent, the vector equation
cu,+cm, = ¢ (v,+v,)+c,(2v,+3v,) = 0
yields the homogeneous linear system

¢+2c, =0
¢ t3c, =

Subtraction of the first equation from the second one gives ¢, =0, and then it follows
from the first equation that ¢, = 0 also. Therefore the vectors u; and up are linearly
independent.

25.  Because the vectors v, v,, v, are linearly independent, the vector equation
cu, +eu,+cu, = ¢(v)+e, (v, +2v,)+e (v, +2v, +3v,) = 0
yields the homogeneous linear system

g+ce,+ ¢ =0
2¢,+2¢, = 0
3¢, = 0.

It follows by back-substitution that ¢, =¢, =¢; =0, and therefore that the vectors

u,, u,, u, are linearly independent.
26.  Because the vectors v, v,, v, are linearly independent, the vector equation

cu,+cu,+cu;, = ¢(vy+vy)+e,(vi+vy)+e(vi+v,) =0
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27.

28.

29.

30.

31.

32.

yields the homogeneous linear system

c,tey =0
¢ t¢ =0
¢ te, = 0.
The reduction
0 1 1 1 00
A=1]101| - |01 0| =E
1 10 0 0 1

then shows that ¢, =¢, =¢, =0, and therefore that the vectors u,, u,, u, are linearly

independent.

If the elements of § are v, v,,---,v, with v, =0, then we can take ¢, =1 and

¢, =---=¢, =0. This choice gives coefficients ¢,c,, -, ¢, not all zero such that

v, +¢,v,+ ---+c¢,v, = 0. This means that the vectors v,, v,,---, v, are linearly
dependent.

Because the set § of vectors v, v,,---, v, is linearly dependent, there exist scalars

€, Cy, o, ¢, notall zero such that ¢ v, +c,v,+ -+ v, =0. If ¢,,,=--=¢, =0,
then ¢v,+c,v,+ ---+¢,v, = 0 with the coefficients ¢,,c,, -+, ¢, notall zero. This
means that the vectors v,, v,,---, v, comprising 7T are linearly dependent.

If some subset of S were linearly dependent, then Problem 28 would imply immediately
that § itself is linearly dependent (contrary to hypothesis).

Let W be the subspace of /' spanned by the vectors v,,v,,---,v,. Because U isa

]

subspace containing each of these vectors, it contains every linear combination of

V., V,, -+, V,. But W consists solely of such linear combinations, so it follows that U

]

contains W.

If § is contained in span(T7), then every vector in S is a linear combination of vectors in
T. Hence every vector in span(S) is a linear combination of linear combinations of
vectors in 7. Therefore every vector in span(S) is a linear combination of vectors in 7,
and therefore is itself in span(7). Thus span(S) is a subset of span(7).

If w is another vector in § then the k+1 vectors v, v,,---,v,,u are linearly

25"

dependent. Hence there exist scalars ¢, c,, -, ¢,, ¢ not all zero such that
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v, te, vyt o+ v +cu = 0. If ¢=0 then we have a contradiction to the
hypothesis that the vectors v,, v,,---, v, are linearly independent. Therefore ¢ # 0,

so we can solve for u as a linear combination of the vectors v, v,, -, v,.

33.  The determinant of the kX% identity matrix is nonzero, so it follows immediately from
Theorem 3 in this section that the vectors v, v,,---, v, are linearly independent.

34.  If the vectors v, v,,---, v, are linearly independent, then by Theorem 2 the matrix
A =[v, v, - v,] isnonsingular. If B is another nonsingular nxn matrix, then

the product AB is also nonsingular, and therefore (by Theorem 2) has linearly
independent column vectors.

35.  Because the vectors v, v,,---, v, are linearly independent, Theorem 3 implies that some
kxk submatrix Ay of A has nonzero determinant. Let Ay consist of the rows
i, 1,, -, i, of the matrix A, and let Cy denote the kXxk submatrix consisting of the
same rows of the product matrix C=AB. Then C;= A¢B, so |C0| = |A0||B| =0

because (by hypothesis) the £ x4k matrix B is also nonsingular. Therefore Theorem 3
implies that the column vectors of AB are linearly independent.

SECTION 4.4
BASES AND DIMENSION FOR VECTOR SPACES

Abasis {v,,v,, -, v,} forasubspace W of R"enables up to visualize W as a k-dimensional

plane (or "hyperplane") through the origin in R”. In case ¥ is the solution space of a
homogeneous linear system, a basis for W is a maximal linearly independent set of solutions of
the system, and every other solution is a linear combination of these particular solutions.

1. The vectors v; and v, are linearly independent (because neither is a scalar multiple of
the other) and therefore form a basis for R?,

2. We note that v, = 2v;. Consequently the vectors v,, v,, v, are linearly dependent, and
therefore do not form a basis for R’.

3. Any four vectors in R’ are linearly dependent, so the given vectors do not form a basis
for R’.
4. Any basis for R* contains four vectors, so the given vectors V,, V,,V, donotforma

basis for R*,
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10.

11.

12.

The three given vectors v,, v,, v, all lic in the 2-dimensional subspace x; =0 of R’.
Therefore they are linearly dependent, and hence do not form a basis for R’.

Det ([V1 v, V, ]) =—1+#0, so the three vectors are linearly independent, and hence do

form a basis for R>.

Det ([V1 v, V, ]) =1#0, so the three vectors are linearly independent, and hence do

form a basis for R>.

Det ([V1 vV, Vi v, ]) =66 # 0, so the four vectors are linearly independent, and hence

do form a basis for R*,

The single equation x—2y+5z = 0 is already a system in reduced echelon form, with
free variables y and z. With y=s, z=1, x=2s5—5¢ we get the solution vector

(x,vy,z) = (2s=5t,5,t) = 5(2,1,0)+1£(-5,0,1).

Hence the plane x—2y+5z = 0 is a 2-dimensional subspace of R’ with basis consisting
of the vectors v, =(2,1,0) and v, =(-5,0,1).

The single equation y—z = 0 is already a system in reduced echelon form, with free
variables x and z. With x=s, y=2z=1¢ we get the solution vector

(x,vy,z) = (s,t,t) = 5(1,0,0)+7(0,1,1).

Hence the plane y—z = 0 is a 2-dimensional subspace of R’ with basis consisting of the
vectors v, =(1,0,0) and v, =(0,1,1).

The line of intersection of the planes in Problems 9 and 11 is the solution space of the

system
x=2y+5z =0

y—z=0.

This system is in echelon form with free variable z=+¢. With y=1¢ and x=-3¢ we have
the solution vector (=3t,¢,f) = 1(=3,1,1). Thus the line is a 1-dimensional subspace of R’

with basis consisting of the vector v=(-3,1,1).

The typical vector in R* of the form (a,b,¢,d) with a=b+c+d can be written as

v = (b+c+d,b,e,d) = b(1,1,0,0)+¢(1,0,1,0)+d(1,0,0,1).
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Hence the subspace consisting of all such vectors is 3-dimensional with basis consisting
of the vectors v, =(1,1,0,0), v, =(1,0,1,0), and v, =(1,0,0,1).

13. The typical vector in R* of the form (a,b,¢,d) with a=3c¢ and b=4d can be written

as
v = (3¢,4d,c,d) = ¢(3,0,1,0)+d (0,4,0,1).

Hence the subspace consisting of all such vectors is 2-dimensional with basis consisting
of the vectors v, =(3,0,1,0) and v, =(0,4,0,1).

14.  The typical vector in R* of the form (a,b,c,d) with a=-2b and ¢=-3d canbe

written as
v = (=2b,b,-3d,d) = b(-2,1,0,0)+4d (0,0,-3,1).

Hence the subspace consisting of all such vectors is 2-dimensional with basis consisting
of the vectors v, =(-2,1,0,0) and v, =(0,0,-3,1).

In Problems 15-26, we show first the reduction of the coefficient matrix A to echelon form E.
Then we write the typical solution vector as a linear combination of basis vectors for the
subspace of the given system.

1 -2 3 1 0 -11
15. A = - = E
2 31 01 -7
With free variable x, =¢ and x, =11¢, x, =7t we get the solution vector

x = (112,7t,t) = t(11,7,1). Thus the solution space of the given system is 1-
dimensional with basis consisting of the vector v, =(11,7,1).

1 3 4 1 0 -11
16. A = - = E
387 01 5
With free variable x; =¢ and with x, =11¢, x, =-5¢ we get the solution vector

x = (11z,-5¢,¢t) = t(11,-5,1). Thus the solution space of the given system is 1-
dimensional with basis consisting of the vector v, =(11,-5,1).

1 -3 2 -4 1 0 11 11
17. A = N - E
2 =5 7 3 01 3 5
With free variables x; =s, x, =t and with x, =—11s-11¢, x, =-3s5—5¢ we get the
solution vector

x = (=11s=11t,-3s=5¢,5,t) = s(=11,-3,1,0) + £(~11,-5,0,1).
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18.

19.

20.

21.

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(-11,-3,1,0) and v, =(-11,-5,0,1).

1 3 45 1 3 0 25
A = —> = E

2. 6 9 5 0 01 -5
With free variables x, =s, x, =¢ and with x; =—35-257, x, =5t we get the solution
vector

x = (=3s5=25t,5,5,1) = s(=3,1,0,0) + £(=25,0,5,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(-3,1,0,0) and v, =(-25,0,5,1).

1 -3 -8 -5 1 0 -3 4
A=121 -4 11| - (01 2 3| =E
1 3 3 13 00 0 O

With free variables x; =5, x, =¢ and with x, =3s—4¢, x, =—25-3¢ we get the
solution vector

x = (3s—4¢,-2s-3t,5,t) = s(3,-2,1,0) + 1(—4,-3,0,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(3,-2,1,0) and v, =(—4,-3,0,1).

1 -3 -10 5 1 0 -1 2
A=|14 11 2| - |01 3 -1| =E
I 3 & -1 00 0 O

With free variables x; =5, x, =¢ and with x, =s—2¢, x, =—3s+¢ we get the solution
vector

X = (s=2t,-3s+¢,5,1) = s(1,-3,1,0) + 1(-2,1,0,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(1,-3,1,0) and v, =(-2,1,0,1).

1 4 -3 -7 1 015
A=12-11 7| —->1|011 3| =E
I 2 3 11 0 000
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22.

23.

24.

210

With free variables x; =5, x, =¢ and with x;, =—s—5¢, x, =—s—3¢ we get the solution
vector

X = (=s—5t,-s=3t,5,t) = s(=1,=1,1,0) + #(=5,-3,0,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(-1,-1,1,0) and v, =(-5,-3,0,1).

1 -2 -3 -16 I -2 05
A=12-41 17| >0 0 1 7| =E
I -2 3 26 0 0 0O

With free variables x, =s, x, =¢ and with x; =2s—5¢, x, =-7¢ we get the solution
vector

x = (2s=5t,5,—71,t) = s(2,1,0,0) + £(=5,0,=7,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(2,1,0,0) and v, =(-5,0,-7,1).

1 5 13 14 1 0 -2 0
A=12511 12| - |0 1 3 0| = E
2 7 17 19 00 0 1

With free variable x, =s and with x; =2s, x, =-3s, x, =0 we get the solution
vector x = (2s,-3s,5,0) = s(2,-3,1,0). Thus the solution space of the given system is
I-dimensional with basis consisting of the vector v, =(2,-3,1,0).

1 3 4 -8 6 1 0 2 1 3
A= |10 2 I 3| - 101 -2 -3 1| =E
2 7 =10 =19 13 00 0 0 O

With free variables x; =r, x, =5, x; =¢ and with x, =-2r—s-3t, x, =2r+3s—1 we
get the solution vector

X = (2r-s-3t,2r+3s-t,r,s,t) = r(-2,2,1,0,0) +s(-13,0,1,0)+7(-3,-1,0,0,1).

Thus the solution space of the given system is 3-dimensional with basis consisting of the
vectors v, =(-2,2,1,0,0), v, =(-13,0,1,0), and v, =(-3,-1,0,0,1).
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26.

27.

28.

1 27 -9 31 1 20 =2 3
A=12 47 -11 34/, - |0 01 -1 4| = E
3 6 5 —-11 29 000 O O

With free variables x, =r, x, =s, x;, =t and with x; =-2r+25-3t, x; =5—4¢ we get
the solution vector

X = (2r+2s-3t,r,s—4t,s,t) = r(-2,1,0,0,0) + 5(2,0,1,1,0) +7(-3,0,-4,0,1).

Thus the solution space of the given system is 3-dimensional with basis consisting of the
vectors v, =(-2,1,0,0,0), v, =(2,0,1,1,0), and v, =(-3,0,-4,0,1).

31 -3 11 10 1 00 2 3
A= |58 2 2 7| ->10120 -1 4|]=E
25 0 -1 14 0 01 -2 -5

With free variables x, =s, x; =t and with x; =-25+3¢, x, =s—4¢, x; =25+ 5t we get
the solution vector

X = (“25+3t,5—4t,25+51,5,1) = 5(=2,1,2,1,0)+1(3,-4,5,0,1).

Thus the solution space of the given system is 2-dimensional with basis consisting of the
vectors v, =(-2,1,2,1,0) and v, =(3,-4,5,0,1).

If the vectors v,, v,,---, v are linearly independent, and w is another vector in V, then
the vectors w,v,, v,,---, v, are linearly dependent (because no n+1 vectors in the n-

dimensional vector space V' are linearly independent). Hence there exist scalars
¢, ¢, Cy, v, c, notall zero such that

cw+e v, +e,v,+--+c,v, = 0.

If ¢=0 then the coefficients c¢,c,, -+, c, would not all be zero, and hence this equation
would say (contrary to hypothesis) that the vectors v, v,,---, v, are linearly dependent.

Therefore ¢ # 0, so we can solve for w as a linear combination of the vectors
vV, V,,---, V.. Thus the linearly independent vectors v,,v,,---, v, span V, and

ne

therefore form a basis for V.

If the n vectors in S were not linearly independent, then some one of them would be a
linear combination of the others. These remaining n—1 vectors would then span the n-
dimensional vector space V, which is impossible. Therefore the spanning set § is also
linearly independent, and therefore is a basis for V.
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29.

30.

31.

32.

33.

34.

35.

212

Suppose cv+¢v,+c,v,+--+¢, v, = 0. Then c=0 because, otherwise, we could

solve for v as a linear combination of the vectors v, v,,---, v,. But this is impossible,
because v is not in the subspace W spanned by v,,v,,---, v,. It follows that
v, +c,v,+---+c¢v, = 0, whichimplies that ¢, = ¢, =---=¢, =0 also, because the

vectors v,,Vv,,---, v, are linearly independent. Hence we have shown that the k+1

25"

vectors Vv, v,, Vv,,---, v, are linearly independent.

29

Let S ={v,,v

vector v, , in V isnotin W = span(S), then Problem 29 implies that the k+1 vectors

2>+, V, } be alinearly independent set of k<n vectorsin V. If the

V,, V,,+, V,, V., are linearly independent. Continuing in this fashion, we can add one

20"
vector at a time until we have n linearly independent vectors in V, which then form a

basis for V' that contains the original basis S.

If v, 1salinear combination of the vectors v, v,,---, v,, then obviously every linear
combination of the vectors v,,v,,---, v,,V,., is also a linear combination of

V,, V,, -, V,. Butthe former set of k+1 vectors spans V, so the latter set of & vectors

e

also spans V.

If the spanning set S for V' is not linearly independent, then some vector in S is a
linear combination of the others. But Problem 31 says that when we remove this
dependent vector from S, the resulting set of one fewer vectors still spans V.

Continuing in this fashion, we remove one vector at a time from S until we wind up with
a spanning set for ¥ that is also a linearly independent set, and therefor forms a basis for
V' that is contained by the original spanning set S.

If § is a maximal linearly independent set in V, the we see immediately that every other
vector in V' is a linear combination of the vectors in S. Thus S also spans V, and is
therefore a basis for V.

If the minimal spanning set S for }J were not linearly independent, then (by Problem

28) some vector S would be a linear combination of the others. Then the set obtained

from the minimal spanning set S by deleting this dependent vector would be a smaller
spanning set for S (which is impossible). Hence the spanning set S is also a linearly

independent set, and therefore is a basis for V.

Let S ={v,,v,,---,v,} bea uniquely spanning set for ¥. Then the fact, that
0=0v,+0v,+:--+0v,

is the unique expression of the zero vector 0 as a linear combination of the vectors in S,
means that § is a linearly independent set of vectors. Hence S is a basis for V.

Chapter 4



36. If a,a,,--,a, arescalars, then the linear combination ¢,v,+c¢,v,+---+¢,v, — of the
column vectors of the matrix in Eq. (12) having the & x% identity matrix as its "bottom"
k xk submatrix — is a vector of the form (*,*, R A, Ay, ak) . Hence this linear
combination can equal the zero vector only if @, = a, =---=a, =0. Thus the vectors
V., V,, -, v, are linearly independent.

SECTION 4.5

ROW AND COLUMN SPACES

Conventional wisdom (at a certain level) has it that a homogeneous linear system Ax =0 of m
equations in n > m unknowns ought to have n—m independent solutions. In Section 4.5 of the
text we use row and column spaces to show that this "conventional wisdom" is valid under the
condition that the m equations are irredundant — meaning that the rank of the coefficient
matrix A is m (soits m row vectors are linearly independent).

In each of Problems 1-12 we give the reduced echelon form E of the matrix A, a basis for the
row space of A, and a basis for the column space of A.

1 0 11
E=(0 1 4
0 0 0
Row basis; The first and second row vectors of E.

Column basis: The first and second column vectors of A.

1 0 2
E=(0 1 -3
0 0 O
Row basis; The first and second row vectors of E.

Column basis: The first and second column vectors of A.

1 015
E=|0 11 3
0 000

Row basis; The first and second row vectors of E.
Column basis: The first and second column vectors of A.
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1 0 0 4
E=|0 1 0 3
0 010
Row basis: The three row vectors of E.

Column basis; The first three column vectors of A.

1 -2
E=\0
0

o = O

0
3 0
0 1
Row basis: The three row vectors of E.
Column basis: The first, second, and fourth column vectors of A.

1 010
E=(01 2 0
0 0 0 1
Row basis: The three row vectors of E.

Column basis: The first, second, and fourth column vectors of A.

1 0 -3 4
01 2 3
E =
00 0 O
00 0 O
Row basis: The first two row vectors of E.

Column basis; The first two column vectors of A.

1 010
01 2 0
E =
0 0 0 1
0 0 0O
Row basis: The first three row vectors of E.

Column basis: The first, second, and fourth column vectors of A.
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10.

11.

12.

1 0 0 3
01 0 =2
E =
0 01 4
0 00 O
Row basis: The first three row vectors of E.

Column basis; The first three column vectors of A.

1 01 00
0 1 1 01
E =
0 001 1
0 00 0O
Row basis: The first three row vectors of E.

Column basis: The first, second, and fourth column vectors of A.

1 02 10
01 1 2 0
E =
0 0 0 01
0 00 0O
Row basis: The first three row vectors of E.

Column basis: The first, second, and fifth column vectors of A.

E is the same reduced echelon matrix as in Problem 11.
Row basis: The first three row vectors of E.
Column basis: The first, second, and fifth column vectors of A.

In each of Problems 13—16 we give the reduced echelon form E of the matrix having the given
vectors v, v,,... as its column vectors.

13.

oo O =
o = O
O O N =

Linearly independent: v, and v,
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1012
01 21
4. E-=
000 0
000 0

Linearly independent: v, and v,

1 0 2 0
01 -1 0
15. E =
0 0 0 1
00 0 O
Linearly independent: v, v,, and v,
1 02 00
01 -1 00
16. E =
0 0 1 0
0 0 0 1
Linearly independent: v, v,, v,, and v,

In each of Problems 17-20 the matrix E is the reduced echelon matrix of the matrix

A=[v, - v oe e,
1 0 30 2

17. E=(0 1 0 -1
00 0 1 -1

Basis vectors: v, v,, e,

= wnl=

18. E =

e R

0
1
0

_o O
ww

<o
[\

Basis vectors: v, v,, e,
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19.

20.

1 0 3 0 0 =2

01 -1 0 0 1
E =

00 0 1 0 -1

0 0 0 01 -1

Basis vectors: v, v,, €,, €,

100 -3 0 2
o010 3 -1
001 0 -1
000 0 -1

Basis vectors: v, Vv,, €, €,

In cach of Problems 21-24 the matrix E is the reduced echelon form of the transpose A’ of
the coefficient matrix A.

21.

22.

23.

=

Il
o O =
o = O
o = N

The first and second equations are irredundant.

oo O =
o O = O
O O = N

The first and second equations are irredundant.

o o o =
o O = O
o O =N
o = O O

The first, second, and fourth equations are irredundant.
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24.

25.

26.

27.

28.

29.

30.

31.

218

1
E=\0
0

o = O
S N =
o = N
- o O

The first, second, and fifth equations are irredundant.

The row vectors of A are the column vectors of its transpose matrix A”, so
rank(A) = row rank of A = column rank of A’ = rank(A").

The rank of the nxn matrix A is n if and only if its column vectors are linearly
independent, in which case det(A)# 0 by Theorem 2 in Section 4.3, so it follows by
Theorem 2 in Section 3.6 that A is invertible.

The rank of the 3x 5 matrix A is 3, so its column vectors a,, a,,...,a; span R’
Therefore any given vector b in R’ can be expressed as a linear combination
b =xa, +x,a, +---+xa, of the column vectors of A. The column vector x whose

elements are the coefficients in this linear combination is then a solution of the equation
Ax =bh.

The rank of the 5x3 matrix A is 3, so its three column vectors a ,a, a, are linearly

independent. Therefore any given vector b in R’ can be expressed in at most one way
as a linear combination b = x,a, +x,a, + x,a, of the column vectors of A. This means

that the equation AX =b has at most one solution x=[x, x, x] .

The rank of the m Xn matrix A is at most m < n, and therefore is less than the number
n of its column vectors. Hence the column vectors a,,a,,...,a, of A are linearly

dependent, so there exists a linear combination ya, +y,a,+---+y,a =0 with not all

the coefficients being zero. If x=[x, x, ... xn]T is one solution of the equation
Ax =b, then A(x+y)=Ax+Ay=b+0=>b, so x+Yy isasecond different solution.
Thus solutions of the equation are not unique.

The rank of the m Xn matrix A is at most n <m, and therefore is less than the number
m of its row vectors. Hence the dimension of the column space of A is less than m, so

this column space is a proper subspace of R™. Hence there exists a vector b in R™
that is not a linear combination of the column vectors of A. This means that the equation
AXx =b has no solution.

The rank of the m xn matrix A is m if and only if A has m linearly independent
column vectors — in which case these m linearly independent column vectors constitute

a basis for R™. Hence the rank of A is m if and only if its column vectors
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32.

33.

34.

35.

a,a,...,a, span R™ —in which case every vector b in R"™ can be expressed as a

linear combination b =xa, +x,a,+---+x,a , so the equation Ax=Db has the solution

x=[x x, .. xn]T.

The rank of the m xn matrix A is n ifand only if the n column vectors a,a,...,a

n
of A are linearly independent — in which a vector b in R™ can be expressed in at
most one way as a linear combination b =xa, +x,a,+---+x,a . This means that the

equation Ax=b has at most one solution x=[x, x ... x| .

Suppose that some linear combination of the & pivot column vectors p,, p,,..., p, 1n(8)
equals the zero vector. Denote by ¢, ¢, ..., ¢, the coefficients in this linear

combination. Then the first & scalar components of the equation
cp,+c,p, tep;+---+¢p, =0 yield the & Xk upper-triangular system

cd +e,p, +epy+tepy =0
Cdy+ epy +etop, =
cdy+-tep,; =0

ck dk = O

where p,, (for i> j) denotes the jth element of the vector p, and p, =d,. Because the
leading entries d|,d,, ..., d, are all nonzero, it follows by back-substitution that

¢, =¢, =---=c¢, =0. Therefore the column vectors are linearly independent.

If no row interchanges are involved, then (for any k) the space spanned by the first & row
vectors of A is never changed in the process of reducing A to the echelon matrix E;
this follows immediately from the proof of Theorem 2 in this section. Hence the first r
row vectors of A span the r-dimensional space Row(A), and therefore are linearly
independent.

Look at the r row vectors of the matrix A that are determined by its largest nonsingular
rxr submatrix. Then Theorem 3 in Section 4.3 says that these » row vectors are
linearly independent, whereas any r+1 row vectors of A are linearly dependent.
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SECTION 4.6
ORTHOGONAL VECTORS IN R”

The generalization in this section, of the dot product to vectors in R”, enables us to flesh out the
algebra of vectors in R” with the Euclidean geometry of angles and distance. We can now refer to
the vector space R" (provided with the dot product) as n-dimensional Euclidean space.

L v, v, =23 +M)(=6)+(2)D)+(1)(=2)=6-6+2-2=0
v, v, =(2)3)+(D(=D+2)(=5)+(1)5) =6-1-10+5=0
v, v, =(3)B)+(=6)(=D)+ (1)(=5) +(=2)(5) =9 +6-5-10=0

Yes, the three vectors are mutually orthogonal.
2. v, v, =(3)6)+(-2)3)+(3)4)+(-4)6)=18-6+12-24 =0

v, v, = (YA + (=2)(=12) + B)(=21) + (-4)(3) =51+ 24— 63-12 =0
v, v, = (6)A7)+ B)(=12) + (4)(=21) + (6)(3) =102 - 36 -84 +18 = 0

Yes, the three vectors are mutually orthogonal.

3. v v, =15-10-4-1=0, v,-v; =15+0-32+17=0, v, v, =9+0+8-17=0
Yes, the three vectors are mutually orthogonal.

Vv, =3+4+9-12-4=0, v;-v,=6+4-12-2+4=0,
v, v, =184+4-124+6-16=0
Yes, the three vectors are mutually orthogonal.

b

In each of Problems 5-8 we write u=CB, v=CA, and w= AB. Then we calculate a = |u

b=|V

, and c=|w| soas to verify that a’+b* =c’.

5. u=(L,1,2,-1), v=(1,-1,1,2), w=(0,2,1,-3); a’=7, b*=7, > =14

a

u=(3,-12,2), v=(2,2,-3,1), w=(1,-3,5,1); a’=18, b =18, ¢> =36

.

u=(2,1,-2,1,3), v=(3,2,2,2,-2), w=(-1,—1,-4,—-1,5); a>=19, b> =25, > =44
8.  u=(3,2,4,57), v=(7.5-52,-3), w=(-4,-3,9,3,10); a>=103, b> =112, ¢’ =215

The computations in Problems 5-8 show that in each triangle A4ABC the angle at C is aright

angle. The angles at the vertices 4 and B are then determined by the relations
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_ABAC__vw . BA-BC_ uw
~|4Blac] MW ~|Bdlsc] ol

The fact that £A4+ /B =90 then serves as a check on our numerical computations.

_ =7 o 1 . _ 7 a1 .
9, ZA=cos | — =cos | —— |=45, ZB=cos”'| +——— | =cos”' | —— | =45
( \/7\/14) ( 2) ( \/7\/14) (\/Ej
_ -18 a4 1 .
10. ZA=cos'| —————|=cos!| —= |=45,
( \/E\/36j ( 2)
18 a1 .
ZB=cos'| + =cos || —— | =45
( \/E\/.%j ( 2)
=25 25 .
11. ZA=cos'| ————— |=cos™'| .[== |=41.08,
( \/25\/44j ( 4]
19 19 .
ZB = ! =cos | J— |=48.92
cos (\/E\/ﬂj cos ( 4)
-112 112
12. ZA=cos'| ————|=cos™'|,|— |=43.80",
( \/112\/215j ( 215]
103 103
ZB=cos” | ————=|=cos™| . [— | =46.20
(\/103\/215j ( 215]

In each of Problems 13-22, we denote by A the matrix having the given vectors as its row
vectors, and by E the reduced echelon form of A. From E we find the general solution of the
homogeneous system Ax =0 in terms of parameters s,¢,.... We then get basis vectors

u,, u,, ... for the orthogonal complement ¥ by setting each parameter in turn equal to 1 (and
the others then equal to 0).

13. A=E=[l -2 3]; X,=8, x;=t, x, =25 -3t
. = (2,1,0), u, = (-3,0,1)

=
I

14. A=E=[1 5 3], x,=s5, x,=1, x, ==5s+3t
u, = (-5,1,0), u, = (3,0,1)

15. A=E=[l -2 -3 5]; X, =1, X;=5, x,=t, x, =2r+3s—5¢t
u, = (2,1,0,0), u, = (3,0,1,0), u, = (-5,0,0,1)
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16.

17.

18.

19.

20.

21.

222

A =E = [l 7 -6 —9]; X, =1, X;=8, x,=t, x,==Tr+6s5+9¢
ul = (_7515050)5 u2 = (6505150)5 u3 = (9505051)

1 0 -7 19
E =
01 3 5

X, =s, x,=t, x,==3s+5t, x, =75 —19t

u, = (7,-3,1,0), u, = (-19,5,0,1)

I 0 12 -16
E =
01 3 -7
X, =s, x,=t, x,==3s+7t, x, =—12s +16¢

u = (-12,-3,1,0), u, = (16,7,0,1)

1 0 13 4 11
E =
01 4 3 -4
X, =71, x,=8, X;=t, x,=4r—=3s+4¢t, x, =—13r+4s—11t

ul = (_1354515050)5 u2 = (45_3505150)5 u3 = (_1154505051)

10 5 12 19
E =
{01—1 —4 —7}

X, =1, x,=S8, X;=1, X, =r+4s+7¢t, x, =-5r—125s-19¢

u, = (-5L,1,0,0), u, = (-12,4,0,1,0), u, = (-19,7,0,0,1)

1 01 00
E=/0 11 01
0 0 0 11
X; =8, Xs=1t, X, =—t, X, =—8§—1, X, =—§

u, = (-1,-1,1,0,0), u, = (0,-1,0,-11)
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23.

24.

25.

26.

27.

28.

1 0 2 -10
E=(01 -1 2
00 0 0 1

x,=s, x,=t, x,=0, x,=5-2t, x, =-2s5+1¢

u = (_2a1a15050)a u, = (1,_2,0,1,0)

(a) |ll+V|2+|ll—V|2 = (uwut+t2u-v+v-v)+(u-u-2u-v+v-v)
= 2|u|2+|v|2 =2u-u+2Zu-u

(b) |ll+V|2—|ll—V|2 = (w-u+2u-v+v-v)—(w-u-2u-v+v-v) = 4u-v

Equation (15) in the text says that the given formula holds for £ =2 vectors. Assume
inductively that it holds for £ =n—1 vectors. Then

2
2
)+

as desired. The case k =2 is used for the first equality here, and the case k£ =n—1 for
the second one.

2
+

2
= |V, +v, 4V,

[V +v, v, 4V, v

n

2

V. A\

n

I

Suppose, for instance, that 4 =e, =(1,0,0,0,0), B=e, =(0,0,1,0,0), and
C=e,=(0,0,0,0,1) in R*. Then 4B =e,—¢,=(-1,0,1,0,0) and
AC=e,—e,=(0,0,1,0,0,-1). Then 4B-AC=1 while [4B|=[4C|=+2. It follows

that cosZ4 = 1/(\/5)(\/5) =1, s0 L4=60°. Similarly, ZB=2C=60° so we see
that A4ABC is an equilateral triangle.

Because u-v =|ul|v|cos®, it follows that u-v =|ul|v| ifand onlyif cos® =1, in which

case @ =0 so the two vectors are collinear.

If the u lines both in the subspace ¥ and in its orthogonal complement ¥+, then the

vector u is orthogonal to itself. Hence w-u = |u|2 =0, so it follows that u=0.

If W is the orthogonal complement of V, then every vector in V' is orthogonal to every
vectorin W. Hence V is contained in W*. But it follows from Equation (18) in this
section that the two subspaces ¥ and W~ have the same dimension. Because one
contains the other, they must therefore be the same subspace, so W* =V as desired.
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29.

30.

31.

32.

33.

34.
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If u is orthogonal to each vector in the set S of vectors, then it follows easily (using the
dot product) that u is orthogonal to every linear combination of vectors in S. Therefore
u is orthogonal to V' =Span(S).

If u-v=0 and u+v=0 then
0 =u-(u+v)y=u-ut+u-v=u-u,
so it follows that uw =0, and then u+v =0 implies that v =0 also.

We want to show that any linear combination of vectors u, u,,...,u » of vectors in § is

orthogonal to every linear combination of vectors v,,Vv,,...,v_ in 7. Butifeach wu, is

29

orthogonal to each v ;280 u; v, =0, then it follows that

(alu1 +a,u, +---+apup)-(blv1 +b,v, +---+bqvq) = Ziaibjui v, =0,

yi
=1 j=1

I

so we see that the two linear combinations are orthogonal, as desired.

Suppose that the linear combination au, +a,u, +5v, +b,v, =0, and we want to deduce

that all four coefficients a,, a,, b, b, must necessarily be zero. For this purpose, write
u = au +a,u, and v = bv,+bv,.

Then the vectors u and v are orthogonal by Problem 31, so by Problem 30 the fact that
u+v=0 implies that

u=au+au =0 ad v =5hv +bv, =0.

Now the assumed linear independence of {u,,u,} implies that a, =a, =0, and the

assumed linear independence of {v,,v,} implies that b, =5, =0. Thus we conclude
that all four coefficients are zero, as desired.

This is the same as Problem 32, except with

u=au, +au,+---+au, and v = bv,+bv,+---+b VvV .
It follows immediately from Problem 33 and from Equation (18) in the text that the union

of a basis for the subspace ¥ and a basis for its orthogonal complement ¥* is a linearly
independent set of n vectors, and is therefore a basis for the n-dimensional vector space
R".
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This is one of the fundamental theorems of linear algebra. The nonhomogeneous system

Ax = b

is consistent if and only if the vector b is in the subspace Col(A)=Row(A"). But b
isin Row(A") if and only if b is orthogonal to the orthogonal complement of
Row(A”). But Row(A”")" =Null(A”), which is the solution space of the
homogeneous system

Ay = 0.
Thus we have proved (as desired) that the nonhomogeneous system Ax = b hasa

solution if and only if the constant vector b is orthogonal to every solution y of the
nonhomogeneous system A’y = 0.

SECTION 4.7

GENERAL VECTOR SPACES

In each of Problems 1-12, a certain subset of a vector space is described. This subset is a subspace
of the vector space if and only if it is closed under the formation of linear combinations of its
elements. Recall also that every subspace of a vector space must contain the zero vector.

1.

It is a subspace of Ms3, because any linear combination of diagonal 3x3 matrices — with
only zeros off the principal diagonal — obviously is again a diagonal matrix.

The square matrix A is symmetric if and only if A’=A. If A and B are symmetric
3x3 matrices, then (cA+dB)" = cA" +dB" = cA+dB, so the linear combination
cA+dB is also symmetric. Thus the set of all such matrices is a subspace.

The set of all nonsingular 3x3 matrices does not contain the zero matrix, so it is not a
subspace.

The set of all singular 3x3 matrices is not a subspace, because the sum

1 00 0 00 1 00
0 0 0|+]0 1 0 =101120
0 00 0 01 0 0 1

of singular matrices is not singular.

The set of all functions f:R — R with f(0)=0 is a vector space, because if
f(0)=g(0)=0 then (af +bg)0) = af(0)+bg(0) = a-0+5-0 = 0.
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The set of all functions f:R — R with f(0)#0 is not a vector space, because it does
not contain the zero function f(0)=0.

The set of all functions f:R — R with f(0)=0 and f(1)=1 is not a vector space. For
instance, if g=21 then g(1)=2f(1)=2-1=2#1, so g is not such a function. Also,
this set does not contain the zero function.

A function f:R — R suchthat f(—x)=-/f(x) is called an odd function. Any linear
combination af +bg of odd functions is again odd, because

(af +bg)(=x) = af (-x)+bg(-x) = —af(x)=bg(x) = —(af +bg)(x).

Thus the set of all odd functions is a vector space.

For Problems 9-12, let us call a polynomial of the form a, + a,x+a,x” +a,x’ a "degree at most 3"

polynomial.

9.

10.

11.

12.

13.

14.

15.

226

The set of all degree at most 3 polynomials with nonzero leading coefficient a, #0 isnota
vector space, because it does not contain the zero polynomial (with all coefficients zero).

The set of all degree at most 3 polynomials not containing x or x* terms is a vector space,
because any linear combination of such polynomials obviously is such a polynomial.

The set of all degree at most 3 polynomials with coefficient sum zero is a vector space,
because any linear combination of such polynomials obviously is such a polynomial.

If the degree at most 3 polynomials f/ and g have all-integer coefficients, the linear
combination a f + b g may have non-integer coefficient, because a and b need not be

integers. Hence the set of all degree at most 3 polynomials having all-integer coefficients is
not a vector space.

The functions sinx and cosx are linearly independent, because neither is a scalar
multiple of the other. (This follows, for instance, from the facts that sin(0) =0, cos(0)=1
and sin(w/2)=1, cos(w/2)=0, noting that any scalar multiple of a function with a zero
value must have the value 0 at the same point.)

The functions e* and xe"are linearly independent, since obviously neither is a scalar

multiple of the other (their ratios xe™/e® =x and e*/xe" neither being constants).

If
e+ x)+c,(1-x)+c;(1-x%) = (¢ +e,+¢)+ (¢ —¢,)x—c;x° = 0,
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17.

18.

19.

20.

21.

then
cte,+e; =¢—¢c, =c¢; =0.

It follows easily that ¢, =c, =¢, =0, so we conclude that the functions (1+x), (1-x),

and (1-x*) are linearly independent.

(-)-(1+x)+1)-(x+x>)+(1)-(1-x*) = 0, so the three given polynomials are linearly
dependent.

cos2x = cos’ x—sin’ x according to a well-known trigonometric identity. Thus these
three trigonometric functions are linearly dependent.

If

¢,(2cosx+3sinx)+c,(4cosx+5sinx) = (2¢, +4c¢,)cosx+ (3¢, +5¢,)sinx = 0

then the fact that sinx and cosx are linearly independent (Problem 13) implies that

2¢,+4c, = 3¢, +5¢c, = 0. It follows readily that ¢, = ¢, =0, so we conclude that the two
original linear combinations of sinx and cosx are linearly independent.

Multiplication by (x—2)(x—3) yields
x=5 = A(x-3)+B(x-2) = (4+B)x—(34+2B).

Hence A+ B =1 and 34+2B =5, and it follows readily that 4 =3 and B=-2.

Multiplication by x(x* —1) yields
2 = A’ =D+ Bx(x+1)+Cx(x—1) = —A+(B-C)x+(4+B+O)x".

Hence —4=2, B—C=0 and A4+ B+C=0. Itfollows readily that 4 =-2 and
B=C=1.

Multiplication by x(x* +4) yields
8 = A(X*+4)+ Bx*+Cx = 44+ Cx+(A+ B)x’.

Hence 44=8, C=0 and 4+ B =0. It follows readily that 4 =2 and B=-2.
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23.

24,

25.
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Multiplication by (x+1)(x+2)(x+3) yields

2x = A(x+2)(x+3)+ B(x+1D)(x+3)+C(x+1)(x+2)
= (A+B+C)x’ +(54+4B+3C)x+(64+3B+20C).

Hence
A+ B+ C =0
54+4B+3C = 2
64+3B+2C = 0,

and we solve these three equations for 4 =-1, B=4, and C=-3.

If y”(x)=0 then

Y(x) = [y (dx = [(0)dx = 4,
Y(@) = [y (x)dx = [Adx = Ax+B, and
y(x) = [Y(0)dx = [(Ax+B)dx = LAx*+Bx+C,

where 4, B, and C are arbitrary constants of integration. It follows that the function
y(x) is a solution of the differential equation y”(x)=0 if and only if it is a quadratic (at

most 2nd degree) polynomial. Thus the solution space is 3-dimensional with basis

{1, X, xz} .
If y*¥(x)=0 then

Y(x) = [y @)dx = [(0)dx = 4,
Y'(x) = [y(x)dx = [ddx = Ax+B,
Y () = [y’ (x)dx = [(Ax+B)dx = 1 4%’ +Bx+C, and
y(x) = Jy’(x)dx = J.(%Ax2+Bx+C)dx = 14> +1Bx+Cx+D.
where 4, B, C, and D are arbitrary constants of integration. It follows that the function

y(x) is a solution of the differential equation y*(x)=0 ifand only if it is a cubic (at

most 3rd degree) polynomial. Thus the solution space is 4-dimensional with basis
{l,x,xz,x3}.

If y(x) is any solution of the second-order differential equation y”—53"=0 and
v(x) = y'(x), then v(x) is a solution of the first-order differential equation V'(x) = 5v(x)
with the familiar exponential solution v(x) = Ce’*. Therefore
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26.

27.

28.

y(x) = Jy’(x)dx = |(x)dx = JCeS" dx = 1Ce’™ +D.

We therefore see that the solution space of the equation y”—5)" =0 is 2-dimensional with
basis {l, es"}.

If y(x) is any solution of the second-order differential equation »”+10y"=0 and

v(x) = y'(x), then v(x) is a solution of the first-order differential equation

—10x

V(x) =—10v(x) with the familiar exponential solution v(x) = Ce ™. Therefore

y(x) = JJ/(X) dx = Jv(x) dx = JCe_lox dx = _%C«elo;c +D
We therefore see that the solution space of the equation y”+10y”"=0 is 2-dimensional with

basis {l, e‘lo"}.

If we take the positive sign in Eq. (20) of the text, then we have v’ = y* +a” where
v(x) = y'(x). Then

ci 2
(lJ = y'+a’, so o !

dx dy ,yz +4°

(taking the positive square root as in the text). Then

L= j dy B J adu (v = au)
N +ad Na'u'+a’
= | - Gintutd = sinh Lo,
Nu® +1 a
It follows that
y(x) = asinh(x—b) = a(sinhxcoshb—coshxsinhb)

Acosh x+ Bsinh x.

We start with the second-order differential equation y”+ y =0 and substitute
v(x) = ¥(x), 50

= = =—y
dx  dydx dy

J}
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as in Example 9 of the text. Then vdv = — ydy, and integration gives
Ly = —1y24C, so v =d-)?

(taking for illustration a positive value for the arbitrary constant C). Then

2
(QJ =a’-)’, so ]

dx dy la*> —y*

(taking the positive square root). Then

L= j dy B J adu (v = au)
/az_yz /az —
d ) .
= Y sinT'u+bh = sin' L +b,
1-u? a

It follows that
y(x) = asin(x—b) = a(sinxcosb—cosxsinb)
= Acosx+ Bsinx.

Thus the general solution of the 2nd-order differential equation y”+y =0 is a linear
combination of cosx and sinx. It follows that the solution space is 2-dimensional with

basis {cosx,sinx}.

(a) The verification in a component-wise manner that } is a vector space is the same as
the verification that R" is a vector space, except with vectors having infinitely many
components rather than finitely many components. It boils down to the fact that a linear

combination of infinite sequences of real numbers is itself such a sequence,
a-{xn}l + b-{yn}1 = {ax, +byn}1 )

(b) If e =4{0,---,0,1,0,0,--+} is the indicated infinite sequence with 1 in the nth
position, then the fact that

c € +C2e2 + ...+ckek = {CI’CZ’ L, Gy 0’ 0’ }
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30.

31.

evidently implies that any finite set e, e,, ---, e, of these vectors is linearly independent.

Thus V contains "arbitrarily large" sets of linearly independent vectors, and therefore is
infinite-dimensional.

a If x=x_+x_,, v =v +v_, and z =ax +by foreach n, then
n n—1 n—2 Jn Jnl Jn2 n n Jn

Zn = a(xn—l + xn—2) + b(yn—l + yn—2)
= (axn—l + byn—l) + (axn—Z + byn—Z) = Zn—l + Zn—2 .

Thus W is asubspace of V.

(b) Let v, = {1,0,1,1,2,3,5,--} be the element with x, =1 and x, =0, and let
v, = {0,1,1,2,3,5,--+} be the element with x, =0 and x, =1. Then v, and v, forma
basis for W.

(@ If zy=a,+ib and z, =a,+ib,, then direct computation shows that

ca +c,a, —cb —ba
T(clzl+czzz) = CIT(ZI)+CZT(ZZ) = { ™ 272 171 2 2:|'

b +ba, c¢a +c,a,
b)) If zy=a,+ib and z,=a,+ib,, then zz, = (a,a,—bb,)+i(ab,+a,b) and
direct computation shows that
aa,—bb, —ab,—a,b,
ab,+a,h, aa,—bb, |

T(zz,) = T(z)T(z,) = {

(b) If z=a+ib then

1 ‘a—bi a—bi

a+bi a->bi a’+b*’

1
z
Therefore

70y = ab_a—b_l_T(_1
(Z)_a2+b2—ba_ba =T@

Section 4.7 231



CHAPTER 5

HIGHER-ORDER LINEAR DIFFERENTIAL EQUATIONS

SECTION 5.1
INTRODUCTION: SECOND-ORDER LINEAR EQUATIONS

In this section the central ideas of the theory of linear differential equations are introduced and
illustrated concretely in the context of second-order equations. These key concepts include
superposition of solutions (Theorem 1), existence and uniqueness of solutions (Theorem 2),
linear independence, the Wronskian (Theorem 3), and general solutions (Theorem 4). This
discussion of second-order equations serves as preparation for the treatment of nth order linear
equations in Section 5.2. Although the concepts in this section may seem somewhat abstract to
students, the problems set is quite tangible and largely computational.

In each of Problems 1-16 the verification that y; and y, satisfy the given differential equation
is a routine matter. As in Example 2, we then impose the given initial conditions on the general
solution y = ¢y + cay». This yields two linear equations that determine the values of the
constants ¢; and ¢,.

1. Imposition of the initial conditions y(0)=0, y’(0) =35 on the general solution
y(x) = ce’+c,e”” yields the two equations ¢, +¢, =0, ¢, —¢, =0 with solution

¢, =5/2, ¢, =—5/2. Hence the desired particular solution is y(x) = 5(¢" - ¢™)/2.

2. Imposition of the initial conditions y(0)=-1, 3’(0) =15 on the general solution

3

p(x) = ¢’ +c,e yields the two equations ¢, +¢, =—1, 3¢, — 3¢, =15 with solution

¢, =2, ¢, =3. Hence the desired particular solution is y(x) = 2 - 3e™".

3. Imposition of the initial conditions y(0) =3, »’(0) =8 on the general solution
y(x) = ¢ cos2x+c,sin2x yields the two equations ¢, =3, 2¢, =8 with solution

¢, =3, ¢, =4. Hence the desired particular solution is y(x) = 3 cos 2x + 4 sin 2x.

4. Imposition of the initial conditions y(0) =10, 3’(0) =—10 on the general solution
y(x) = ¢ cos5x+c,sinSx yields the two equations ¢, =10, 5¢, =—10 with solution

¢, =3, ¢, =4. Hence the desired particular solution is y(x) = 10 cos 5x - 2 sin 5x.
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Imposition of the initial conditions »(0)=1, »’(0)=0 on the general solution
y(x) = ce’+c,e’” yields the two equations ¢, +¢, =1, ¢, +2¢, =0 with solution

¢, =2, ¢, =—1. Hence the desired particular solution is y(x) = 2¢' - e,

Imposition of the initial conditions y(0)=7, »’(0)=-1 on the general solution

3

y(x) = ¢’ +c,e”” yields the two equations ¢, +¢, =7, 2¢, — 3¢, =—1 with solution

¢, =4, ¢, =3. Hence the desired particular solution is y(x) = 4e™ + 3¢,
Imposition of the initial conditions y(0) =-2, y’(0) =8 on the general solution
y(x) = ¢ +c,e” yields the two equations ¢, +¢, =—2, —c¢, =8 with solution

¢, =6, ¢, =—8. Hence the desired particular solution is y(x) = 6 — 8e™.

Imposition of the initial conditions »(0) =4, y’(0)=-2 on the general solution
p(x) = ¢, +c,e’” yields the two equations ¢, +¢, =4, 3¢, =—2 with solution
¢, =14/3, ¢, =2/3. Hence the desired particular solution is y(x) = (14 - 2¢™)/3.

Imposition of the initial conditions (0) =2, y’(0)=-1 on the general solution
y(x) = ce " +c,xe " yields the two equations ¢, =2, —¢, +¢, =—1 with solution

¢, =2, ¢, =1. Hence the desired particular solution is y(x) = 2e™ +xe™.

Imposition of the initial conditions y(0) =3, ’(0) =13 on the general solution
y(x) = ¢ +c,xe’ yields the two equations ¢, =3, 5¢, +¢, =13 with solution

¢, =3, ¢, =—2. Hence the desired particular solution is y(x) = 3¢ - 2xe™.

Imposition of the initial conditions 3(0)=0, y’(0) =35 on the general solution
y(x) = ¢e’cosx+c,e’ sinx yields the two equations ¢, =0, ¢, +¢, =5 with solution

¢, =0, ¢, =5. Hence the desired particular solution is y(x) = 5¢"sin x.

Imposition of the initial conditions 3(0) =2, 3’(0) =0 on the general solution

p(x) = ¢  cos2x+c,e” sin2x yields the two equations ¢, =2, —3¢, +2¢, =5 with
solution ¢, =2, ¢, =3. Hence the desired particular solution is y(x) =

e7*(2 cos 2x + 3 sin 2x).

Imposition of the initial conditions y(1) =3, y’(1) =1 on the general solution
y(x) = ¢x+c,x” yields the two equations ¢, +¢, =3, ¢, +2¢, =1 with solution

¢, =5, ¢, =—2. Hence the desired particular solution is y(x) = 5x - 2x".
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26.
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Imposition of the initial conditions 3(2)=10, y’(2) =15 on the general solution
p(x) = ¢x’ +c,x” yields the two equations 4c, +c¢,/8=10, 4¢,—3c,/16 =15 with

solution ¢, =3, ¢, =—16. Hence the desired particular solution is y(x) = 3x* - 16/x°.

Imposition of the initial conditions y(1) =7, y’(1) =2 on the general solution
y(x) = ¢x+c,xInx yields the two equations ¢, =7, ¢, +¢, =2 with solution

¢, =7, ¢, =—5. Hence the desired particular solution is y(x) = 7x - 5x In x.

Imposition of the initial conditions y(1) =2, (1) =3 on the general solution
y(x) = ¢ cos(Inx)+c,sin(lnx) yields the two equations ¢, =2, ¢, =3. Hence the
desired particular solution is y(x) = 2 cos(In x) + 3 sin(In x).

If y=c/xthen y'+3> = —¢/x*+c*/x* = c(c—1)/x> # 0 unless either ¢ =0
or c=1.

If y=cx’ then 3" = ox’-6cx = 6c°x* # 6x* unless ¢’ =1.

If y=1++/x then 1" +(") = Q+x)=x2/4)+(x7"2/2) = =x72/4 = 0.
Linearly dependent, because

fixy =n= A(cos’x + sinzx) = mwg(x)
Linearly independent, because x° =+ x’ |x| if x>0, whereas x’ =—-x’ |X| if x <0.

Linearly independent, because 1+x=c(1+|x|) would require that ¢ = 1 with x = 0,
but ¢ = 0 with x = -1. Thus there is no such constant c.

Linearly independent, because f{x) = +g(x) if x>0, whereas fx) = -g(x) if x <O0.
Linearly dependent, because g(x) = 2 f(x).

flx) = €'sinx and g(x) = ¢'cos x are lincarly independent, because flx) = k g(x)
would imply that sin x = k cosx, whereas sinx and cos x are linearly independent.

To see that f{x) and g(x) are linearly independent, assume that f{x) = ¢ g(x), and then
substitute both x = 0 and x = 7/2.

Let L[y] = »"+py' +¢qy. Then L[y.] = 0 and L[y,] = f, so

Llvetyp]l = Lyl +Dpl = 0+ = 1.
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28. If y(x) = 1+c¢icosx+ ersinx then y'(x) = -¢isinx + ¢xcos x, so the initial conditions
»(0) = y(0) = -1 yield ¢; = -2,¢; = -1. Hence y = 1 - 2cosx - sinx.

29. There is no contradiction because if the given differential equation is divided by x> to

get the form in Equation (8) in the text, then the resulting functions p(x) = -4/x and
g(x) = 6/x* are not continuous at x = 0.

30. (a) ¥»,=x" and », = |x3| are linearly independent because x*=c |x3| would

require that ¢ = 1 with x = 1, but ¢ = -1 with x = -1.

(b)  The fact that W(y1, y2) = 0 everywhere does not contradict Theorem 3, because
when the given equation is written in the required form

Y= Gy + @/ = 0,
the coefficient functions p(x) = -3/x and ¢(x) = 3/x” are not continuous at x = 0.

31. W1, y2) = -2x vanishes at x = 0, whereas if y; and y» were (linearly independent)
solutions of an equation y” + py’ + gy = 0 with p and ¢ both continuous on an open
interval / containing x = 0, then Theorem 3 would imply that W #0 on [.

32. (a) W =y - yi’ya, so

AW'= AWy + 102" - v"v2 - ')
= y1(A") - ya(An”)
= »1(-By" - Cy) - »a(-By” - Cy1)
= -Byw' - n'»m)

and thus AW'= -BW.
(b)  Just separate the variables.

(¢) Because the exponential factor is never zero.

In Problems 33-42 we give the characteristic equation, its roots, and the corresponding general
solution.

33 P=3r+2=0;, r=12 wx) = ce+ce™
34.  P42r=15=0; r=3,-5 p@x) = ce” +ee”

35. F+5r=0, r=0,-5 yx)y = c + e
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36. 2 43r = 0; r=0,-3/2; px) = 1+

37. 27 —r=2=0;, r=1-1/2; yx) = cre™+ "

38.  4r4+8r+3=0; r=-1/2,-3/2, px) = cie™ +ce?

39. 4P +4r+1=0; r=-1/2,-1/2; ¥x) = (c1 + ex)e™?

40. 97 —12r+4 = 0; r=-2/3,-2/3; ¥x) = (c1 +cx)e™?

41. 6 =7r=20 =0, r=-4/3,5/2; px) = cie”™ + e

42. 35°-r-12 = —4/7,3/5;,  y(x) = cie™™ + ™"

Il
=
~

In Problems 43—48 we first write and simplify the equation with the indicated characteristic
roots, and then write the corresponding differential equation.

43.  (r=0)(r+10) = ¥ +10r = 0;  Y'+10y" = 0

4. (r=10)(r+10) = =100 = 0; =100y = 0

45.  (r+10)(r+10) = r*+20r+100 = 0;  y"+20y"+100y = 0

46.  (r—10)(r—100) = > =110r+1000 = 0;  »"—110y"+1000y = 0

47. (T-0)(r-0)=r =0, " =0

48.  (r—1-V2)(r—-1+4¥2) = ¥ =2r-1=0; -2y =y =0

49.  The solution curve with »(0)=1, »(0)=6 is »(x) = 8¢ =7e™ We find that

¥ (x)=0 when x= In(7/4) so e*=4/7 and e =16/49. It follows that

y(In(7/4)) = 16/7 so the high point on the curve is (In(7/4)),16/7) = (0.56,2.29),
which looks consistent with Fig. 3.1.6.

50. The two solution curves with y(0)=a and »(0)=5b (aswellas »(0)=1) are

y = Qa+De ™ —(a+1)e™,
y = 2b+1)e™ —(b+1)e™.
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S2.

53.

54.

Subtraction and then division by a - b gives 2¢* = € so it follows that x = -In 2.
Now substitution in either formula gives y = -2, so the common point of intersection is
(-In 2, -2).

(a) The substitution v=Inx gives

yodr _drd_1dy

dx dv dx x dv

Then another differentiation using the chain rule gives

o Ay _d(d)_d(1ld
! dx? dx \ dx dx\ x dv

- _L.@Jrli(@jﬂ I )

dy, 1 &y
x> dv x dvldv)dx x> dv x* dvt

Substitution of these expressions for " and »” into Eq. (21) in the text then yields
immediately the desired Eq. (22):

d* y
dv*

d
a +(b—a)l+cy = 0.
dv

(b)  Iftheroots r and r, of the characteristic equation of Eq. (22) are real and
distinct, then a general solution of the original Euler equation is

fi 63
y(x) = ¢e" +c,e” = cl(e") +c, (e") =cx" +c,x".

The substitution v =Inx yields the converted equation d”y/dv’ —y =0 whose
characteristic equation > —1=0 hasroots ;=1 and r, =—1. Because e’ =x, the

corresponding general solution is

C
_ v -v 2
y = ce +C2€ = C1x+;.

The substitution v =Inx yields the converted equation d’y/dv’ +dy/dv—-12y =0
whose characteristic equation 7*+7—12=0 hasroots 7, =—4 and r, =3. Because

e" = x,the corresponding general solution is

_ —4v v _ -4 3
y = ce +C2€ = X +C2x .

The substitution v =Inx yields the converted equation 4d’y/dv’ +4dy/dv—3y =0
whose characteristic equation 47° +4r—-3=0 hastoots 1 =-3/2 and r, =1/2.

Because e" =x, the corresponding general solution is
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—3v/2 v/2

— _ =3/2 1/2
y=ce " tee" = cx 7 tex

55.  The substitution v =Inx yields the converted equation d’y/dv’ =0 whose
characteristic equation 7° =0 has repeated roots 7,7 =0. Because v=Inx, the
corresponding general solution is

Yy =c¢+cy =ctclnx

56.  The substitution v =Inx yields the converted equation d’y/dv’ —4dy/dv+4y =0
whose characteristic equation 7> —4r+4 =0 hastoots 7,7, =2. Because e’ =ux, the
corresponding general solution is

_ 2v 2v 2
y =ce " +eve”’ = x7 (¢ +c,Inv).

SECTION 5.2
GENERAL SOLUTIONS OF LINEAR EQUATIONS

Students should check each of Theorems 1 through 4 in this section to see that, in the case

n = 2, itreduces to the corresponding theorem in Section 5.1. Similarly, the computational
problems for this section largely parallel those for the previous section. By the end of Section
5.2 students should understand that, although we do not prove the existence-uniqueness theorem
now, it provides the basis for everything we do with linear differential equations.

The linear combinations listed in Problems 1-6 were discovered "by inspection" — that is, by
trial and error.

1. (5/2)(2x) + (-8/3)(3x%) + (- 1)(5x - 8x)) = 0

2. (-4)(5)+ (5)2 - 3D+ (110 +15x%) = 0

3. (1)0) + (0)(sinx) + (0)(e") = 0

4. (1)(17) + (- 17/2)(2 sin*x) + (- 17/3)(3 cos™x) = 0, because sin’x + cos™x = 1.
5. (1)(17) + (-34)(cos™) + (17)(cos 2x) = 0, because 2 cos’x = 1+ cos 2x.

6. (- (") + (1)(cosh x) + (1)(sinh x) = 0, because coshx = (¢' +e7)/2 and
sinhx = (¢' - e™)/2.
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X
1 2x| = 2 isnonzero everywhere.
0

x 2x 3x
et e e
8. W = le" 2 3e*| = 2¢™ isnever zero.
e* 4e’™ 9"
9. W = e'(cos’x +sin’x) = €' %0
10. W = xe'(x + 1)(x +4) is nonzero for x > 0.
11. W = x°¢” is nonzero if x # 0.

12. W = x[2cos’(Inx)+ 2 sin’(Inx)] = 2x* is nonzero for x> 0.
In each of Problems 13-20 we first form the general solution
X)) = enlx)  eayalx) + esps(x),

then calculate y'(x) and y”(x), and finally impose the given initial conditions to determine the
values of the coefficients ¢y, ¢, ¢3.

13.  Imposition of the initial conditions y(0)=1, »’(0)=2, y”"(0)=0 on the general solution
y(x) = ¢’ +ce" +ce”" yields the three equations

cte,te; =1, ¢ -c¢,—-2¢,=2, ¢ +c,+4¢,;=0

with solution ¢, =4/3, ¢, =0, ¢, =—1/3. Hence the desired particular solution is
given by y(x) = (4e" - e)/3.

14.  Imposition of the initial conditions »(0)=0, y’(0)=0, »”(0)=3 on the general solution
p(x) = ce’ +c,e”" +ce’ yields the three equations

¢ te,+c; =1, ¢ +2¢,+3c;=2, ¢ +4c,+9¢,=0

with solution ¢, =3/2, ¢, =-3, ¢; =3/2. Hence the desired particular solution is
given by y(x) = (3¢" - 6™ + 3¢™)/2.

15.  TImposition of the initial conditions »(0)=2, y’(0)=0, y"(0)=0 on the general

solution y(x) = ce’+c,xe’ +c,x’e’” yields the three equations
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=2, ¢+tc,=0, ¢ +2¢,+2¢,=0

with solution ¢, =2, ¢, =-2, ¢; =1. Hence the desired particular solution is given by
yx) = (2 - 2x + x%)e".

Imposition of the initial conditions y(0) =1, 1’(0)=4, »"(0)=0 on the general solution

(x) = ce” +e.e’ +ce.xe’ yields the three equations
) 1 2 3 Yy q
c+te, =1, ¢+2c,+c;=4, ¢ +4c,+4c,=0

with solution ¢, =-12, ¢, =13, ¢, =—10. Hence the desired particular solution is
given by p(x) = -12¢" + 13¢* - 10xe™.

Imposition of the initial conditions y(0)=3, y’(0)=—1, »"(0) =2 on the general
solution y(x) = ¢, +c¢,cos3x+c,sin3x yields the three equations

¢+c,=3, 3¢,=-1, —-9c¢,=2

with solution ¢, =29/9, ¢, =-2/9, ¢; =—1/3. Hence the desired particular solution is
given by y(x) = (29 - 2 cos 3x - 3 sin 3x)/9.

Imposition of the initial conditions y(0)=1, 1’(0)=0, »"(0) =0 on the general solution

y(x) = e (¢ +¢,cosx+c¢ysinx) yields the three equations
¢+e, =1, ¢+c,+¢;,=0, ¢ +2¢,=0

with solution ¢, =2, ¢, =—1, ¢; =—1. Hence the desired particular solution is given
by y(x) = €'(2 - cos x - sinx).

Imposition of the initial conditions y(1)=6, y’(1)=14, y"(1)=22 on the general

solution y(x) = ¢x+c,x* +c,x° yields the three equations
¢ te, e, =6, ¢ +2c,+3c;=14, 2¢,+6¢c,=22

with solution ¢, =1, ¢, =2, ¢, =3. Hence the desired particular solution is given by
p(x) = x+2x* +3x°.

Imposition of the initial conditions y(1)=1, y’(1)=35, y”(1)=-11 on the general

solution y(x) = ex+c, x> +c.x " Inx vyields the three equations
) 1 2 3 Yy q
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c+ec, =1, ¢-2¢c,+c;=5 6c,-5,=-11

with solution ¢, =2, ¢, =—1, ¢; =1. Hence the desired particular solution is given by

p(x) = 2x - x 2 +xInx.

In each of Problems 21-24 we first form the general solution

X)) = o) T p(x) = cvi(x) + caya(x) + 1p(x),

then calculate y(x), and finally impose the given initial conditions to determine the values of
the coefficients ¢; and c¢.

21.

22.

23.

24.

25.

26.

27.

Imposition of the initial conditions y(0) =2, »’(0)=-2 on the general solution
y(x) = ¢ cosx+c,sinx+3x yields the two equations ¢, =2, ¢, +3=-2 with
solution ¢, =2, ¢, =—5. Hence the desired particular solution is given by

y(x) = 2cosx - 5sinx+ 3x.

Imposition of the initial conditions y(0) =0, »’(0) =10 on the general solution

y(x) = ¢’ +c,e”* =3 yields the two equations ¢, +¢, —3=0, 2¢, —2¢, =10 with
solution ¢, =4, ¢, =—1. Hence the desired particular solution is given by

y(x) = 4e* - e - 3,

Imposition of the initial conditions y(0) =3, 1’(0) =11 on the general solution

p(x) = ce +c,e’” =2 yields the two equations ¢, +¢,—2=3, —¢, +3c, =11 with
solution ¢, =1, ¢, =4. Hence the desired particular solution is given by

yx) = e+ 4e™ - 2.

Imposition of the initial conditions y(0) =4, »’(0) =8 on the general solution

v(x) = ¢e’cosx+c,e’ cosx+x+1 yields the two equations ¢, +1=4, ¢,+¢, +1=8
with solution ¢, =3, ¢, =4. Hence the desired particular solution is given by

y(x) = € Bcosx+t4sinx)+x+1.

Lyl = Ly + 3] = Ll + L] = f+g
(@ v =2and y» = 3x b y=y+y, =2+3%k
The equations

c1tex+ 03x2 = 0, ¢t 2e3x+ 0, 2¢3 = 0
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(the latter two obtained by successive differentiation of the first one) evidently imply —
by substituting x =0 —that ¢; = ¢» = ¢3 = 0.

If you differentiate the equation ¢, +¢,x+c,x> +---+¢,x" = 0 repeatedly, n times in
succession, the result is the system

cytex+ex’+-+e,x" =0

e +2¢,x++nc,x" =0

(n—=Dlc,,+nlcx =0

nlc, =0

of n+l equations in the n+l1 coefficients c,, ¢, c,, ---,¢,. Upon substitution of
x =0, the (k+1)st of these equations reduces to k!¢, = 0, so it follows that all these
coefficients must vanish.

If coe™ + cxe™ + -+ + ¢,x"e™ = 0, then division by €™ yields
cotex+-+ex' =0,

so the result of Problem 28 applies.

When the equation x%y” - 2x)’ + 2y = 0 is rewritten in standard form

V' (-2/x)y + (2/x2)y =0,

the coefficient functions pi(x) = -2/x and ps(x) = 2/x* are not continuous at x = 0.
Thus the hypotheses of Theorem 3 are not satisfied.

(a) Substitution of x =a in the differential equation gives y"(a) = — p v'(a)—q(a).

() If ¥(0) = 1 and »’(0) = 0, then the equation " - 2y’ - 5y = 0 implies that
¥(0) = 2/(0) +51(0) = 5.

Let the functions yi, y2, ==, ¥» be chosen as indicated. Then evaluation at

x = a ofthe (k- 1)st derivative of the equation ¢y + coys + - ¢y, = 0 yields

¢ = 0. Thus ¢; = ¢ = -+ = ¢, = 0, so the functions are linearly independent.

This follows from the fact that
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a b c|=(b-a)c-b)c—a)

34. W(f1, f2, =+, fn) = Vexp(rx), and neither V' nor exp(rix) vanishes.

36. If y=vy, then substitution of the derivatives
=Wy Y = e ni e,
in the differential equation y”+ py’'+qy =0 gives
["3’1”"' 2vy + "”3’1] + p["y; + "’3’1] + Q[VJ’J =0,
vl + pyi+an ]+ + 205+ py = 0.

But the terms within brackets vanish because v, is a solution, and this leaves the
equation
'+ (2J’1, +pn)v =0

that we can solve by writing

v_, =28 p = = —21nyf—fp(x)dx+lnC,
V »

2
b

~[prds
Vi(x) = %e_jp(x)dx = vx) = CJe dx+K.
b4

With C=1 and K =0 this gives the second solution
e—jp(x)dx

¥,(x) = J’I(X)J .
y

1

37.  When we substitute y =vx’ in the given differential equation and simplify, we get the
separable equation xv”"+1" =0 that we solve by writing

— = —l = Inv = -lnx+In4,

S é = v(x) = Alnx+ B.
X

With A4=1 and B=0 we get v(x)=Inx and hence y,(x)=x"Inx.
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When we substitute y =vx’ in the given differential equation and simplify, we get the
separable equation xv”"+7v" =0 that we solve by writing

v’ 7 ,
—=-— = Inv = -7lnx+In4,
Vv X
A
Vo= = = vx) = —§+B

With 4=-6 and B =0 we get v(x)=1/x° and hence y,(x)=1/x".

When we substitute y =ve*’? in the given differential equation and simplify, we
eventually get the simple equation v” =0 with general solution v(x)= Ax+ B.
With 4=1 and B=0 we get v(x)=x and hence y,(x)=xe"’.

When we substitute y =vx in the given differential equation and simplify, we get the
separable equation v"—1" =0 that we solve by writing

— =1 = Inv = x+In4,
Vv

Vv = det = v(x) = de" +B.
With 4A=1 and B=0 we get v(x)=¢e" and hence y,(x)=xe".
When we substitute y =ve" in the given differential equation and simplify, we get the
separable equation (14 x)v”+ xv" =0 that we solve by writing

¢ 1
Lo X o l+— = Inv =-x+n(l+x)+In4,
% 1+x 1+x

Vo= A(l+x)e™ = v(x) = 4 j(l +x)e " dx = —AQ2+x)e " +B.

With 4=-1 and B=0 we get v(x)=(2+x)e”" and hence y,(x)=2+x.

When we substitute y =vx in the given differential equation and simplify, we get the

separable equation x(x* —1)»" =27 that we solve by writing
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43.

44.

v’ 2 2 1 1

VXD x d4x 1-x
Inv' = =2Inx+In(1+ x)+In(1-x)+In 4,
2
Vv = sz) = A(Lz—]j =  v(x) ZA(—l—xj+B.
x x x

With 4=-1 and B=0 we get v(x)=x+1/x and hence y,(x)=x"+1.

When we substitute y =vx in the given differential equation and simplify, we get the

separable equation x (x> —1)v"=(2—4x")v’ that we solve by writing

Y _2-4 _ 2 1 1

Vo ox(x*-1)  x l+x l-x
Inv' = =2Inx—In(1+x)—In(1-x)+In 4,

, A 1 1 1
vy = o . — A —2+ + .
x(1-x7) x° 2(0+x) 2(1-x)

v(x) = A(—%+%lﬂ(l+x)—%ln(l —x)j+B.

With 4=-1 and B =0 we get

v(x)=l—lln(l+x)+lln(l—x) = p(x) = l—iln“——x.
x 2 2 2

1—-x

When we substitute y =vx~"?cosx in the given differential equation and simplify, we
eventually get the separable equation (cosx)v” =2(sinx)v” that we solve by writing

v 2sinx

v/ cosx
v = Asec’x = v(x) = Atanx+B.

Iny' = —2In|cosx|+In4 = Insec’ x+In 4,

With 4=1 and B=0 we get v(x) = tanx and hence

1 1

y,(x) = (tanx)(x""*cosx) = x~*sinx.
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SECTION 5.3
HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

This is a purely computational section devoted to the single most widely applicable type of
higher order differential equations — linear ones with constant coefficients. In Problems 1-20,
we write first the characteristic equation and its list of roots, then the corresponding general
solution of the given differential equation. Explanatory comments are included only when the
solution of the characteristic equation is not routine.

1. =4 = (r=2)(r+2) = 0; r=-2,2; p(x)= g™+
2. 27t =3r = r(2r=3) =0, r =0,3/2; y(x)=c + 0y
3. PP +3r-10 = (r+5)(r-2) = 0; r =-52; y(x)= c1e™ + e

4. 277 =Tr43 = (2r=-1)(r-3) = 0, r =1/2,3% p(x)= cie”’ + e

3x

5. P +6r+9 (r+3)2 =0, r=-3-3 px)=ce™+cwxe

6.  r+5r+5=0, r=(-5+5)/2
1(x) = e [erexp(x53/2) + crexp(-x~/5 /2)]

7. 47 12,49 = (2r=3) = 0, r =-3/2,-3/2  y(x)= c1e”” + ce™”

8. P’ —6r+13

0; 7 =(62+-16)/2 = 3£2i;  y(x)= €"(cicos 2x + casin 2x)

9. P +8r+25=0; r :(—8im)/2 =—4%3i;  p(x)= e ™(cicos 3x + ¢sin 3x)
10. 5 +3r = P (5r+3) =0, r =0,0,0,-3/5 y(x) = ¢+ eox + o + cqe P
11. -8~ +16r° =+ (r—4)2 =0, r=0044 yx)=c +cx+tcze™ +eme™
12. =33 - = r(r—l)3 =0, r=0111 px)=c +ce"+cxe' + e

13. 97 +127%+4r=r(3r+2) = 0; r =0,-2/3,-2/3

-2x/3 -2x/3

yx) = c1t+ e + c3xe
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

M3t —4 = (rz—l)(r2+4) =0, r=-11%2i

Ty —

(x) = cie’ + cre™ + c3c0s 2x + c48in 2x
)

4 =87 +16 = (P =4) = (r=2°(r+2) = 0, r =2,2,-2,-2

2x X

y(x) = c1e” + caxe™ + ez + cqxe”

P 187481 = (P 4+9) = 0 r o= £30,%3i
y(x) = (c1 + cax)cos 3x + (¢35 + cax)sin 3x

6 +117 +4 = 2P +1)(3rP+4) = 0, r = +i/J2,+2i/3,
y(x) = cicos(x/ \/5) + sin(x/\/z) + c3cos(2x/ \/g) + c48in(2x/ \/g)

r* =16 = (r2—4)(r2+4) =0, r=-22+2i

2 O .
Y(x) = cre™ + ce” + 3008 2x + ¢q8in 2x

P+rt-r-1= r(r2—1)+(r2—1) = (r—l)(r+l)2 =0 r=1-1-1

y(x) = ¢’ + e+ ezxe™

A2 137 = (P 1) = 00 (1£4310)/2, (1543172
y = e™(c1 + exx)cos(x~f3/2) + e (cs + cqx)sin(x 3 /2)
Imposition of the initial conditions y(0)=7, y’(0) =11 on the general solution

y(x) = ce’ +c,e’ yields the two equations ¢, +¢, =7, ¢, +3c, =11 with solution

¢, =35, ¢, =2. Hence the desired particular solution is y(x) = 5¢* +2¢™".

Imposition of the initial conditions 3(0) =3, »’(0) =4 on the general solution

y(x) = e [cl cos(x/ NE) ) +c, sin(x/ NE) )} yields the two equations

¢ =3, —¢/3+c¢c,/ 3 =4 with solution ¢ =3 c¢= 54/3. Hence the desired particular
solution is y(x) = e‘m[3c0s(x/\/§)+5\/§sin(x/\/§)}.

Imposition of the initial conditions 3(0) =3, »’(0) =1 on the general solution

y(x) = (¢ cosdx+c,sindx) yields the two equations ¢, =3, 3¢, +4c, =1 with
solution ¢, =3, ¢, =—2. Hence the desired particular solution is

y(x) = (3 cos 4x - 2 sin 4x).
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24.  Imposition of the initial conditions y(0)=1, »’(0)=-1, y”(0)=3 on the general

x/

solution y(x) = ¢ +c,e® +c,e”™’” yields the three equations

¢te,+e, =1, 2¢,—¢;/2=-1, 4c,+c,;/4=3

with solution ¢, =-7/2, ¢,=1/2, ¢, =4. Hence the desired particular solution is
y(x) = (-7+ e+ 8e7)/2.

25.  Imposition of the initial conditions y(0)=—1, »"(0)=0, y"(0)=1 on the general

—2x/3

solution y(x) = ¢, +c,x+¢e yields the three equations

¢te,=-1, ¢,-2¢,/3=0, 4c,/9=1

with solution ¢, =-13/4, ¢, =3/2, ¢; =9/4. Hence the desired particular solution is
p(x) = (13 + 6x+ 9 >7)/4.

26.  Imposition of the initial conditions y(0)=1, »’(0)=-1, »"(0)=3 on the general

solution y(x) = ¢ +c,e”  +c,xe” yields the three equations
¢+c,=3, =5¢,+c¢;=4, 25¢,—10c;=5

with solution ¢, =24/5, ¢, =-9/5, ¢, =—5. Hence the desired particular solution is
y(x) = (24 - 9™ - 25xe”)/5.

27.  First we spot the root 7 = 1. Then long division of the polynomial 7 + 37> — 4
by r - 1 yields the quadratic factor »*+4r+4 = (r+2)’ with roots

r = -2, -2. Hence the general solution is y(x) = c1e* + cre™™ + esxe ™.

28.  First we spot the root » = 2. Then long division of the polynomial 2/° - #* - 5r - 2
by the factor 7 - 2 yields the quadratic factor 2/ +3r+1 = (2r+ 1)(r+ 1) with roots
r = -1, -1/2. Hence the general solution is p(x) = cie™ + cre™ + e3¢ ™

29. First we spot the root » = —3. Then long division of the polynomial 7 +27 by
r+ 3 yields the quadratic factor > —3r+9 withroots r=3 (1 +i3 )/ 2. Hence the

general solution is 1(x) = cie”™ + ¢ [c2008(3x~/3 /2) + ¢3 sin(3x 3 /2)].

30.  First we spot the root » = -1. Then long division of the polynomial

AP+ -3r-6
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31.

32.

33.

34.

35.

36.

by r+1 yields the cubic factor - 27 + 3r - 6. Next we spot the root 7 = 2, and
another long division yields the quadratic factor 7* +3 with roots r = +i V3. Hence

the general solution is p(x) = cie™ + c2¢™ + ¢3¢08 x\3 +cssinx+/3.

The characteristic equation 7 + 37>+ 4r - 8 = 0 has the evident root » = 1, and long
division then yields the quadratic factor /> +4r+ 8 = (r+2)*+ 4 corresponding to the
complex conjugate roots -2+ 2 i. Hence the general solution is

y(x) = ci1e' + e (crc0s 2x + ¢3sin 2x).

The characteristic equation #*+7° - 3/2 - 57 -2 = 0 hasroot r = 2 that is readily
found by trial and error, and long division then yields the factorization

(r-2)r+17 = 0.
Thus we obtain the general solution y(x) = cie™ + (c2 + c3x + caxd)e™.

Knowing that y = ¢ is one solution, we divide the characteristic polynomial
¥+ 31 - 54 by r- 3 and get the quadratic factor

PHer+18 = (r+3)°+9.

Hence the general solution is p(x) = ¢1e™ + e (cycos 3x + c3sin 3x).
Knowing that y = ¢ is one solution, we divide the characteristic polynomial

3/° - 27+ 12r - 8 by 3r - 2 and get the quadratic factor /* + 4. Hence the general
solution is

2x/3

y(x) = ci1e”” + cacos 2x + ¢38in 2x.

The fact that y = cos 2x is one solution tells us that 7% + 4 is a factor of the
characteristic polynomial

61 + 5°° + 2517 + 207 + 4.

Then long division yields the quadratic factor 67° +5r+1 = (3r+1)(2r+1) with roots
r=-=1/2,-1/3. Hence the general solution is

-x/2 -x/3

y(x) = cie” "+ e+ c3c08 2x + ¢48in 2x

The fact that y = e “sinx is one solution tells us that (r+ 1)*+1 = /* +2r+2
is a factor of the characteristic polynomial

95 + 1177 + 4r - 14,
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Then long division yields the linear factor 9r - 7. Hence the general solution is

Tx/9

V() = cre”™” + e (cacos x + ¢3sin x).

37.  The characteristic equation is 7 = =r(r=1)=0, sothe general solution is

y(x) = A+Bx+Cx*+De", Imposition of the given initial conditions yields the
equations

A+D =18, B+D =12, 2C+D =13, D =7
with solution A=11, B=5 C=3, D=7. Hence the desired particular solution is
y(x) = 11+5x+3x* +7¢€",
38.  Given that =35 is one characteristic root, we divide (r—35) into the characteristic
polynomial 7 =57 +1007—500 and get the remaining factor 7°+100. Thus the
general solution is

y(x) = Ae™ +Bcos10x +Csinl0x |

Imposition of the given initial conditions yields the equations

A+B =0, 54+10C =10, 254-1008 = 250

with solution 4=2, B=-2, C=0. Hence the desired particular solution is
y(x) = 2¢” —2cos10x |

39. (r=2)’ = r —6r> +12r -8, so the differential equation is
Y —6y"+12y' -8y = 0,
40. (r—-2)(r’+4) = r =2r  +4r-8, so the differential equation is
¥'=2y"+4y’ =8y = 0,
41.  (F+4)(7 —4) = r* —16, so the differential equationis y* —16y = 0.
42.  (r+4) = r*+12r" + 48/ + 64, so the differential equation is
YO +129@ +48y"+64y = 0,

44. (@) x =i, -2i ®d)  x = -i,3i
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45.

46.

47.

48.

49.

50.

The characteristic polynomial is the quadratic polynomial of Problem 44(b). Hence the
general solution is

(x) = ce ™ +c,e™ = ¢ (cosx—isinx)+c,(cos3x+isin3x).
) 1 2 1 2

The characteristic polynomial is 7> —ir+6 = (r+2i)(r —3i) so the general solution is
polyn

ix

p(x) = ¢ +c,e”™ = ¢(cos3x+isin3x)+c,(cos2x —isin2x).

The characteristic roots are r = -2+ 2if3 =+ (I+ i3 ) so the general solution is

(1+i3)x —(+i3)x

y(x) = ce +ce = cle"(cos 3x+isin\/§x)+c2e_"(cos 3x—isin 3x)
The general solution is p(x) = Ae* + Be™ + Cé™ where o = (-1 +i~/3)/2 and

f=(-1-i NE) )/2. Imposition of the given initial conditions yields the equations

A+ B+ C =1
A+oB+ BC =0
A+0’B+[°C = 0

that we solve for 4 = B = C = 1/3. Thus the desired particular solution is given
by y(x) = %(e’“ IR 1 ), which (using Euler's relation) reduces to the

given real-valued solution.

The general solution is y = Ae™ + Be™ + C cos x + D sin x. Imposition of the given
initial conditions yields the equations

A+B+C =0
24-B +D =0
44+B-C =0

84-B —-D = 30
that we solvefor 4 = 2, B = -5, C = 3, and D = -9. Thus
y(x) = 2™ - 5¢™+ 3 cosx - 9sinx.

If x>0 then the differential equation is "+ y =0 with general solution
y=Acosx+Bsinx.. Butif x<0 itis y»”—y =0 with general solution
y=C coshx+ Dsinx. To satisfy the initial conditions y,(0)=1, »{(0)=0 we choose
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S1.

A=C=1 and B=D=0. Butto satisfy the initial conditions y,(0)=0, y,(0)=1 we
choose 4=C=0 and B=D =1. The corresponding solutions are defined by

) cosx if x=0, ) sinx if x=0,
> X = ) (X =
N coshx if x<0, 2 sinh x if x<0.

In the solution of Problem 51 in Section 3.1 we showed that the substitution v=1nx
gives

» d* 1 d 1 d°
y/ — ﬂ — lﬂ and Y = J; _ __2,14._2‘ )21'
dx x dv dx x° dv x° dv

A further differentiation using the chain rule gives

pody _2.dy 3 dy 1 dy
! dx’ > odv At X

Substitution of these expressions for 3’, 3", and y” into the third-order Euler equation

ax’y” +bx*y"+cxy’+d y = 0and collection of coefficients quickly yields the desired

constant-coefficient equation
d’y

3
v

a +(b—3a)

2

2
TV e—br20)Pvdy = 0,
dv dv

In Problems 52 through 58 we list first the transformed constant-coefficient equation, then its
characteristic equation and roots, and finally the corresponding general solution with v =Inx

and e" =x.
d’y 2
52. ~+9y =0, r+9=0;, r=413i
dv
y(x) = ¢ cos(3v)+c,sin(3v) = ¢ cos(3Inx)+c,sin(3lnx)
2
53, 94X 6D 05y =0 Pa6re25=0; r=-3tdi
dv dv
y(x) = e[ cos(4v)+c,sin(4v)] = x7[¢,cos(4Inx)+c, sin(41n x)]
d’y _d’y 3 )
5. L2438 g Pu3i=0; r=0,0,-3
dv dv
p(x) = ¢ +ey+ee” = ¢ +e,Inx+cex”
3 2
55, 4Y 49V 4 _ o S oariar=0; =0, 2,2
dv dv dv
y(x) = ¢ +ce” +ewe” = ¢ +x° (¢, +¢1nx)
252 Chapter 5



d3y 3

6. ZX =0 r=0 r=0,00
v
y(x) = ¢ +ey+ey’ = ¢ +eInx+e(Inx)’
1 2 3 1 2 3
3 2
57. 94X 54V s o o 42idr=0; r=0, 3545
dv dv dv
P(x) = ¢+, eV et = c1+x3(c2x"‘/§+c3x+‘/§)
d’y Ay dy a0
S8. ~+3—+3—+y =0, r+3r +3r+1=0, r=-1-1-1
dv dv dv
y(x) = ce’+epye +epvie” = x| ¢ +e,Inx+c,(Inx)’
1 2 3 1 2 3
SECTION 5.4

Mechanical Vibrations

In this section we discuss four types of free motion of a mass on a spring — undamped,
underdamped, critically damped, and overdamped. However, the undamped and underdamped
cases — in which actual oscillations occur — are emphasized because they are both the most
interesting and the most important cases for applications.

1.

Frequency: @, =vk/m =~16/4 =2 rad/sec=1/7 Hz
Period: P=2n/w,=2n/2= 7 sec

Frequency o), =k/m =+/48/0.75=8 rad/sec=4/7 Hz
Period: P=27n/w,=27/8= m/4 sec

The spring constant is £ = 15N/0.20m = 75 N/m. The solution of 3x” +75x = 0
with x(0) = 0 and x’(0) = -10 is x(¥) = -2 sin 5t. Thus the amplitude is 2 m; the
frequency is @, =vk/m =+/75/3 =5 rad/sec =2.5/7 Hz; and the period is 27/5 sec.

(1) With m = 1/4kg and k = (9N)/(0.25m) = 36 N/m we find that @ = 12
rad/sec. The solution of x”+ 144x = 0 with x(0) = 1 and x(0) = -5 is

x(t) = cos 12t - (5/12)sin 12¢
= (13/12)[(12/13)cos 12¢ - (5/13)sin 12¢f]
x() = (13/12)cos(121 - o)

Section 5.3 253



10.

254

where o = 27 - tan”'(5/12) = 5.8884.

() C=13/12 = 1.0833m and 7 = 274/12 = 0.5236 sec.

The gravitational acceleration at distance R from the center of the carth is g = GM/R’.
According to Equation (6) in the text the (circular) frequency @ of a pendulum is given

by & = g/L = GM/R’L, soits period is p = 27w = 27RJL/GM .

If the pendulum in the clock executes n cycles per day (86400 sec) at Paris, then its
period is p; = 86400/n sec. At the equatorial location it takes 24 hr 2 min 40 sec =
86560 sec for the same number of cycles, so its period there is p, = 86560/n sec. Now
let Ry = 3956 mi be the Earth’s "radius" at Paris, and R, its "radius" at the equator.
Then substitution in the equation p;/p, = Ri/R, of Problem 5 (with L; = L,) yields
R> = 3963.33 mi. Thus this (rather simplistic) calculation gives 7.33 mi as the thickness
of the Earth's equatorial bulge.

The period equation p = 3960+/100.10 = (3960 + x)4/100 yields x = 1.9795 mi =
10,450 ft for the altitude of the mountain.

Let n be the number of cycles required for a correct clock with unknown pendulum
length L, and period p, to register 24 hrs = 86400 sec, so np, =86400. The given

clock with length L, = 30 in and period p, loses 10 min = 600 sec per day, so
np, =87000. Then the formula of Problem 5 yields

i_pl_@_86400

L, P, np, 87000
so L, =(30)(86400/87000)° =29.59 in.
The F = ma equation p7rr2hx” = p7z'r2hg - m’xg simplifies to
X"+ (g/ph)x = g.
The solution of this equation with x(0) = x'(0) = 0 is
x(1) = ph(l - cos ant)

where ay = \/g/ph. With the given numerical values of p, 4, and g, the amplitude of
oscillation is ph = 100 cm and the period is p = 27Jph/g = 2.01 sec.
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11.

12.

13.

14.

The fact that the buoy weighs 100 1b means that mg = 100 so m = 100/32 slugs.
The weight of water is 62.4 Ib/ft’, sothe F = ma equation of Problem 10 is

(100/32)x" = 100 - 62.47m"x.
It follows that the buoy's circular frequency @ is given by
o = (32)(62.4m)r%/100.

But the fact that the buoy’s period is p = 2.5 sec means that @ = 27/2.5. Equating
these two results yields » = 0.3173 ft = 3.8 in.

(a)  Substitution of M, = (#/Ry’M in F, = -GM,m/r" yields
F, = -(GMm/Ryr.

(b)  Because GM/R’ = g/R, the equation mr" = F, yields the differential equation
r'"+(g/Ryr = 0.

(c) The solution of this equation with #(0) = R and r'(0) = 0 is r(f) = Rcos ant
where ay = \/g/R. Hence, with g = 32.2 fi/sec” and R = (3960)(5280) ft, we find
that the period of the particle’s simple harmonic motion is

p =2mm = 2n\R/g = 5063.10sec = 84.38 min.

(a) The characteristic equation 107” +9r+2 = (57 +2)(2r+1)=0 has roots
r=-2/5,-1/2. When we impose the initial conditions x(0)=0, x’(0)=35 on the

. —21/ Yy
general solution x(r) = ¢ +c,e”

x(t) — 50(6_2[/5—6_[/2).

* we get the particular solution

(b)  Thederivative x'(r) = 25¢ -20€7"" = 5¢7"°(5¢7""-4) = 0
when ¢ = 10 In(5/4) = 2.23144. Hence the mass's farthest distance to the right
is given by x(10In(5/4)) = 512/125 = 4.096.

(a)  The characteristic equation 25r% +10r+226 = (57 +1)° +15° =0 has roots
r = (=1£15i)/5 = —1/5+3i. When we impose the initial conditions

x(0)=20, x’(0) =41 on the general solution x(¢) = ¢™°(A4cos3t+ Bsin3t) we
get 4 =20, B=15. The corresponding particular solution is given by
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x(t) = e"’(20cos3t+15sin3t) = 25¢ " cos(3t—r) where
o = tan'(3/4) = 0.6435.

—t/5

(b) Thus the oscillations are "bounded" by the curves x = +25e¢ and

the pseudoperiod of oscillationis 7 = 27/3 (because w=3).

15.  With damping The characteristic equation (1/2)r* +3r+4 =0 hasroots r=-2,—4.
When we impose the initial conditions x(0) =2, x’(0)=0 on the general solution

" we get the particular solution x(¢) = 4e™* - 2¢™* that describes

x(t)=ce +c,e
overdamped motion.

Without damping The characteristic equation (1/2)7*+4 =0 hasroots r== 2i2.
When we impose the initial conditions x(0) =2, x’(0) =0 on the general solution
u(t)y= Acos(2\/5 H+B sin(2\/5 t) we get the particular solution u(r) =2 cos(2\/5 t).
The graphs of x(¢) and u(¢z) are shown in the following figure.

16.  With damping The characteristic equation 37” +30r+63 =0 has roots r=-3,-7.
When we impose the initial conditions x(0) =2, x’(0) =2 on the general solution
x(1)=ce” +c,e”’" we get the particular solution x(f) = 4e™' - 2¢””" that describes
overdamped motion.

Without damping The characteristic equation 37> +63 =0 hasroots r =% iN21.
When we impose the initial conditions x(0) =2, x’(0)=2 on the general solution

u(ty=A4 cos(\/ﬁ H+B sin(\/ﬁ t) we get the particular solution

u(t) =2cos(v211)+ %sin(\/ﬁ £) =~ 2\/% cos(~/211-0.2149).

The graphs of x(¢) and u(¢) are shown in the figure at the top of the next page.
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17.

18.

With damping The characteristic equation »°+8r+16=0 hasroots r=-4,—4.
When we impose the initial conditions x(0) =5, x’(0) =—10 on the general solution
x(t) = (c,+c,t)e™ we get the particular solution x(r)=5e*(2¢+1) that describes
critically damped motion.

Without damping The characteristic equation 7°+16=0 has roots r =*4i. When
we impose the initial conditions x(0)=35, x’(0)=-10 on the general solution
u(t) = Acos(4t)+ Bsin(41) we get the particular solution

u(t) = 5cos(41) + %sin(4 £~ %\/5 cos(41—5.8195).

The graphs of x(¢) and u(¢) are shown in the following figure.
5
X
f s T
u

With damping The characteristic equation 27° +127+50=0 has roots »=—-3+4i.
When we impose the initial conditions x(0) =0, x’(0)=—8 on the general solution

x(t) = e (Acos4t+ Bsin4t) we get the particular solution

x(ty=-2esin4t = 2e” cos(4t —37/2) that describes underdamped motion.
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Without damping The characteristic equation 27° +50=0 has roots r =*5i. When
we impose the initial conditions x(0)=0, x’(0)=—8 on the general solution
u(t) = Acos(5t)+ Bsin(5t) we get the particular solution

3

u(t)= —%sin(S )= %COS(St_Tj :

The graphs of x(¢) and u(¢) are shown in the following figure.

_ /.

The characteristic equation 47° +20r+169 =0 hasroots »=-5/2+6i. When we
impose the initial conditions x(0) =4, x’(0) =16 on the general solution

x(t)=e""*(Acos6t + Bsin6t) we get the particular solution

x(f) = e[ 4 cos 61 + %sin 6t] = %\/313 e™"? cos(6t - 0.8254)

that describes underdamped motion.

Without damping The characteristic equation 47° +169 =0 has roots r==+13i/2.
When we impose the initial conditions x(0) =4, x’(0) =16 on the general solution
u(t) = Acos(13t/2)+ Bsin(13¢/2) we get the particular solution

1 ¢ .
u(t) = 4oos| 2L +2 13t - 4\/233c0s —t—05517
2 13 2
X
-4 u
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20.

21.

With damping The characteristic equation 27 +16r+40=0 has roots r=—-4%2i.
When we impose the initial conditions x(0) =35, x’(0) =4 on the general solution

x(¢) =e™" (Acos 2t + Bsin 2t ) we get the particular solution

x(f) = e™(5 cos 2t + 12 sin 26) = 13 e *cos(2r - 1.1760)

that describes underdamped motion.
Without damping The characteristic equation 27 +40 =0 has roots r =% 2451,
When we impose the initial conditions x(0) =35, x’(0) =4 on the general solution

u(ty=4 cos(2\/§ H+B sin(2\/§ t)we get the particular solution
u(t) = Scos(25¢)+ isin(zﬁt) e cos(24/51-0.1770).
5 5

The graphs of x(¢) and u(¢) are shown in the following figure.

With damping The characteristic equation 7°+10r+125=0 has roots »=-5%10i.
When we impose the initial conditions x(0) =6, x’(0) =50 on the general solution

x(t)=e”" (Acos10z + Bsin10¢) we get the particular solution
x(f) = e'(6 cos 107+ 8 sin 107) = 10 e>'cos(107 - 0.9273)

that describes underdamped motion.
Without damping The characteristic equation 7> +125=0 has roots r =% 551,
When we impose the initial conditions x(0) =6, x’(0) =50 on the general solution

u(ty=A4 cos(S\/g tH)y+B sin(S\/g tywe get the particular solution
u(t) = 6cos(5v/5¢)+2V5sin(5v51) ~ 2414 cos(5v/51-0.6405).

The graphs of x(¢) and u(¢) are shown in the figure at the top of the next page.
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X
-6 u
22. (a) With m = 12/32 = 3/8slug, ¢ = 3 Ib-sec/ft, and k& = 24 Ib/ft, the differential
cquation is equivalent to 3x” + 24x” + 192x = 0. The characteristic equation

3/ +24r+192=0 hasroots r=—4%4+/3i. When we impose the initial conditions
x(0)=1, x’(0)=0 on the general solution x(z)=e™" (Acos 413 + Bsin4t3 ) we get

the particular solution
x(t) = e¥[cos 413 + (1/3 )sin 4143 ]
= 2/\3)e™ (N3 12)cos 4t[3 + (1/2)sin 4¢3 ]
x(f) = (2/\3)e ¥ cos(4t\3 —7/6).

(b)  The time-varying amplitude is 2/ V3 = 1.15ft; the frequency is 43 = 6.93
rad/sec; and the phase angleis 7/6.

23.  (a) With m = 100 slugs we get @ = +k/100. But we are given that
@ = (80 cycles/min)(27)(1 min/60 sec) = 84/3,
and equating the two values yields £ = 7018 Ib/ft.

()  With @ = 24(78/60) sec”', Equation (21) in the text yields ¢ = 372.31
Ib/(ft/sec). Hence p = ¢/2m = 1.8615. Finally e® = 0.01 gives t = 2.47 sec.

30. In the underdamped case we have

x(f) = e?'[4 cos ant + B sin wi],

¥'(f) = -pe’'[A4 cos ant+ B sin ayt] + e ?'[-Awisin wit + Baycos wit].

The conditions x(0) = xp, x’(0) = vy yield the equations 4 = x¢ and
-pA+ Bw = vy, whence B = (vo + pxo)/ an.
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31.

32.

33.

34.

The binomial series

a(O!—l)x2+ 0{(0{—1)(0!—2)X3+___
!

(1+x)" = I+ox+ 3

converges if |x| <1. (See, for instance, Section 11.8 of Edwards and Penney, Calculus,

6th edition, Prentice Hall, 2002.) With a=1/2 and x=-c¢’/4mk in Eq. (21) of
Section 5.4 in this text, the binomial series gives

SR /k ¢’ ,k ’ c’
= — = _— = — 1_
“ @ =P m  4m? m Admk
k ¢’ ¢ ¢’
= [f—|1- - — | =@y 1= .
m 8mk 128m°k 8mk

If x(f) = Ce™'cos(amt - @) then

¥'(f) = -pCe™'cos(wyt - ) + Cane™ sin(ant - &) = 0
yields tan(anf - &) = -p/ .

If x; = x(t;) and x, = x(t;) are two successive local maxima, then wt, = wt; +27x
SO

x1 = Cexp(-pt1) cos(mty - @),
xy = Cexp(-pty) cos(anty - o) = Cexp(-pty) cos(mt, - o).
Hence xi/x> = exp[-p(t1 - )], and therefore
11’1()61/)62) = —p(tl - tz) = 271]?/(01
With 7 = 0.34 and £, = 1.17 we first use the equation ant, = wit; + 27 from
Problem 32 to calculate @ = 2/(0.83) = 7.57 rad/sec. Next, with x; = 6.73 and
x, = 1.46, the result of Problem 33 yields
p = (1/0.83) In(6.73/1.46) = 1.84.
Then Equation (16) in this section gives
¢ = 2mp = 2(100/32)(1.84) = 11.51 Ib-sec/ft,

and finally Equation (21) yields

k = (4m* @’ + P)/4m = 189.68 Ib/fi.
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35.

36.

37.

38.

262

The characteristic equation 7°+2r+1=0 hasroots »=-1,—1. When we impose the
initial conditions x(0)=0, x’(1)=0 on the general solution x(1)=(c, +¢,t)e”" we get

the particular solution x,(r) = te™".

The characteristic equation 7*+2r+(1-107")=0 hasroots »=-1£10"". When we
impose the initial conditions x(0) =0, x’(1) =0 on the general solution

x(t) = ¢jexp| (—1+107 )t |+ ¢ exp| (~1-107" )]
we get the equations

¢+e, =0, (=1+107 )¢ +(-1-10")¢, = 1

with solution ¢, =2"7'5", ¢, =2""'5". This gives the particular solution

x,(1) = 10"e—’(e"p(10 ) _;XP(_IO t)J = 10"¢™ sinh(10™"1).

The characteristic equation 7* +2r+(1+107")=0 hasroots r=-1£10""i. When we
impose the initial conditions x(0) =0, x’(1) =0 on the general solution

x(1) = e[ Acos(1071)+ Bsin(1071)
we get the equations ¢, = 0, —¢ +10™"¢, = 1 withsolution ¢, =0, ¢, =10". This

gives the particular solution x,(¢) = 10" sin(107"¢).

lim x,(r) = lim 10" sinh(10™"7) = re” - limST0UOD _ )t ng

noe 107"

b

lim x,() = lim 10"¢” sin(10™"¢) = te_’-lim% = te”

using the fact that 1012% (sin@)/0 = 1012% (sinh8)/60 = 0 (by L'Hopital's rule, for

instance).

Chapter 5



SECTION 5.5

NONHOMOGENEOUS EQUATIONS AND
THE METHOD OF UNDETERMINED COEFFICIENTS

The method of undetermined coefficients is based on "educated guessing". If we can guess
correctly the form of a particular solution of a nonhomogeneous linear equation with constant
coefficients, then we can determine the particular solution explicitly by substitution in the given
differential equation. It is pointed out at the end of Section 5.5 that this simple approach is not
always successful — in which case the method of variation of parameters is available if a
complementary function is known. However, undetermined coefficients does turn out to work
well with a surprisingly large number of the nonhomogeneous linear differential equations that
arise in elementary scientific applications.

In each of Problems 1-20 we give first the form of the trial solution yy;,, then the equations in

the coefficients we get when we substitute iy into the differential equation and collect like
terms, and finally the resulting particular solution y;,.

1. Vo = A€ 254 =1, y, = (1/25)™

2. Vo = A+Bx; —-24-B=4, -2B=3; y, = -(5+6x)/4

3. Ve = Acos3x+Bsin3x; —154-3B=0, 34-158=2;
¥p = (cos 3x - 5sin 3x)/39

4. Vea = Ae"+Bxe’; 94+12B=0, 9B=3; y, = (-4¢ +3xe")/9

5. First we substitute sin’x = (1 - cos 2x)/2 on the right-hand side of the differential
equation. Then:

Ve = A+ Bcos2x+Csinlx; A=1/2, =3B+2C=-1/2, —=2B-3C=0;
¥p = (13 +3 cos 2x - 2 sin 2x)/26

6. Vet = A+Bx+Cx%; TA+4B+4C =0, 7TB+8C =0, 7C=1;
Vo = (4 - 56x +49x%)/343

7. First we substitute sinh x = (¢' - ¢™)/2 on the right-hand side of the differential
equation. Then:

Ve = A€"+Be™; —34=1/2, =3B=-1/2; y, = (e - ¢€")/6 = -(1/3)sinh x
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8. First we note that cosh 2x is part of the complementary function

vy, = ¢ cosh2x+c,sinh2x.. Then:

Vuu = X(Acosh2x+Bsinh2x); 44=0, 4B=1; y, = (1/4)x sinh 2x

9, First we note that ¢* is part of the complementary function y. = ¢ + cze'3x. Then:
Vo = A+x(B+Cx)e"; -34=1, 4B+2C =0, 8C =1,
yp = -(1/3) + (2x* - x)e*/16.

10.  First we note the duplication with the complementary function y, = ¢, cos3x+c, sin3x.
Then:
Vaw = X(Acos3x+Bsin3x); 6B=2, —64=3; vy, = (2xsin 3x - 3x cos 3x)/6

11.  First we note the duplication with the complementary function

Y. =¢x+c,cos82x+c¢ysin2x. Then:

Vuw = X(A+Bx); 44=-1,8B=3; y, = (3 - 2%)/8

12.  First we note the duplication with the complementary function
Y. =¢x+c,cosx+c;sinx. Then:

Vaw = Ax+x(Bcosx+Csinx); A=2, -2B=0, -2C=-1;
Yp = 2x+ (1/2)x sinx

13. vy, = € (Acosx+Bsinx); 7A+4B=0, —44+7B=1;
Yo = €'(7sinx - 4 cos x)/65

14.  First we note the duplication with the complementary function
v =(¢+cx)e" +(c;+¢,x)e’. Then:
Vew = ¥ (A+Bx)e"; 84+24B=0, 24B=1; y, = (-3x°¢" +x°e")/24
15.  This is something of a trick problem. We cannot solve the characteristic equation

7> +5r* =1=0 to find the complementary function, but we can see that it contains no

constant term (why?). Hence the trial solution y,_, = 4 leads immediately to the

trial

particular solution y, = -17.

16.  y,, = A+(B+Cx+Dx’)e™;
94=5, 18B+6C+2D =0, 18C+12D =0, 18D =2;
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Vo = 45+ " - 6xe™ + 9x*e™)/81

17.  First we note the duplication with the complementary function y, =c¢,cosx+c,sinx.
Then:
Vi = X[(A+ Bx)cosx+(C + Dx)sinx];
2B+2C=0, 4D=1,-24+2D=1,-4B=0;
— (v2q]
¥p = (x"sinx - x cosx)/4

18.  First we note the duplication with the complementary function
y, =ce t+cet+ce +c,e’”. Then:
Viial = ¥(4€") +x(B+ Cx) e*; —64=1, 12B+38C =0, 24C =—1;
yp = -(24xe" - 19xe™ + 6x7 ™)/ 144

19.  First we note the duplication with the part ¢, +¢,x of the complementary function
(which corresponds to the factor 7* of the characteristic polynomial). Then:
Viial = (A + Bx + CxY); 44+12B=-1, 12B+48C =0, 24C =3;
yo = (10x” - 4x” +x%)/8

20.  First we note that the characteristic polynomial 7 —r has the zero r=1 corresponding
to the duplicating part ¢* of the complementary function. Then:

Ve = A+x(Be'); —A4=7,3B=1; y, = -7+(1/3)x¢

In Problems 21-30 we list first the complementary function y., then the initially proposed trial
function y;, and finally the actual trial function y, in which duplication with the
complementary function has been eliminated.
2.y, = e"(¢cosx+c,sinx);

y, = e'(Acosx+ Bsinx)

y, = x-e"(Acosx+ Bsinx)

22. y, = (cl+c2x+c3x2)+(c4e")+(cse_");
¥ = (4+Bx+Cx*)+(De’)
y, = x3-(A+Bx+Cx2)+x-(Dex)
23. Y. = ¢ cosx+c,sinx;

v, = (A+Bx)cos2x+ (C+ Dx)sin2x
¥, = x-[(4+ Bx)cos2x +(C + Dx)sin2x]
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24, y, = ¢+ e et
y, = (A+Bx)+(C+ Dx)e™"
¥, = x-(A+Bx)+x-(C+Dx)e™

25. y, = ce+ee’;
¥, = (A+Bx)e™ +(C+Dx)e™

¥, = x-(A+Bx)e™ +x-(C+Dx)e™"

26. v, = ¢ (c cos2x+c,sin2x);
y. = (A+Bx)e’* cos2x +(C+ Dx)e’* sin2x
Yp = %[ (A+ Bx)e* cos 2x+(C+ Dx)e* sin2x |

27.  y. = (¢cosx+c,sinx)+(c;co82x +c,sin2x)
¥, = (Acosx+ Bsinx)+(Ccos2x+ Dsin2x)

y, = x-[(Acosx+Bsinx)+(Cc0s2x+Dsin2x)]

28.  y, = (¢ +¢,x)+(cyc083x+¢;sin3x)
y, = (A+Bx+Cx2)c0s3x+(D+Ex+Fx2)sin3x
y, = x-[(A+Bx+Cx2)c0s3x+(D+Ex+sz)sin3x]

29. VY. = (cl+c2x+c3x2)ex+c4ez"+cse_2";
y; = (A+Bx)e"+Ce”* +De™*
Y, = x3-(A+Bx)ex+x-(Ce2x)+x-(De_2x)

30,  y. = (q+ox)e+(c;+ex)e”

¥, =, :(A+Bx+Cx2)c0sx+(D+Ex+Fx2)sinx

In Problems 31-40 we list first the complementary function y., the trial solution y. for the
method of undetermined coefficients, and the corresponding general solution y, = y. +y, where
¥p results from determining the coefficients in y; so as to satisfy the given nonhomogeneous
differential equation. Then we list the linear equations obtained by imposing the given initial
conditions, and finally the resulting particular solution y(x).

31. V.

¢, cos2x +c¢,sin2x; v, = A+ Bx

Yy = € C082x+c,8in2x+x/2
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32.

33.

34.

35.

36.

37.

¢ =1, 2¢,+1/2 =2
y(x) = cos2x+(3/4)sin2x+x/2

X

y, = ¢qe +ee VY, = Ae’

Ve = ce +e e +et /6

¢ +te,+1/6 =0, —¢,—2¢,+1/6 =3

y(x) = (15¢7 =167 +¢")/6

v, = ¢cosd3x+c,sin3x;  y, = Acos2x+ Bsin2x
Yy = ¢ co83x+c,sin3x+(1/5)sin2x

¢ =1, 3¢,+2/5=10

y(x) = (15cos3x—2sin3x+3sin2x)/15

Y. = ¢ cosx+c,sinx;  y, = x-(Acosx+ Bsinx)
P, = €,C08X+c,sinx+3xsinx

¢ =1 ¢, =-1; y(x) = cosx—sinx+1txsinx

y. = e (¢eosx+g¢,sinx);  y, = A+Bx

v, = € (¢cosx+c,sinx)+1+x/2

q+l=3 ¢+c,+1/2 =0

y(x) = e"(4cosx—35sinx)/2+14+x/2

Yy, = qtoxtee e’ oy, = xz-(A+Bx+Cx2)

Y, = g textae e —x7/16-x1/48

otete, =1, ¢,=2¢;+2¢c,=1, 4c;+4c,-1/8=-1, —8¢c;+8c, =-1

y(x) = (234+240x-9¢ —33¢™ —12x° —4x*)/192

V. = qt+oe +texe;  y, = x-(4)+x*-(B+Cx)e’

Ve = c e texe +x—x’e /2+xe /6
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c+e, =0, ¢,+¢;+1 =0, ¢,+2¢,-1 =1

y(x) = 4+ x+e"(24+18x-3x" +x7)/6

38. A

e " (¢,cosx+c,sinx);  y, = Acos3x+ Bsin3x
y, = € (¢ cosx+c,sinx)—(6cos3x+7sin3x)/85
¢, —6/185 = 2, —¢,+¢,~21/85 = 0

y(x) = [e"‘ (176cosx+197sin x)—(6cos3x + 7sin3x)]/85

39. A

otextee™; oy, = xz-(A+Bx)+x-(Ce_")
Y, = o tex+oe —x7 /2457 /6+xe
c+e, =1, ¢,—c;+1 =0, ;-3 =1

y(x) = (—18+18x—3x2+x3)/6+(4+x)e_x

_ —X X 1 . —_
40. Y. = ce " +ce +ecosx+e,sinx; oy, = A
Y, = e +ce tecosx+e,siny =5
¢ te,+e;=5=0, —¢+c,+¢, =0, ¢+c,—¢c; =0, —¢+c,—c, =0

y(x) = (5¢7 +5¢" +10cos x—20)/4

41.  The trial solution y, = A4+ Bx+Cx’+ Dx’+ Ex* + Fx’ leads to the equations

24-B-2C—-6D+24E =0
—-2B-2C-6D-24E+120F =0
-2C-3D-12E-60F =0
—-2D—-4E-20F =0

—2E-5F =0

—2F =8

that are readily solve by back-substitution. The resulting particular solution is

y(x) = —255 - 450x + 30x7 + 20x° + 10x" - 4x°.
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42.

43.

44.

45.

The characteristic equation 7* —7> —r>—r—2 = 0 hasroots r=—1,2,%i so the
complementary functionis y, = ¢ *+c,e’ +c,cosx+¢,sinx. We find that the
coefficients satisfy the equations

¢ te,+e;—255 =10
—¢,+2¢,+¢,—450 = 0
¢ t4c,—c,+60 = 0
—c,+8c, —¢c, +120

Il
<o

Solution of this system gives finally the particular solution y =y, + y, where y, is the

particular solution of Problem 41 and

y, = 10e™+35¢°" +210cos x +390sin x.

(@)  cos3x+isin3x = (cosx+isinx)’

= cos’ x+3icos® xsinx —3cosxsin’® x —isin’ x
When we equate real parts we get the equation
cos’ x —3(cosx) (1 —cos’ x) = 4cos’ x —3cosx

and readily solve for cos’x = 2cosx+<cos3x. The formula for sin’x is derived
similarly by equating imaginary parts in the first equation above.

(b)  Upon substituting the trial solution y, = Acosx+ Bsinx+Ccos3x+ Dsin3x

in the differential equation y”+4y = 3cosx+Lcos3x, we find that 4 =1/4, B=0,
C=-1/20, D =0. The resulting general solution is

Y(x) = ci1cos 2x + ¢z8in 2x + (1/4)cos x - (1/20)cos 3x.

We use the identity sinxsin3x = 4cos2x—Zcos4x, and hence substitute the trial
solution y, = Acos2x+ Bsin2x+ Ccos4x+ Dsin4x in the differential equation
Y'+y'+y = Lcos2x—Lcosd4x. We find that 4 =-3/26, B=1/13, C=-14/482,
D =2/141. The resulting general solution is

3(x) = e (1 cos x+f3/2 + ¢y sin x~/3 /2)
+ (-3 cos 2x + 2 sin 2x)/26 + (- 15 cos 4x + 4 sin 4x)/482.

We substitute

sin'x = (1 - cos 2x)*/4
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= (1 - 2.cos 2x + cos*2x)/4 = (3 - 4 cos 2x + cos 4x)/8

on the right-hand side of the differential equation, and then substitute the trial solution
v, = Acos2x+ Bsin2x+ Ccosdx+ Dsin4x + E. We find that 4 =-1/10, B=0,

C=-1/56,D =0, E=1/24. The resulting general solution is
¥ = cjco8 3x + ¢psin 3x + 1/24 - (1/10)cos 2x - (1/56)cos 4x.

46. By the formula for cos’ x in Problem 43, the differential equation can be written as
Y +y = 3xcosx+4xcos3x.

The complementary solution is y, = ¢;cos x + ¢;sin x, so we substitute the trial solution
y, = x- [(A +Bx)cosx+(C+ Dx)sinx] + [(E + Fx)cos3x + (G + Hx)sin 3x].

We find that 4=3/16,8=C=0,D=3/16,E=0,F =-1/32,G=3/128,H =0. Hence
the general solution is given by y = y.+y; +y» where

y1 = (3xcosx+3x%sinx)/16 and y, = (3 sin 3x - 4x cos 3x)/128.

In Problems 47-49 we list the independent solutions y, and y, of the associated homogeneous
equation, their Wronskian W =W(y,, y,), the coefficient functions

M()C) — _Jyz(x)f(x) a’x and u ()C) — JJ}I(X)f(X) a’x
! W(x) ’ W(x)

in the particular solution y, = uy, +u,y, of Eq. (32) in the text, and finally y, itself.

47. y = e, Vo =e”, W=e>
up = -(4/3)e™, uy = 2e”,
¥ = (2/3)¢

48. y = e, =", W= 6e™

w = -x/2, w = -e /12,

Vo = -(6x+ D)e /12

49. y; = ¢, Y2 = xe™, w=e"
_ 2 _
U = -x7, U = 2x,
_ 2 2x
Y = Xe
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50.

S1.

S2.

53.

54.

3s.

The complementary function is y; = ¢jcosh 2x + ¢;sinh 2x, so the Wronskian is
W = 2cosh®2x - 2 sinh*2x = 2,

so when we solve Equations (31) simultaneously for u, and u, integrate each and

substitute in y, = yiu; + yus, the result is
¥, = —(cosh2x) [£(sinh2x)(sinh2x)dx +(sinh 2x) [{(cosh2x)(sinh2x)dx

Using the identities 2 sinh®x = cosh 2x - 1 and 2 sinh x cosh x = sinh 2x, we evaluate
the integrals and find that

¥p = (4x cosh 2x - sinh 4x cosh 2x + cosh 4x sinh 2x)/16,
¥p = (4x cosh 2x - sinh 2x)/16.

¥y, = cos2x, ¥, = sin2x, w=2

Liberal use of trigonometric sum and product identities yields

u, = (cos5x—5cosx)/20, u, = (sin5x—5sinx)/20

¥p = -(1/4)(cos 2x cos x - sin 2x sin x) + (1/20)(cos 5x cos 2x + sin 5x sin 2x)
= -(1/5)cos 3x (!)

y1 = cos 3x, y = sin 3x, W =73

u, = —(6x—sin6x)/36, u, = —(1+cos6x)/36

¥p = -(xcos3x)/6

y1 = cos 3x, vy = sin 3x, w =3
u, = -(2/3)tan 3x, u, =2/3

¥p = (2/9)[3x sin 3x + (cos 3x)In|cos 3x]]

Y1 = COS X, yy = sinx, w=1
u, = -cscx, U= CoS x cscx

¥p = -1 - (cosx) ln|cscx—cotx|

y1 = cos 2x, Y = sin 2x, w =2

u = -(1/2)sin*x sin 2x = -(1/4)(1 - cos 2x)sin 2x
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6.

57.

S8.

59.

272

u, = (1/2)sin’x cos 2x = (1/4)(1 - cos 2x)cos 2x

¥p = (1 - xsin 2x)/8

y o= e, yy = &, w=4
u = -(3x - 1)e*/36, uy, = -(x+ 1e™/4
= -e(3x+2)/9

With y; = x, 3» = x™', and fix) = 72x°, Equations (31) in the text take the form

-1
xu, +xu, =0,

u - xul, = 72,
Upon multiplying the second equation by x and then adding, we readily solve first for

3 4
u, = 36x°, so up = 9x
and then ,
2 5 6
w, = -x*t = -36x°, SO u, = -6x".

Then it follows that
- _ 4 -1 6y _ 2.5
Yo = yiur T oy = ()97 + (7 )(-6x7) = 3
Here it is important to remember that — for variation of parameters — the differential
equation must be written in standard form with leading coefficient 1. We therefore
rewrite the given equation with complementary function y, = cpc2 + czx3 as

V' - @/x)y + (6/x7)y = x.

Thus fix) = x,and W = x*, so simultancous solution of Equations (31) as in Problem
50 (followed by integration of u; and u)) yields

2 3 — 3 2 —
y, = —X Jx cx-x " dx+x Jx x-xtdx

= —x [de+ [(1/x)dx = x'(Inx-1).

y = x5 = x’Inx,
_ 3 _ 2
W= x, fix) = x
7 1 /
u, = -xlnx, U, = x
4
Yo = x/4
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60.

61.

62.

63.

64.

12 Y
V=% Y, = X

fix)y = 257 W =x
u, = —12x°°/5, u, = —12x7"°

Y, = -72x*7/5

y1 = cos(ln x), v = sin(In x), W = 1/x,
fx) = (Inx)/x*
u; = (Inx)cos(In x) - sin(In x)

uy = (Inx)sin(In x) + cos(In x)

¥ = Inx ()

Y= X ¥ = 1427,
w=x-1, fix)y =1

u = (1+x)/(1 - x), w, = x/(x* - 1)

Yo = -x*+xln(1 +x)/(1 - )+ (1/2)(1 +xHIn1 - x7
This is simply a matter of solving the equations in (31) for the derivatives

W =~ 20/(x) r _ 2(0)S(X)

| and u, ,
W(x) W(x)

integrating each, and then substituting the results in (32).

Here we have y,(x)=cosx, y,(x)=sinx, W(x)=1, f(x)=2sinx, so(33) gives

y,(x) = —(cosx) Jsin X - 2sin x dx +(sin x) Jcos x-2sinxdx
= —(cosx) j(l —cos 2x ) dx +(sin x) J2(sin X)-cosxdx
= —(cosx)(x —sin xcos x) + (sin x)(sin” x)
= —xcosx + (sin x)(cos” x +sin’ x)

y,(x) = —xcosx+sinx

But we can drop the term sin x because it satisfies the associated homogeneous
equation y'+y = 0.
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SECTION 5.6

FORCED OSCILLATIONS AND RESONANCE

1. Trial of x = A cos 2¢ yields the particular solution x, = 2 cos 2¢. (Can you see that —
because the differential equation contains no first-derivative term — there is no need to
include a sin 2¢ term in the trial solution?) Hence the general solution is

x(f) = cjcos 3t + cpsin 3¢+ 2 cos 21.

The initial conditions imply that ¢; = -2 and ¢, = 0, so x(f) = 2 cos 2t - 2 cos 3¢.
The following figure shows the graph of x(¢).

{ 27 {
! \

ML

2. Trial of x = A4 sin 3¢ yields the particular solution x, = -sin 3¢z. Then we impose the
initial conditions x(0) = x’(0) = 0 on the general solution

x(f) = cjcos 2t + ¢psin 2¢ - sin 31,

and find that x(f) = 2sin 27 - sin 3z. The following figure shows the graph of x(z).

| 27 |
| |
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3.

First we apply the method of undetermined coefficients — with trial solution
x = Acos5t+ Bsin5¢t— to find the particular solution

X, = 3 cos 5t+4sin 5t

5[%cos5t+%sin5t} = 5cos (51— )

where 8 = tan"'(4/3) = 0.9273. Hence the general solution is
x(t) = cicos 10f + ¢asin 107+ 3 cos 5¢ + 4 sin 5¢.

The initial conditions x(0) = 375, x’(0) = 0 now yield ¢; = 372 and ¢; = -2, so
the part of the solution with frequency w = 10 is

X. = 372 cos 10¢ - 2 sin 10«

372 2 )
= 138388 {—colet——smlOt
/138388 /138388

= /138388 cos (10 — )

where o = 27 - tan”'(1/186) = 6.2778 is a fourth-quadrant angle. The following
figure shows the graph of x(¢).

/5

375

=375

= Acos4t and find the particular
solution x, = 10cos4s. Then imposition of the initial conditions on the general

solution x(f) = ¢, cos5t+c,sin5t+10cos4s yields

Noting that there is no first-derivative term, we try x

x(t) = (-10 cos 5t + 18 sin 5¢) + 10 cos 4t

Section 5.6 275



2(=5co085¢+9sin5¢)+10cos 4t

Ji06 " Tioe
24106 cos(5t— o)

24106 ( ———CO0S 5 +— s1n5tj+10cos4t

where o = 7 - tan'1(9/5) = 2.0779 is a second-quadrant angle. The following figure
shows the graph of x(7).

VAR
VTRV

B

S. Substitution of the trial solution x = Ccosar gives C = Fy/(k - ma’). Then
imposition of the initial conditions x(0)=x,, x'(0)=0 on the general solution

x(t) = ¢ cos@pt +c,sinmpt+Ccosax  (where @, =vk/m)
gives the particular solution x(f) = (xo - C)cos ant + C cos ax.

6. First, let's write the differential equation in the form x”+ ajx = (F,/m)cos @y, which
is the same as Eq. (13) in the text, and therefore has the particular solution
x, = (F,/2ma,)tsinw,t given in Eq. (14). When we impose the initial conditions

x(0) =0, x’(0) =v, on the general solution
x(t) = ¢ cosapt +c,sinapt +(F,/2ma,) tsinwyt

we find that ¢, =0, ¢, =v,/@,. The resulting resonance solution of our initial value

problem is
2mv,+ Ft .
x(1) = —2—L-sinwy.
2ma,

276 Chapter 5



In Problems 7-10 we give first the trial solution x, involving undetermined coefficients 4 and
B, then the equations that determine these coefficients, and finally the resulting steady periodic

solution xg,. In each case the figure shows the graphs of x (7) and the adjusted forcing
function F(t)=F(t)/ ma.

7. x, = Acos3t+ Bsin3i; —54+128 =10, 124458 =0

x,(t) = —ﬂcos3t+@sin3t _ 10 —ic0s3t+£sin3t = &cos(3t—a)
? 169 169 130 13 13 13

o = r—tan"'(12/5) = 1.9656  (2nd quadrant angle)

Xgp

8. x, = Acos5t+ Bsin5t, —204+15B = -4, 154+208B =0
x (1) = icosSt—EsiHSt _ 4 iCOSSt—ESiHSt = icos(St—Ot)
P 125 125 25\5 5 25

o = 2r—tan"'(3/4) = 5.6397  (4th quadrant angle)

1 r
Xsp

2 7

Fq
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9. x, = Acos10t+10sin5¢; -1994+208 = 0, 204+199B = -3

x (1) = —icosmt— / sin10¢
’ 40001 40001
3

= (— 20 cosl
V40001 { /40001

= ;cos(l 0r—a)

740001

- &sinmt)
740001
o = r+tan"'(199/20) = 4.6122  (3rd quadrant angle)

Xsp

t
2t
AR ARERAN
UV
10. x, = Acos10z+10sin 5z, —-974+30B =8, 304+97B =-6
x (1) = —&cosmt— 2 sin10¢
? 10309 10309
24257725

10 61cos(10r — o)

- 478 colet—LsinIOt =
10309 257725 V257725 793

o = r+tan'(171/478) = 3.4851  (3rd quadrant angle)

NAAAAN DD
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Each solution in Problems 11-14 has two parts. For the first part, we give first the trial solution
X, involving undetermined coefficients 4 and B, then the equations that determine these
coefficients, and finally the resulting steady periodic solution xg,. For the second part, we give
first the general solution x(f) involving the coefficients ¢; and ¢, in the transient solution,
then the equations that determine these coefficients, and finally the resulting transient solution

x, sothat x(r) =x,(¢)+x,(?) satisfies the given initial conditions. For each problem, the

graph shows the graphs of both x(#) and x_ (7).

11. x, = Acos3t+ Bsin 31, —4A4+128 =10, 124+4B =0
x, (1) = —lc0s3t+§sin3t = @(—Lcos3t+isin3tj = @cos(%—a)
4 4 4\ V10 V) 4
o = r—tan”'(3) = 1.8925  (2nd quadrant angle)
x(1) = e (¢eost+esint)+x,(1);  ¢—+ =0, =2¢+¢,+5 =0
x (1) = e (lcost—zsintj = @e‘z’ (Lcost—isintj
47 4 4 50 W50
= %\Ee—z’cos(t—ﬂ)
B = 27 —tan”'(7) = 4.8543  (4th quadrant angle)
Xsp
0.5 |
t
/ n
0.5 | x/v \
12. x, = Acos5t+ Bsin5t; 124-308 = 0, 304+12B = -10

P

x (1) = —£c0s5t—&sin5t
? 87 87
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5429 5 2 . 5
= —— | ———co083t———=sin3t | = ——cos(3t—a
87 ( 29 29 ) 3429 ( )

o = r+tan”'(2/5) = 3.5221  (3rd quadrant angle)

x(t) = €' (c,co82t +c,sin2)+x,(1); ¢ —25/87 =0, —3¢,+2¢,—50/87 = 0

ﬂc s2t+12—5sm2t
174 174

X, (1)

25429 _31( 2 5 . j 25
= e COS2t+——sIn2f | = ——¢€ ' cos(2f—
174 729 29 6429 ( ﬂ)

B = tan'(5/2) = 1.1903  (Ist quadrant angle)

AWAY
VARVERVA

0.5 ¢

-0.5
13. x, = Acosl0t+ Bsin10z —T744+20B = 600, 204+74B =0
x (1) = —Mcos10t+3000sin10t
P 1469 1469
300 37 10 . 300
= - c0s10f + ——=-sinl0f | = ———=cos (10—«
V1469 ( V1469 V1469 j V1469 ( )

o = r—tan"'(10/37) = 2.9320  (2nd quadrant angle)
x(t) = €' (¢ cos5t+c,sin5t)+x,(1);

¢, —11100/1469 = 10, —c¢, +5¢, =-30000/1469

—l

x, () = 1469 (25790cos 5¢ —842sin 5¢ )
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_ 24166458266 e_z( 12805 o 421 SmStJ
1469 V1664358266 V1664358266

=2 1132;4 e cos (51— )

B = 27 —tan"'(421/12895) = 6.2505  (4th quadrant angle)

10

-10 1 Xsp

14. x, = Acost+ Bsint, 244+8B = 200, —-8A4+24B = 520

x, () = cost+22sint = \/485(\/4185 cost+\/i?35 sint) = V485 cos (1 - )

o = tan”'(22) = 1.5254  (Ist quadrant angle)
x(1) = e ¥ (¢ cos3t +c,sin3t)+x_ (1)
¢+1=-30, —4¢+3c,+22 = -10

x, (1) = e (—31cos3t—52sin3t)

V36657 (—%cos 3t —%sin 3t) = 3665¢™ cos (31— f3)

B = m+tan"'(52/31) = 4.1748  (3rd quadrant angle)

The figure at the top of the next page shows the graphs of x(7) and x_ (7).
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-30

In Problems 15-18 we substitute x(1) = A(w)cosax + B(w)sinax into the differential equation
mx”+ ¢cx’+ kx = F, cos ax with the given numerical values of m, ¢, k, and F,. We give first
the equations in 4 and B that result upon collection of coefficients of cosa¢ and sina¥, and
then the values of A(w) and B(w) that we get by solving these equations. Finally,

C = A4+ B? gives the amplitude of the resulting forced oscillations as a function of the
forcing frequency @, and we show the graph of the function C(w).

15. Q-w)A+2wB =2, -20A+Q2-w)B =0

2(2-’) 4w
4+ o' C 4+0f

b

C(w) = 2/V4+ @' begins with C(0) =1 and steadily decreases as @ increases.
Hence there is no practical resonance frequency.
c
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16.

17.

18.

(5-*)A+4wB =10, —-4wA+(5-&)B = 0

lO(S—a)z) 5 40w

T Bt 25460+

C(w) = 10/425+ 6@ + " begins with C(0) =2 and steadily decreases as @
increases. Hence there is no practical resonance frequency.

C

(45— ) A+6wB = 50, —6wA+(45-w)B = 0

50(45—(02) 2 300w
C2025—540’ + " 2025- 540" + &

C(w) = 50/ J2025- 54 + @& so, to find its maximum value, we calculate the
derivative
_ _ 2
C'(w) = 100 w( 227+az)l 2/2 '
(2025-5w +w")

Hence the practical resonance frequency (where the derivative vanishes) is
@=+/27 =3/3. The graph of C (w) 1is shown at the top of the next page.

(650— *) A+10wB = 100, —10wA+(650—&’)B = 0

100(650 —2? ) 1000
422500 -12000" + @' 422500 -12000" + @

Clw) = 100/4/422500 - 1200¢7 + " 50, to find its maximum value,
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we calculate the derivative
_ _ 2
C'(w) = 200 w( 6002+a) Z _
(422500-1200w" + w")

Hence the practical resonance frequency (where the derivative vanishes) is
=600 =10+/6.

C

19. m = 100/32 slugs and & = 1200 Ib/ft, so the critical frequency is @, = Vk/m
= /384 rad/sec = /384 /27 = 3.12 Hz.

20.  Let the machine have mass m. Then the force /' = mg = 9.8m (the machine's weight)
causes a displacement of x = 0.5 cm = 1/200 meters, so Hooke's law
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21.

22.

23.

F=kx, thatis, mg = k(1/200)

gives the spring constant is £ = 200mg (N/m). Hence the resonance frequency is

w = Jk/m = \[200g =+200x9.8 = 44.27 rad/sec = 7.05Hz,

which is about 423 rpm (revolutions per minute).

If O is the angular displacement from the vertical, then the (essentially horizontal)
displacement of the mass is x = L6, so twice its total energy (KE + PE) is

m(x'y + kx> + 2mgh = mL*(@Y + kL*& + 2mgL(1 - cos 6) = C.
Differentiation, substitution of 8 = sin 6, and simplification yields

0"+ (kim + g/L)@ = 0

@ = Jk/m+g/L.

Let x denote the displacement of the mass from its equilibrium position, v = x" its
velocity, and @ = v/a the angular velocity of the pulley. Then conservation of energy
yields

SO

mv* 12+ 162+ kx*/2 - mgx = C.

When we differentiate both sides with respect to ¢ and simplify the result, we get the
differential equation
(m+1/a* W+ kx = mg.

Hence w = 1/k/(m+1/az).

(@) In fi-Ib-sec units we have m = 1000 and k = 10000, so @, =+/10 rad/sec
= (.50 Hz.

(b) We are given that @ = 27/2.25 = 2.79 rad/sec, and the equation
mx" +kx = F(t) simplifies to

¥ +10x = (1/4)@’ sin ax.
When we substitute x(f) = A4 sin @¢ we find that the amplitude is

A= a)2/4(10—a)2) ~ 0.8854 ft = 10.63 in.
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24.

25.

26.

27.

286

By the identity of Problem 43 in Section 5.5, the differential equation is

mx”"+kx = F,(3cosart+cos3ar)/4.

Hence resonance occurs when either @ or 3w equals @, = Vk/m , thatis, when
either w=w, or w=w,/3.

Substitution of the trial solution x = Acosax+ Bsina¢ in the differential equation, and
then collection of coefficients as usual yields the equations

(k-m@*)A+(co)B = 0, —(cw)A+(k-ma’)B = F

0

with coefficient determinant A = (k —ma’ )2 + (ca))2 and solution 4 = —(cw)F,/A,

B = (k—ma)z)Fo/A. Hence

F, k—mw* .

x(t) = K{Tsmax—%cosax} = Csin(wt—a),

where C = F,/A/A and sina = cw/~vA, cosar = (k—ma)z)/\/x.

Let G,=yE2+F’ and p=1/y(k—ma’)+(cw)’. Then

x, (1) = pE,cos(wt — )+ pFsin(wr — a)

E F
G, | ZLcos(wt — o)+ —LLsin(wt — o
PG, G, ( ) G, ( )

PG, [cos B cos(wt — o)+ sin Ssin(wt — o))
x, (1) = pG,cos(wt—a—ff)

where tan S = F,/E,. The desired formula now results when we substitute the value
of p defined above.

The derivative of C(w) = F, /\/(k ~me*) +(cw)’ s given by

_oF, (¢ =2km)+2(mw)’

clor= 2 [(k—ma)2 )2 +(ca))2T/2'
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28.

29.

30.

(a) Therefore, if ¢ > 2km, it is clear from the numerator that C’(w)<0 forall w,
so C(w) steadily decreases as @ increases.

(b)  Butif ¢’ <2km, then the numerator (and hence C’(w) ) vanishes when

w = o, =vk/m—-c/2m* < Jk/m = @, Calculation then shows that

_16F,m’ (¢’ —2km)
e’ (4km -’ )3/2

C'(w,) < 0,

so it follows from the second-derivative test that C(@, ) is a local maximum value.

(a) The given differential equation corresponds to Equation (17) with £, = mA®’.
It therefore follows from Equation (21) that the amplitude of the steady periodic
vibrations at frequency w is

F mAw’

Clw) = 0 - .
@ Jk—ma?Y +(cw)  \(k—ma? ) +(cwy

(b)  Now we calculate

) mAa)[2k2—(2mk—c2)a)21

[(k —maw’ )2 + (ca))2 T/z

and we see that the numerator vanishes when

w_/2k2 _ [k ( 2mk >\/E_
2mk — ¢’ m\ 2mk — ¢’ m @

We need only substitute E, =acw and Fj =ak in the result of Problem 26.

When we substitute the values w=2zv/L, m =800, k =7x10*, ¢=3000 and
L =10, a =0.051n the formula of Problem 29, simplify, and square, we get the function

25 (97:21;2 + 122500)

qu(v) - 4. 4 22 2
16(167z v —643757%y +76562500)
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giving the square of the amplitude C (in meters) as a function of the velocity v (in
meters per second). Differentiation gives

3 5072°v(97™v* +24500072°v* —535937500)

Csq'(v) =
70) (167" — 643757V —76562500)°

Because the principal factor in the numerator is a quadratic in 1?, it is easy to solve the
equation Csq’(v) = 0 to find where the maximum amplitude occurs; we find that the

only positive solutionis v = 14.36 m/sec = 32.12 mi/hr. The corresponding
amplitude of the car's vibrations is /Csq(14.36) = 0.1364 m = 13.64 cm.
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CHAPTER 6

EIGENVALUES AND EIGENVECTORS

SECTION 6.1
INTRODUCTION TO EIGENVALUES

In each of Problems 1-32 we first list the characteristic polynomial p(4) = |A - lI| of the given

matrix A, and then the roots of p(A) — which are the eigenvalues of A. All of the cigenvalues
that appear in Problems 1-26 are integers, so each characteristic polynomial factors readily. For
cach eigenvalue A; of the matrix A, we determine the associated eigenvector(s) by finding a basis

for the solution space of the linear system (A - ljl) v = 0. We write this linear system in scalar

. T . . .
form in terms of the componentsof v = [¢ b ---] . Inmost cases an associated eigenvector is

then apparent. If A isa 2x2 matrix, for instance, then our two scalar equations will be multiples
one of the other, so we can substitute a convenient numerical value for the first component a of v
and then solve either equation for the second component » (or vice versa).

1. Characteristic polynomial: ~ p(1) = 4> =54+6 = (A-2)(1-3)
Figenvalues: 4, =2, A4, =3

i 2a-2b =0 1
Wlth /,"I = 2: V1 = |

a=b =0
, a=-2b =0 2
With 4, = 3: 4—2p = 0} v, = L}

2. Characteristic polynomial: ~ p(1) = A7 =4-2 = (A+1}(1-2)
Eigenvalues: 4 =-1, 4, =2

: 6a—-6b = 0 1
With 4, = -1: v, =
3a-3b =0 1
3a—6b =0 2
With = 2: =
tth 4, 3a—6b = 0} & M
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3. Characteristic polynomial: ~ p(1) = > =74+10 = (1-2)(1-5)
Figenvalues: 4, =2, 4, =5
6a—-6b = 0 1
With 4, = 2: ! v, =
3a-3b =0

3a—6b

With 4, = 5: 3a—6h

i
o O
—
<
S
Il
1
—_ N
L 1

4. Characteristic polynomial: ~ p(1) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =2, 4, =5

3a=3b = 0 1
With 4, = 1: ! v, =
2a-2b = 0 1
2a-3b =0 3
With =2: =
tth 4, 2a-3b = 0 & M

5. Characteristic polynomial: ~ p(1) = 4> =54+4 = (A-1)(1—4)
Eigenvalues: 4 =1, A4, =4

. 9a-9b = 0 1
With 4, = I: v, =
6a—-6b = 0 1
6a—-9b = 0 3
With = 4: =
tth 4, 6a—9b = 0} & u

6. Characteristic polynomial: ~ p(1) = 4> =54+6 = (A-2)(1-3)
Eigenvalues: 4 =1, A4, =4

4a—4b = 0 1
With 4, = 2: 3“ o 0} v, = H
a— =

: 3a—4b
With 4, = 3: 3a—db v, =

1l
o O
1
W
L

7. Characteristic polynomial: ~ p(1) = 2> —64+8 = (1-2)(A1-4)
Eigenvalues: 4 =2, 4, =4
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10.

11.

: 8a—8b =0 1
With 4, = 2: v, =

6a—6b = 0 1
6a—-8b =0 4

With = 4: v, =
& 6a—8b = 0} ’ M

Characteristic polynomial: ~ p(1) = A>+34+2 = (A+2)(1+])
Eigenvalues: 4 = -2, A, = -1

i 9a-6b = 0 2
With 4, = -2: v, =
12a-8 =0 3
8a—6b =0 3
tth 4, 12a—9 = 0} " M

Characteristic polynomial: ~ p(1) = A7 =74+12 = (1-3)(1—-4)
Eigenvalues: 4 =3, A, =4

: 5a—-10b = 0 2
With 4, = 3: v, =

2a—-4b = 0 1
4a-10b =
With 4, = 4: 2a SO: (;)} v, = B}
a— =

Characteristic polynomial: ~ p(1) = A7 =91+20 = (A-4)(1-5)
Eigenvalues: 4 =4, 4, =5

. 5a-10b = 0 2
Wlth /,"I =4: vV, =

2a-4b = 0 I
4a-10b = 0 5

With 1, = 5: y v, =
2a-5h = 0 2

Characteristic polynomial: ~ p(1) = A7 =91+20 = (A-4)(1-5)
Eigenvalues: 4 =4, 4, =5

15a—10b = 0 2
With 4, = 4: ! v, =
2la-14b = 0 3
| 14a-10b = 0 5
With 4, = 5: v, =
21a-15h = 0 7
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12.  Characteristic polynomial: ~ p(1) = > =74+212 = (1-3)}(1-4)
Eigenvalues: 4 =3, A4, =4

, 10a—15b = 0 3]
With 4, = 3: v, =
6a—9b = 0 2
9a—15b = 0 5
With 4, = 4: ) v, =
6a—10b = 0 3]

13.  Characteristic polynomial: ~ p(A) = =2’ +34° =24 = —A(A-1)(1-2)
Eigenvalues: 4, =0, 4, =1 A4 =2

2a =0 0
With 4, = 0: 2a=2b-c =0 v, =| -1
—2a+6b+3c = 0 2
a=0 0
With 4, = 1: 2a-3b-c =0 v, =|-1
—2a+6b+2¢ = 0 |3
0=0 I
With 4, = 2: 2a—4b—c = 0 v, =|0
—2a+6b+c =0 | 2
14.  Characteristic polynomial: ~ p(1) = —=A*+74° =104 = —A(A-2)(A-5)
Eigenvalues: 4 =0, 4, =2, 4 =5
5a =0 0
With 4, = 0: 4a—-4b-2¢ =0 v, =|-1
—2a+12b+6¢ = 0 2
3¢ =0 0
With 4, = 2: 4a—-6b—-2c = 0 v, =|-1
2a+12b+4c = 0 3
0=0 I
With 4, = 5: 4a-9b-2¢ =0 v, =|0
2a+12b+c = 0 I
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15.

16.

17.

Characteristic polynomial: ~ p(A) = =4’ +347 =24 = = A(A-1)(1-2)
Eigenvalues: 4, =0, A4, =1 A4 =2

20-2b = 0 1

With 4, = 0: 2a-2b-c =0 v, =
—2a+2b+3¢ =0 0
a-2b =10 2]

With 4, = 1: 20-3b—c =0 v, =
—2a+2b+2¢c =0 1]
-2b =0 1]
With 4, = 2: 2a—4b—c = 0 v, =10
—2a+2b+c¢c =0 2]

Characteristic polynomial: ~ p(1) = =4’ +44° =31 = —A(A-1)(1-3)
Eigenvalues: 4, =0, 4, =1, A4 =3
a—-c =0

1
—2a+3b-c =0 v, = |1
—6a+6b = 0 1

With 4,

Il
<o

- =0 1
—2a+2b—c =0 v, =
—6a+6b—c¢

With 4,

Il
—_

Il
S =

—2a-¢ =

o O

With A,

Il
w

—2a-c =
—6a+6b—3c

Il
<o

Characteristic polynomial: ~ p(1) = =4’ +64> =111+6 = —(A-1)(A-2)(1-3)
Eigenvalues: 4, =1 4, =2, A4 =3

20+5b-2¢ = 0 1
With 4, = 1: b =0 v, =10
2b =0 1
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a+5b-2c =0 -1
With 4, = 2: 0=0 v, =
2b—c =0 | 2
5b=2¢ =0 i
With 4, = 3: -b =0 v, =
2b-2¢c =0 i

18.  Characteristic polynomial: ~ p(1) = =2’ +64° 11146 = —(A-1)(A-2)(A1-3)
Eigenvalues: 4 =1, A, =2, 4 =3

0=0 1
With 4, = I: —6a+7b+2c = 0 v, =0
12a-15b—4c = 0 3
-a =0 0]
With 4, = 2: —6a+6b+2c =0 v, =|-1
12a-156-5¢ = 0 |3
—2a =0 0]
With 4, = 3: —6a+5b+2¢c =0 v, = |2
12a-156-6¢ = 0 |5

19.  Characteristic polynomial: ~ p(A) = =A*+547=74+3 = —(A-1)*(1-3)
Eigenvalues: 4, =4, =1, 4 =3

2a+6b-2¢ = 0 1 -3
With 4, = 1: 0=0 v, =0, v, =
0=0 1 0

The eigenspace of 4, = 1 is 2-dimensional. We get the eigenvector v; with b=0, ¢ =1,
and the eigenvector v» with b=1, ¢=0.

6b—2c = 0 1
With 4, = 3: ~2b = 0 v, =0
~2¢ =0 0

20.  Characteristic polynomial: ~ p(d) = =4’ +44>=54+2 = —=(A-1)’(1-2)
Eigenvalues: 4, =4, =1, 4 =2
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21.

22.

0=0 1 3
With 4, = 1: —4a+6b+2c = 0 v =0, v, =|2
10a-1556-5¢ = 0 2 0

The eigenspace of 4, = 1 is 2-dimensional. We get the eigenvector v; with
b=0, ¢=2, and the eigenvector v, with b=2, ¢=0.

—a =0 0
With 4, = 2: —4a+5b+2¢c =0 v, = |2
10a—-156-5¢ = 0 5

Characteristic polynomial: ~ p(1) = —A>+54> —81+4 = —(A-1)(A-2)
Eigenvalues: 4 =1, A, =4 =2

3a=3b+c =0 1
With 4, = 1: 2a-2b+c =0 v, =1
c=0 0
2a-3b+c =0 3 -1
With 4, = 2: 2a-3b+c = 0 v, =2 v, =0
0=0 0 2

The eigenspace of A, = 2 is 2-dimensional. We get the eigenvector v, with
b=2, ¢=0, and the eigenvector v; with b=0, ¢=2.

Characteristic polynomial: ~ p(1) = —A>+31+2 = —(A+1)’(1-2)
Eigenvalues: 4 =4, = -1, 4 =2

6a—6b+3c = 0 1 -1
With 4, = -1: 6a—6b+3c = 0 v, =1|1], wv,=1]0
6a—6b+3c = 0 0

The eigenspace of 4, = 1 is 2-dimensional. We get the eigenvector v; with
b=1, ¢=0, and the eigenvector v, with b=0, ¢=2.

3a—6b+3c =0 1
With 4, = 2: 6a—-9b+3c =0 v, =1
6a—6b = 0 1
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23.  Characteristic polynomial: ~ p(4) = (A-D(A-2)(A-3)(1-4)
Eigenvalues: A4, =1, A4, =2, A4 =3 4, =4

2b+2c¢+2d =0 1
b+2c+2d =0 0
With 4, = 1: ‘ v, =
2¢+2d =0 0
3d =0 0
—a+2b+2c+2d =0 2]
2¢+2d =0 1
With 4, = 2 ‘ v, =
c+2d =0 0
2d =0 10|
—2a+2b+2c+2d = 0 3]
b+2c+2d =0 2
With 4, = 3 ¢ v, =
2d =0 1
d =0 10|
—3a+2b+2c+2d = 0 4]
—2b+2c+2d = 0 3
With 4, = 4: ¢ v, =
—+2d =0 2
0=0 1)
24.  Characteristic polynomial: ~ p(1) = (A-1)’(1-3)°
Eigenvalues: 4, =4, =1, A4 =4, =3
4c = 0 1 0
4c = 0 0 1
With 4, = 1: v, = ¥y =
& 2¢ =0 Yoo o
2d =0 0 0
The eigenspace of 4, = 1 is 2-dimensional. We note that c=d =0, but a and b are
arbitrary.
—2a+4c =0 0 2
—2b+4c =0 0 2
With = 3: VvV, = , v, =
A 0=0 oo o
0=0 1 0

The cigenspace of A, = 3 is 2-dimensional. We get the eigenvector v; with
b=0, ¢=1, and the eigenvector v, with b=1, ¢=0.
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Characteristic polynomial: ~ p(1) = (A-1)*(A-2)
Eigenvalues: 4, =4, =1, A4, =4, =2

¢ =0 1 0
c =0 0 1

ith 4, ¢ =0 70 271y
d =0 0 0

The eigenspace of 4, = 1 is 2-dimensional. We note that c=d =0, but a and b are
arbitrary.

—-a+c = 0 1
—b+c =0 0 1
With 4, = 2: oio vl s,
0=0 1 0

The eigenspace of A, = 2 is 2-dimensional. We get the eigenvector v3 with
b=0, ¢=1, and the eigenvector v4 with b=1, ¢=0.

Characteristic polynomial:
p(A) = A1=50+4 = (A -DHA*-4) =(A+DA-D(A+2)(1-2)
Eigenvalues: 4 =-2, A4 =-1, A4 =1 A4, =2

6a-3d = 0 1
4b = 0 0

Wlth = -2 vV, =
A c=0 ! 0
6a-3d = 0 2
50—=3d = 0 0]
3b =0 0

With 4, = —1 =
A 0=0 V2T
6a—4d = 0 0
3a—3d = 0 17
b = 0

With =1 v, =
% —2¢ =0 } 0
6a—6d = 0 1
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27.

28.

29.

30.

298

2a-3d =0
0=0
-3¢ =0

6a—-T7d =0

With 4, = 2:

Characteristic polynomial: ~ p(1) = 4> +1

Eigenvalues: A4 = —i, A, = +i

a+b =
With 4, = —i: e } v,

With 4, = +i:

|
Q
|
>
I
je

Characteristic polynomial: ~ p(1) = A’ +36
Figenvalues: 4, = —-6i, A, = +6i

6ia—6h = 0
With 4, = —6i: e \Z
6a+6ib = 0
—6ia—6b = 0
With 4, = +6i:
th 4, = +6 6a—6ib = 0} &

Characteristic polynomial: ~ p(1) = A’ +36
Eigenvalues: A4 = —6i, A, = +6i

| . 6ia-3b=0
With A, = —6i: \2
12a+6ib = 0
—6ia-3b = 0
With 4, = +6i:
oA =6 6ib = 0} :

Characteristic polynomial: ~ p(1) = A” +144
Eigenvalues: A4 = —-12i, A4, = +12i

. 12ia-12b = 0
With 4, = -12i: v,
12a+12ib = 0
~12ia-12b = 0
With A, = +12i: a )
12a-12ib = 0
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31.

32.

33.

34.

3s.

Characteristic polynomial: ~ p(1) = A” +144
Eigenvalues: A4 = —12i, A4, = +12i

: . 12ia+24b = 0 2i
With 4, = -12i: v, =

—6a+12ib = 0 1
: —12ia+24b = 0 —2i
With 4, = +12i: . v, =
—6a-12ib = 0 1

Characteristic polynomial: ~ p(1) = A” +144
Eigenvalues: A4 = —-12i, A4, = +12i

i —12ia—-4b = 0 —i
With 4, = -12i: v, =
36a+12ib = 0

With 4, = +12i:

—12ia—-4b = 0
. V2
36a—-12ib = 0

Il
1
W =
L

If Av = Av and we assume that A"'v = A"'v — meaning that A" is an eigenvalue
g g

of A" with associated eigenvector v, then multiplication by A yields
Av = AATV =AY =2 Av = A7 Av = A
Thus A" is an eigenvalue of the matrix A" with associated eigenvector v.

By the remark following Example 6, any eigenvalue of an invertible matrix is nonzero. If
A #0 is an eigenvalue of the invertible matrix A with associated eigenvalue v, then

Av = Av,
v=A""Av=21A,
Alv = A,

Thus A7' is an eigenvalue of A™' with associated eigenvector V.
g g

(a)  Note first that (A—AI)" = (A" —Al) because I" =1. Since the determinant of a
square matrix equals the determinant of its transpose, it follows that

|A-21] = |A7- A1,

Thus the matrices A and A’ have the same characteristic polynomial, and therefore have
the same eigenvalues.
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36.

37.

38.

39.

40.

300

(b)  Consider the matrix A = {1 O} with characteristic equation (4—1)* =0 and the
11

0 0
single eigenvalue A=1. Then A-1 = { } and it follows that the only associated
10

11
cigenvector is a multiple of [0 l]T. The transpose A" = { } has the same
0 1

characteristic equation and eigenvalue, but we see similarly that its only eigenvector is a
multiple of [I 0], Thus A and A’ have the same eigenvalue but different

eigenvectors.

Ifthe nXn matrix A= [aij] is either upper or lower triangular, then obviously its

characteristic equation is
(a,-A)(ay,—-A)--(a,, -1) = 0.

This observation makes it clear that the eigenvalues of the matrix A are its diagonal
elements a,,,a,,, -, a

nn "’

If [A-Al| = (-1)"A" +¢,, A" +---+ ¢ A+¢,, then substitution of A =0 yields

c, = |A - OI| = |A| for the constant term in the characteristic polynomial.

c d
(a—=A)Nd—-A)-bc = 0, thatis, A>—(a+d)A+(ad —bc) = 0. Thus the coefficient of
A in the characteristic equation is —(a+d) = —trace A.

b
The characteristic polynomial of the 2X2 matrix A = [ﬂ } is

If the characteristic equation of the nxn matrix A with cigenvalues 4, 4,,--, 4, (not
necessarily distinct) is written in the factored form

(A= A)A= D) (A=4,) = 0,

then it should be clear that upon multiplying out the factors the coefficient of A"~ will be
—( A+ A+ + A, ). But according to Problem 38, this coefficient also equals —(trace A).

Therefore A +A,+---+ A, = traccA = g, +a,+a

nn'

We find that trace A =12 and det A =60, so the characteristic polynomial of the given
matrix A is

p(A) = =2 +1247 + ¢, A+60.
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41.

Substitution of A =1 and

31 -67 47
p() =|A-1 =|7 -15 13| =24
-7 15 -7

yields ¢, =—47, so the characteristic equation of A is (after multiplication by —1)
A =122 +472-60 = 0.

Trying A==1,£2,£3 (all divisors of 60) in turn, we discover the eigenvalue A4, =3.
Then division of the cubic by (4—3) yields

A2 =94+20 = (A-4)A-5),

so the other two eigenvalues are 4, =4 and 4, =5. We proceed to find the eigenvectors
associated with these three eigenvalues.

With 4, = 3:

29a-67b+47¢ = 0 a-3c = 3
7a—-17b+13¢ = 0 - b-2c = v, =12
-7a+15h-9¢ = 0 0=

With 4, = 4:

28a—-67b+47c = 0 a—=(5/Ty =0

Ta—-18b+13¢ = 0 - b—c =0 v, =
—7a+15p—-10c = 0 0=0

With 4, = 5:

27a-67b+47¢ = 0 a+(1/2)c =0 -1
Ta—-19b+13¢ = 0 - b=(1/2)c =0 v, =| 1
—Ta+15b-11c = 0 0=0 2

We find that trace A =8 and det A =-60, so the characteristic polynomial of the given
matrix A is

p(A) = A' =82 +c, A7 +¢ A —60.
Substitution of A =1, p(l)=det(A-1)=-24 and A=-1, p(-1)=det(A+1)=-72

yields the equations
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c,te =43, c¢,—¢ = —21
that we solve readily for ¢, =32, ¢, =11. Hence the characteristic equation of A is

AY =82 +11A47 +324-60 = 0.

Trying A==%1,£2 in turn, we discover the eigenvalues A, =-2 and A, =2. Then
division of the quartic by (A° —4) yields

A2 =8A+15 = (A=3)A-5),

so the other two eigenvalues are 4, =3 and 4, =5. We proceed to find the eigenvectors
associated with these four eigenvalues.

With 4, = -2:
244 -9 —8¢—8d = 0 a—(1/2)d = 0 1
10a—5b—14c+2d = 0 b =0 0
10a+10c=10d = 0 [ e=(1/2)d = 0} Vi s H
294 -9h—3¢—13d = 0 0 =0 2
With 4, = 2:
200 —9h—8¢—8d = 0 a—d = 0 3
100 -9 —14c+2d = 0 b—(4/3)d = 0 a4
10a+6¢—10d = 0 ~ ¢ =0 271
294 -9h—3c—17d = 0 0 =0 3
With 4, = 3:
19a—9b—8¢—8d = 0 a-(3/4d =0 3]
10a—10b—14c+2d = 0 b—(1/4)d = 0 Ry
10a+5¢—10d = 0 T e—(Ud = 0 YT
294 -9h—3¢—18d = 0 0 =0 4]
With 4, = 5:
17a—-9b—8c—8d = 0 a—d = 1]
10a—12b—14c+2d = 0 b—d = 1
10a+3¢—10d = 0 T =0 Y4+ T lo
294 —9h—3¢—20d = 0 0 =0 1
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SECTION 6.2
DIAGONALIZATION OF MATRICES

In Problems 1-28 we first find the eigenvalues and associated eigenvectors of the given nxn
matrix A. If A has »n linearly independent eigenvectors, then we can proceed to set up the desired

diagonalizing matrix P = [v, v, -~ v,| anddiagonal matrix D such that P'AP=D. If

you write the eigenvalues in a different order on the diagonal of D, then naturally the eigenvector
columns of P must be rearranged in the same order.

1. Characteristic polynomial: ~ p(1) = A*—4443 = (A-1)(1-3)
Eigenvalues: 4 =1, A4, =3

4a—4b = 0 I
With 4, = 1: ! v, =
2a-2b = 0 I
2a—4b = 0 2
With 2, = 3: -
4 2a-4b = 0} " M

SRS

2. Characteristic polynomial: ~ p(1) = 1 -24 = A(1-2)
Eigenvalues: 4, =0, A4, =2

: 6a—6b =0 1
With 4, = 0: v, =
4a—4b = 0 1
4a—-6b = 0 3
With = 2: =
tth 4, 4a—-6b = o} & M

I 3 0 0
P = ) D =
I 2 0 2
3. Characteristic polynomial: ~ p(1) = 4> =54+6 = (A-2)(1-3)
Figenvalues: 4, =2, A4, =3

: 3a-3b =0 1
With 4, = 2: -2 = 0 v, =
a— =
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2a-3b
2a-3b

-l el

4. Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)

With 4, = 3:

i
o O
—

<

S

Il
1
N W
L 1

Eigenvalues: 4 =1, A4, =2

4a—4b = 0 1
With 4, = 1: ! v, =
3a-3b =0 1
3a—4b = 0 4
With =2: =
th 4, 3a—4b = 0 & M

SIS

5. Characteristic polynomial: ~ p(1) = 1 —44+3 = (A-1)(1-3)
Eigenvalues: 4 =1, A4, =3

8a-8b = 0 1
With 4, = 1: ! v, =
6a—6b =0 1
6a—8b = 0 4
With = 3: =
4 6a—8h = 0 v M

1 4 1 0
P = ) D =
RN
6. Characteristic polynomial: ~ p(1) = 4> -31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

9a—6b = 0 2
With 4, = 1: y v, =
12a-8b = 0 3
8a—6b = 0 3
With 4, = 2: y v, =
124-9b = 0 4

S P L 1
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10.

Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

Sa-10b = 0 2
With 4, = 1: y v, =
2a-4b = 0 I
4a=10b = 0 5
With 4, = 2: y v, =
2a=5b = 0 2

-l el

Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

10a—156 = 0 3]
With 4, = 1: ¢ v, =
6a—9b = 0 2
9a—15b = 0 5]
With 4, = 2: ¢ v, =
6a—10b = 0 3]

SEH N

Characteristic polynomial: ~ p(1) = 2> =24+1 = (1-1)’
Eigenvalues: 4 =1, A4, =1

. dq-2b = 0 2
With 4, = 1: 2a—b=0} v, =L}

Because the given matrix A has only the single eigenvector vy, it is not diagonalizable.

Characteristic polynomial: ~ p(1) = A*—4A+4 = (1-2)
Eigenvalues: 4 =2, A4, =2

a-b =0 1
With =2: =
A a—b = 0} " H

Because the given matrix A has only the single eigenvector vy, it is not diagonalizable.
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11.  Characteristic polynomial: ~ p(d) = 4> —44+4 = (1-2)°
Eigenvalues: 4 =2, A4, =2

3a+b =0 -1
With 4, = 2: 9a 3 0} v, = {3}
—Ya-— =

Because the given matrix A has only the single eigenvector vy, it is not diagonalizable.

12.  Characteristic polynomial: ~ p(d) = A*+24+1 = (A+1)’
Eigenvalues: 4 = -1, 4, = -1

12a+9b = -
With 4, = —1: atdb =01 |7
—16a—12b = 0 4

Because the given matrix A has only the single eigenvector vy, it is not diagonalizable.
13.  Characteristic polynomial: ~ p(1) = =4’ +54> -81+4 = —(A-1)(1-2)
Eigenvalues: 4, =1, A4, =2, A, =2

3b=0
With 4, = I: b=0 v, =10
c=0 0
3b—a =0 0 3
With 4, = 2: 0=0 v, =0}, v, =1
0=0 1 0

The eigenspace of A, = 2 is 2-dimensional. We get the eigenvector v, with
b=0, ¢=1, and the eigenvector v; with b=1, ¢=0.

1 0 3 1 0 0
P=/0 0 1], D=|0 2 0
010 0 0 2

14.  Characteristic polynomial: ~ p(1) = —A*+A* = —A*(A-1)
Eigenvalues: 4, =0, 4, =0, 4 =1

2a-2b+c =0 -1 1
With 4, = 0: 2a-2b+c =0 v, =0, v, =11
2a-2b+c =0 2 0
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15.

16.

The eigenspace of 4, = 0 is 2-dimensional. We get the eigenvector v with
b=0, ¢=2, and the eigenvector v, with b=1, ¢=0.

a=2b+c =0 1

With 4, = 1: 2a-3b+c =0 v, =1

2a-2b =0 1
-1 11 0 00
P=|0 1 1], D=|0 0 O
2 01 0 0 1

Characteristic polynomial: ~ p(A) = =4’ +24* -1 = —=A(A-1)

Eigenvalues: 4, =0, 4, =1 4, =1
0
0

3a=-3b+c = 1
With 4, = 0: 2a-2b+c = v, = |1
c=0 0
2a-3b+c = -1 3
With 4, = 1: 2a-3b+c = v, =| 0|, v, =12
0=0 2 0

The eigenspace of A, = 2 is 2-dimensional. We get the eigenvector v, with
b=0, ¢=2, and the eigenvector v; with b=2, ¢=0.

I -1 3 0 00
P=11 0 2|, D=0 1 0
0 2 0 0 0 1

Characteristic polynomial: ~ p(1) = —A>+54>=7A+3 = —(A-1)’(1-3)
Eigenvalues: 4, =1, A4, =1 A4 =3
2a-2b

Wlthﬂ,lzl 0=20 v, = O’ v, =
4a—-4b

Il
<o
<o
—

Il
<o
—
<o

The eigenspace of 4, = 1 is 2-dimensional. We get the eigenvector v, with
b=0, ¢=1, and the eigenvector v; with b=1, ¢=0.

Section 6.2

307



-2b =0 -1

With 4, =3 -2b =0 v, =0
—4a+4b-2c¢ = 0
0 1 -1 1 00
P=|01 0], D=0 10
1 0 2 0 0 3

17.  Characteristic polynomial: ~ p(1) = —=A*+24°+1-2 = —=(A+1)(A-1)(1-2)
Eigenvalues: 4, =-1, A4 =1, 4 =2

8a—8h+3¢c =0 1
With 4, = -1: 6a—-6b+3c =0 v, =
2a-2b+3c =0 0
6a—-8b+3c =0 -1
With 4, = 1: 6a—-8b+3c =0 v, =0
2a-2b+c =0 |
50—-8b+3¢ =0 1
With 4, = 2: 6a—-9b+3c =0 v, =1
2a—-2b = 0 |1
1 -1 1 -1 0 0
0 2 1 0 0 2

18.  Characteristic polynomial: ~ p(1) = =2’ +64° 11146 = —(A-1)(A-2)(A1-3)

Eigenvalues: 4, =1 4, =2, A4 =3
5a-5b+2¢ =0 1
With 4, = 1: 4a—-4b+2c = 0 v, =1
2a-2b+2c =0 0
4a—-5b+2¢ = 0 -1
With 4, = 2: 4a-5b+2¢c = 0 v, =10
2a-2b+c =0 2
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19.

20.

With 4, = 3: 4a—-6b+2c =
2a-2b =0

1 -1 1 1 0
P=|1 0 1|, D=0 2
0 2 1 0 0

Characteristic polynomial:

Eigenvalues:

With 4,

With 4,

With A,

Characteristic polynomial:

A =2,

Eigenvalues:

With 4,

With 4,

[ S S S S

3a—-5b+2c¢

w o O

p(A) = =2 +647—111+6

A=1 A =2 A =3
b—c =0

2a+3b—-c =0 v, =
—4a+4b = 0
—a+b—-c =0
2a+2b—-c =0 v, =
—4a+4b—c =0
—2a+b-c =0
—2a+b-c =0 v, =
—4a+4b—-2¢c = 0

-1 1 00

01, D=|0 2 0

2 0 0 3

A =5,
0=0

—6a+9b+2¢c =0 v, =

6a—-15b-2¢ =0

-3a =0
—6a+6b+2¢c = 0 v, =

6a—15b-5¢ =0

Section 6.2

—(A-1)(A-2)(1-3)

p(A) = =X +1347 =524+ 60 = —(1—-2)(A-5)A—6)
A =6
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21.

22.

23.

310

6a—-15b—-6¢

wn O

P=0 -1 -2|, D =

—4a = 0 0

With 4, = 6: —6a+5b+2c = 0 v, = |2
0
0
3 3 5 6

[en N e B \)
e

Characteristic polynomial: ~ p(1) = =2’ +34° -31+1 = —(A-1y
Eigenvalues: 4, =1, A4 =1 4, =1

=0

b— 0
Wi‘[h/’L, =1: b—a =0 v, =|0]|, v, =
b- 1

Q&

0

The eigenspace of 4, = 1 is 2-dimensional. We get the eigenvector v; with
b=0, ¢=1, and the eigenvector v, with b=1, ¢ =0. Because the given matrix A has
only two linearly independent eigenvectors, it is not diagonalizable.

Characteristic polynomial: ~ p(1) = —A>+34>=31+1 = —(A-1)’
Eigenvalues: 4, =1, A4, =1 4, =1

a-2b+c =0 1
With 4, = 1: —a+b =0 v, =1
—Sa+7b-2¢ =0 1

The eigenspace of 4, = 1 is 1-dimensional. Because the given matrix A has only one
eigenvector, it is not diagonalizable.

Characteristic polynomial: ~ p(A) = =4’ +44° =54+2 = —(A-1(1-2)
Eigenvalues: 4, =1, A4 =1 A4 =2

—3a+4b—c =0 1
With 4, = 1: —3a+4b—c =0 v, =1
—a+b =0 1
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—4a+4b—-c =0 1
With 4, = 2: =3a+3b-c =0 v, =
—a+b—c =0 0

The given matrix A has only the two linearly independent eigenvectors v; and v,, and
therefore is not diagonalizable.

Characteristic polynomial: ~ p(1) = —A>+54> —81+4 = —(A-1)(A-2)
Eigenvalues: 4, =1, A4, =2, A, =2

2a=2b+c =0 1
With 4, = 1: a-b+c =0 v, =1
—a+b+c =0 0
a=2b+c =0 1]
With 4, = 2: a=2b+c =0 v, =1
—a+b =0 1]

The given matrix A has only the two linearly independent eigenvectors v; and v,, and
therefore is not diagonalizable.

Characteristic polynomial: ~ p(1) = (A+1)°(1-1)’
Eigenvalues: 4, =-1, A4, =-1, A4 =1 A4 =1

2a—-2¢ =0 0 1
With { 2b-2¢ =0 0 1
1 = —1: v, = , vV, =
0=0 Lo D
0=0 1 0
The eigenspace of 4, = —1 is 2-dimensional. We get the eigenvector v; with
c¢=0, d =1, and the eigenvector v, with ¢=1, d =0.
—2c =0 0 1
—2¢ =0 1 0
With =1: v, = , V, =
A 2¢ =0 o Yo
—2d =0 0 0

The eigenspace of A, = 1 is also 2-dimensional. We get the eigenvector v3 with
a=0, b=1, and the eigenvector v4 with a=1, b=0.
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01 01 -1 0 0 0

01160 0 -1 0 O
P = ) D =

01 00 0 0 1 0

1 0 00 0 0 0 1

26.  Characteristic polynomial: ~ p(1) = (A-1)’(1-2)
Eigenvalues: 4, =1, A4, =1 A4 =1 4, =2

With 4, = I:

o o =

SV ST S S
o o o O
<
I

The eigenspace of 4, = 1 is 3-dimensional, and we have taken advantage of the fact that
we can select a, b, and ¢ independently.

d—a =0 1
d-b =0 1
With 4, = 2: vy =
d—c =0 1
0=0 1
0 011 1 0 0 0
01 01 01 0 0
P: ) D:
1 0 01 0 01 0
0 0 01 0 0 0 2

27.  Characteristic polynomial: ~ p(1) = (A-1)’(1-2)
Eigenvalues: 4, =1, A4 =1 A4 =1, 4, =2

With 4, = I:

(e

0
0
0 Vi T
0

(ST ST R S
Il

The eigenspace of 4, = 1 is 1-dimensional, with only a single associated eigenvector.
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28.

29.

30.

b—a =0 1

. c—b =0 1
Wlth 14:2: v, =

d—-c =0 1

0=0 1

The given matrix A has only the two linearly independent eigenvectors v; and vy, and
therefore is not diagonalizable.

Characteristic polynomial: ~ p(4) = (A-1)*(1-2)’
Eigenvalues: 4, =1, A4, =1 4 =2, 4, =2

b+d =0 1
) c+td =0 0
With 4, = I: J =0 V1=O

c+d =

d =0 0

The eigenspace of 4, = 1 is 1-dimensional, with only a single associated eigenvector.

b-—a+d =0 1

, c—b+d =0 1
With 4, = 2: J-o0 Vi =
0=0 0

The cigenspace of A, = 2 is also 1-dimensional, with only a single associated eigenvector.

Thus the given matrix A has only the two linearly independent eigenvectors v; and v,
and therefore is not diagonalizable.

If A issimilarto B and B is similar to C, so A=P'BP and B= Q_ICQ, then
A = P(Q'CQP = (P'Q)C(QP) = (QP)'C(QP) = R'CR

with R=QP, so A issimilarto C.

If A issimilarto B so A=P'BP then

A" = (P”'BP)(P'BP)(P"'BP)-----(P"'BP)(P"'BP)
= P'B(PP"")B(PP")B-----(PP")B(PP")BP
= P'B(DB()B----- (HB(I)BP
= P'B"P

so we see that A" is similar to B”.
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31. If A issimilarto B so A=P"'BP then A" = (P"'BP)" = P'B'P, so A is similar
to B™.

32. If A issimilarto B so A=P_1BP, then |P"1||P|=|P_1P|=|I|=l SO
|A-21] = [P[|A-A1][P| = [P7'(A-AD)P|
= [P"AP-AP7'IP| = [B-A1].
Thus A and B have the same characteristic polynomial.

33. If A and B are similar with A=P_1BP, then
|A| = [p"BP| = [P”||B[P| = [P[" [B][P| = [B|

Moreover, by Problem 32 the two matrices have the same eigenvalues, and by Problem 39
in Section 6.1, the trace of a square matrix with real eigenvalues is equal to the sum of those
eigenvalues. Therefore trace A = (eigenvalue sum) = trace B.

b
34. The characteristic equation of the 2x2 matrix A = [ﬂ } is
c d

A’ —(a+d)A+(ad —bc) =0, and the discriminant of this quadratic equation is
A = (a+d) —4(ad —bc) = (a—d)* +4bc.

(a) If A>0, then A hastwo distinct eigenvalues and hence has two linearly
independent eigenvectors, and is therefore diagonalizable.

(b) If A<O, then A hasno (real) eigenvalues and hence no real eigenvectors, and
therefore is not diagonalizable.

(c) Finally, note that A =0 for both

1 0 1 1
I = and A = ,
o o

but A has only the single cigenvalue A=1 and the single eigenvector v=[1 0], andis
therefore not diagonalizable.

3S. Three eigenvectors associated with three distinct eigenvalues can be arranged in six different

orders as the column vectors of the diagonalizing matrix P=[v, v, v,] .
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36.

37.

38.

39.

The fact that the matrices A and B have the same eigenvalues (with the same
multiplicities) implies that they are both similar to the same diagonal matrix D having these
eigenvalues as its diagonal elements. But two matrices that are similar to a third matrix are
(by Problem 29) similar to one another.

If A=PDP"' with P the eigenvector matrix of A and D its diagonal matrix of
eigenvalues, then A> = (PDP')(PDP') = PD(P"'P)DP' = PD’P'. Thus the same
(cigenvector) matrix P diagonalizes A% but the resulting diagonal (eigenvalue) matrix D*
is the square of the one for A. The diagonal elements of D? are the eigenvalues of A? and
the diagonal elements of D are the eigenvalues of A, so the former are the squares of the
latter.

If the nxn matrix A has » linearly independent eigenvectors associated with the single
cigenvalue A, then A=PDP ' with D=AI, so A=P(ADP'=APP"' =AI=D.

Let the nxn matrix A have k<n distinct eigenvalues A4, 4,,---, 4,. Then the definition

of algebraic multiplicity and the fact that all solutions of the nth degree polynomial equation

|A—AI|=0 are real imply that the sum of the multiplicities of the eigenvalues equals n,
ptp,t--+p. = n

Now Theorem 4 in this section implies that A is diagonalizable if and only if
q+qg,t-+q, =n

where ¢, denotes the geometric multiplicity of A, (i=1,2,---,k). But, because p, =g, for

each i=1,2,---,k, the two equations displayed above can both be satisfied if and only if
p, =q, foreach i.

SECTION 6.3

APPLICATIONS INVOLVING
POWERS OF MATRICES

In Problems 1-10 we first find the eigensystem of the given matrix A so as to determine its
eigenvector matrix P and its diagonal eigenvalue matrix D. Then we calculate the matrix
power A’ =PD’ P

1.

Characteristic polynomial: ~ p(1) = A*-31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2
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a-b =0 1
. a=-2b =0 2
With 4, = 2 4—2p = 0} v, = L}

o[ 2 o7t 2] 6 62
Sl otjlo 32)[ 1 -1) 31 -30
2. Characteristic polynomial: ~ p(1) = 12=4-2 = (A+1)(1-2)
Eigenvalues: 4 =-1, A4, =2

6a—6b = 0 1
With 4, = -1: . } v, ={}

3a-3b =0 1
3a—6b = 0 2
With =2: =
th 4, 3a—6b = 0} & M

1 2 -1 0 L1 2

P - . D= . P =
I 1 0 2 I -1

.1 2]-1 o[-1 27 T[65 —66

A’ = =

I 1]0 32| 1 -1 33 =34
3. Characteristic polynomial: ~ p(1) = A7 =24 = A(A-2)
Eigenvalues: 4, =0, A4, =2

: 6a—6b =0 1
With 4, =0 v, =
4a—4b = 0 1
4a—-6b = 0 3
With = 2: =
th 4, 4a—6b = o} & M

ST
St M A B e
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Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

3a-3b = 0 1
With 4, = 1: ! v, =
2a-2b = 0 1
2a-3b = 0 3
With =2: =
th 4, 2a-3b = 0 & M

Sl R
R I A

Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

4a-4b = 0 1
With 4, = 1: ¢ v, =
3a-3b = 0 1
3a—4b = 0 4
With =2: =
th 4, 3a—4b:0} & M

1 4 10 L [-3 4
P = ., D= . P =
I 3 0 2 I -1
s 1 41 0] -3 4 125 -124
A = =
I 3]0 3241 -1 93 -92

Characteristic polynomial: ~ p(4) = 4> =31+2 = (A-1)(1-2)
Eigenvalues: 4 =1, A4, =2

Sa—10b = 0 2
With 4, = 1: y v, =
2a-4b = 0 I
4a-10b = 0 5
With 4, = 2: y v, =
2a-5b = 0 2
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25 10 L2 s
P = , D= , P =
I 2 0 2 I -2
S 2 501 0|2 5 156 -310
A = =
I 20 32(|1 =2 62 -123
7. Characteristic polynomial: ~ p(d) = —(A-1)(1-2)°
Eigenvalues: 4 =1 4, =2, A4 =2

3b =0
With 4, = 1: =0 v, =
c =
3b—a =0 0 3
With 4, = 2 0= v, =|0], v, =
0= 0
1 03 1 00 1 -3 0
PzOOl], D=0 2 0, Plz{oo
01 0 0 0 2 0 0
1 0 3]t o off1t =3 0 1 93 0
AS—{0010320{001=0320
0 1 0|0 0 32{0 1 0 0 0 32

8. Characteristic polynomial: ~ p(1) = —A*+44° -54+2 = —(A-1)’(1-2)
Eigenvalues: 4, =1, A4 =1 A4 =2

c=2b =0 0 1
With 4, = I: =0 v, = , v, =10
c—=2b =0 12 0
—-a-2b+c =0 1]
With 4, = 2: -b =0 v, =0
-2b =0 1
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10.

01 1 1 00 0
P:lOO], D=0 1 0], PI:{I
2 0 1 00 2 0
0 1 Ilf1 0o oo 1 0 1
AS:{10001012—1:0
2 0 1[0 0 32(0 =2 1 0

Characteristic polynomial:  p(1) = —=(A-1)(4—
Eigenvalues: 4, =1, A4, =2, A4 =2
c=3b =0
With 4, =1 b = Vi =
CcC =
—a-3b+c =0
Wlth 22 = 2 0 = 0 V2 =
0=0
I 1 -3 1 00 1
P=(00 1|, D={0 2 0|, P' =10
01 0 0 0 2 0
11 -3t o o[t 3 -17 [1
A=(0 0 10 32 0100 1]|=]0
01 010 0 32/0 1 0 0

Characteristic polynomial:

Eigenvalues: 4, =1, A4, =2, A, =2
3a-3b+c =0
With 4, = 1: 2a-2b+c =0
c=0
2a-3b+c = 0
With 4, = 2: 2a-3b+c = 0 v, =
0 =
Section 6.3

2y’

p(A) = —(A-D(A-2y
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11.

12.

320

I -1 3 1 00 . -4 6 -2
P=|1 0 2|, D=|0 2 0|, P'= 5 0 0 1
0 2 0 0 0 2 2 2 1
1 -1 3|1 0 O | -4 6 2 94 93 31
A =1 0 2{0 32 0 5 0 0 1|=]62 —61 31
0 2 0f0 0 32 2 2 1 0 0 32
Characteristic polynomial: ~ p(A) = =2+ 4 = —A(A+1)(A-1)
Eigenvalues: 4, =-1, 4, =0, 4 =1
2a =0 0
With 4, = - 6a+6b+2c =0 v, =|-1
2la—=15b6-5¢ = 0 3
a=0 0
With 4, = 0: 6a+5b+2¢ =0 v, =|=2
2la—15b—6¢c = 0 |5
0=0 [ -1
With 4, = 1: 6a+4b+2c = 0 v, = |-42
2la=15b-7¢ = 0 | 87
0 0 -1 -1 00 -36 5 2
P=|-1 -2 —42, D=0 0 0|, P'=]3 3 -1
3 5 0 0 1 -1 0 0
0 0 -1{1 -36 ! 0 0
A =|-1 -2 —42]/0 0 © =| 78 =5 2
3 5 1 -195 15 6

Characteristic polynomial:

Figenvalues: 4

With A, = —

p(A) = A=A -1 = ~(A+DH(A-1)’

h=1 A =1

12a—6b—2¢c = 0
20a-10h—4c = 0
2¢c =0

= -1,
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13.

14.

10a—6b—2¢ = 0 1 3
20a—12b—4c = 0 v, =[0], v, =5
5 0

With 4, = 1:
0=
1 1 3 -1 0 0 -25 15 5
P=205,D=010,P—‘=1001
050 0 0 1 5_10—5—2
1 1 3|1 0 o] [-25 15 5] [1 0 0
A”’=205010]1001=010
050001510—5—2 0 0 1

p(A) = =2+ = —AA+D)(A-1)

Characteristic polynomial:

Eigenvalues: 4 =-1, 4, =0, 4 =1

2a—b+c =0 -1
With 4, = -1: 2a-b+c =0 v, =0
da—4b+2¢c = 0
a—-b+c =0 1
With 4, = 0: 2a-2b+c =0 v, =
4a—4b+c = 0 10
—b+c =0 1
With 4, =1 2a-3b+c =0 v, = |1
4a—4b = 0 |1
-1 11 -1 00 -1 0
P=|0 11/, D=0 0 0f, P'=|-—2 3 -1
2 01 0 0 1 2 2 1
-1 1 1][1t 0o O][-1 1 o 3 31
A’ =10 1 1[0 0 0f|—2 3 -1|=|2 =2 1
2 0 1|l0 0 1|2 =2 1 0 0 1

p(A)y = =2+ = —AA+1)(A-])

Characteristic polynomial:

Eigenvalues: 4, =-1, 4, =0, A4 =1

Section 6.3
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15.

16.

322

6a—-5b-3c =0 1
With 4, = -1: 2a=b-c =0 v, =10
4a—-4b—-2¢ = 0 2
5a=5h-3¢ =0 1]
With 4, = 0: 2a=2b-c =0 v, =
4a—-4b-3¢c =0 10
4a—-5b-3c = 0 2]
With 4, = 1: 2a-3b—c =0 v, =1
4a—-4b—-4c = 0 11
1 1 2 -1 00 -1 1 1
P=|0 11, D=0 0 0, P'=]|-2 3 1
2 01 0 0 1 2 -2 -1
1 1 21 0 Of|-1 1 1 3 3 -1
A1°=011000]—231:2—2—1
2 0 10 0 1] 2 -2 -1 0 0 1

p(A) = A7 -34+2 so A’-3A+2I =

0
13 -12
9 =8

, 5 —4] [1 0
A> = 3A-21 = 3 2 -
3 2] 7o 1
; . 13 -12] [5 —4] [29 -28
A’ = 3A°-2A =3 ) -
9 -8 3 -2 |21 -20
\ Lo 29 28] [13 -12] [61 —-60
A =3A°-2A° =3 2 -
21 20| 7|9 -8 45 —44

5 4 1 0 -2 4
Al = l(—A+3I) =1 +3 _ 1
2 2 3 =2 0 1 2/-3 5
p(A) = A7 =314+2 so A’-3A+21 =0
6 -10 1 0 16 =30
2 3 0 1 6 -—11

5 16 -30 6 -10 36 =70
6 -l11 2 3 14 =27

A2

A3
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17.

18.

19.

14 27| |6 -11] |30 -59
6 -10] [1 0 -3 10
A" = Leassn = 4 +3 _ 1
2 20 12 =3 o 1) 2|2 6

pA) = —A+5142-81+4 so —A’+5A7-8A+41 = 0

4 ; 5 36 =70 16 =30 76 —150
A" =3A"-2A" =3 -2 =

1 90 1 21 0
A’=10 4 0], A’ =5A"-8A+4I =|0 8 0
0 0 4 0 0 8
1 45 0
A' =5A°-8A’+4A =0 16 0
0 0 16
2 30
A-lzl(A2—5A+81) Lo 1 0
4 2
0 0 1

p(A) = =2 +417=54+2 so —A’+4A’-5A+21 =0

1 -6 3 1 -14 7
A*=10 1 0f, A’ =4A-5A+2I =0 1 O
0 —6 4 0 -14 8
1 =30 15
A* = 4A°-5A7+2A =0 1 0
0 -30 16
2 2 -1
A :1(A2—4A+51) =Lo 2 o
2 2
0 2 1

pA) = —A+5142-81+4 so —A’+5A7-8A+41 = 0

1 -9 3 1 =21 7
A’ =0 4 0], A’ = 5A°-8A+41 =|0 8 0
0 0 4 0 0 8
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1 -45 15
A* = 5SA°—8A%+4A = |0 16 0

20 p(A) = -A+5107-82+4 so —-A’+5A°-8A+41 =0

10 9 3 2 21 7
A>=]6 -5 3| A’ =5A-8A+41 =|14 -13 7
0 0 4 0 0 8
46 —45 15
A = 5A°—8A%+4A = |30 -29 15
0 0 16
-1 3 -1
A :1(A2—5A+81) L B S
4 2
0 0 1

2. p(A) = -A+4 so —A'+A =0

1 0 O 1 0 0
AP =] 18 =5 -2, A=A=|6 5 2
-195 15 6 21 -15 -6
1 0 O
A*=A"=| 78 -5 =2
-195 15 6

Because A =0 isan cigenvalue, A is singular and A" does not exist.

22, p(A) = -2+ +A-1 s0o -A+A’+A-1=0

1 00 11 -6 -2
A’=10 1 0|=1, A’ = AP+A-1=|20 -11 —4|=A
0 0 1 0 O 1
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1 00
A* = A’+A—-A =0 1 0|=1
0 0 1
11 -6 =2
A" = —AT+A+I =20 -11 4| =A
0 0 1
23, p(A) =-A+4 so -A+A =0
3 -3 1 1 -1 1
AP =2 =2 1}, AP =A =12 21
0 0 1 4 -4 1
3 -3 1
A = A2 =2 21
0 0 1

Because A =0 isan eigenvalue, A is singular and A™' does not exist.

24, p(A) = -A+1 so —A'+A =0

3 3 -1 5 -5 -3

AP =2 2 -1, A'=A=[2 2 -1

0 0 1 4 -4 3
3 3 -1
A=A =2 2 -1
0 0 1

Because A =0 isan eigenvalue, A is singular and A™' does not exist.

In Problems 25-30 we first find the eigensystem of the given transition matrix A so as to
determine its eigenvector matrix P and its diagonal eigenvalue matrix D. Then we determine how
the matrix power A" =PD*P™ behaves as k — oo, For simpler calculations of eigenvalues and
eigenvectors, we write the entries of A in fractional rather than decimal form.

25.  Characteristic polynomial: ~ p(1) = A° — % A+ % = % (A-D(51-4)

Eigenvalues: 4 =1, A4, = §
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26.

326

—Ea+mb = 1
& 11 " H

—_—aq —— =
10 10

4 ia+ib =0 _1

With 4, = = 1010 v, =

5 1 1 1
—a+—b =
10 1

. 1 -17f1 0 T 11 1
x, = A'x, = = X,
110 4/5] 2[-1 1
1 -17[1 0711 1 1 17[¢ 1/2
- 1 xozl = (G +Sy)
1 10 0]2]-1 1 2(1 1] 8, 1/2

as k — oo, Thus the long-term distribution of population is 50% city, 50% suburban.

Characteristic polynomial: ~ p(1) = A* — % A+ % = % (A-D(5A-4)

Eigenvalues: 4 =1, A4, = §
—21061+2i0b = 1
With =1 v, =
& 31 : M
—_—a—— =
20 20
With 4, = = 20 20 v, =
5 3 3 1
—a+—b =

. 1 11 o0 11 1
x, = A'x, = — X,
310 4/5] 4/-3 1
1 171 oJ1[ 1 1 1 1[¢ 1/4
— 1 XO:l Y= (G +Sy)
3 1[0 0]4/-3 1 403 3] S, 3/4
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27.

28.

as k — oo, Thus the long-term distribution of population is 25% city, 75% suburban.

Characteristic polynomial: ~ p(1) = A* — % A+ % = % (A-D(5A-3)

Eigenvalues: 4 =1, A4, = %

—la+ib =0 3
With 4, = I: 420 v, =

1 3 5

—a——>b =

4 20

ia+ib = _1
With 4, = =: 2(1) ?0 sz{l}

—a+=b =0

4

. 3 101 o 111 1
x, = A'x, = = X,
5 1)/0 3/5| 85 3

P P PR i B RS

as k — oo, Thus the long-term distribution of population is 3/8 city, 5/8 suburban.

Characteristic polynomial: ~ p(1) = A’ —1—7ﬂ,+l = i(ﬂu—l)(lOﬂu—7)
10 10 10
Eigenvalues: 4 =1, A4, = %
—la+ib =0 1
With 4, = I: 15 110 v, = {2}
—a—-——b =0
5 10
7 ia+ib =0 _1
With 2, = - 1? 110 sz{l}
—a+-=b =0
5 5
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1 -1 10 Lo 111
P = , D= , Pl==
2 1 0 7/10 30-2 1
. 1 -1 o0 T1f1 1
X, = A'x, = — X,
2 10 7/10] 3|2 1
1 171 oJ1[ 1 1 1 17[¢ 1/3
— 1 xozl "l =(C+S,)
2 1o 0]3]=2 1 32 2], 2/3

as k — oo, Thus the long-term distribution of population is 1/3 city, 2/3 suburban.

37 17 1
29.  Characteristic polynomial: A=A -—A+— = —(A-1)(201-17
aracteristic polyn p(A) 0" 20 = 204 )
17
Ei lues: =1, = —
igenvalues: A, A 0
—La+Lb = 1
With 4, = 1 020 v, =
1 1 2
—g——b =0
10 20
17 ia+Lb =0 _1
with 4, = —: 20 20 v, =
20 1 1 1
—a+—b =
10 10

1 -1 1 0 4 111
P = , D = , P = _
2 1 0 17/20 31-2 1
. 1 =11 o0 Tif1 1
x, = A'x, = = X,
2 1]0 17/20) 3|2 1
1 -1]|1 0 1 1 11 1] C 1/3
— 1 X, = — 1= (C+5S,)
2 10 0[3]-2 1 312 2| S, 2/3
as k — oo, Thus the long-term distribution of population is 1/3 city, 2/3 suburban.

33 13 1
30.  Characteristic pol 1al: A=A -—=2+— = —(A-1)(201-13
aracteristic polynomia p(A) >0 >0 20( X )

Eigenvalues: 4 =1, A4, = %
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—la+2ib =
With 4, 1 30
—a—-——b =10

5 20

Il
[
W
-

Il
 —
W
(I

3 3

—a+—b =0 1
with 4, = = 2020 v, = |
20 la+lb =0 2
5 5

3 -1 1 0 4 111
P = , D = , P =
4 1 0 13/20 714 3
. 3 11 0 Ta[1 1
x, = A'x, = — X,
4 10 13/20] 7|4 3
3 -1{1 O 1 1 3 3¢ 3/7
— 1 X, = 1 "= (G +S,)
4 110 0|7|4 3 714 4|8, 4/7
as k — oo, Thus the long-term distribution of population is 3/7 city, 4/7 suburban.

In the following three problems, just as in Problems 25-30, we first write the elements of A in

fractional rather than decimal form, with »=4/25 in Problem 31, »=7/40 in Problem 32, and
r=27/200 in Problem 33.

31.  Characteristic polynomial: ~ p(1) = A° - % A+ % = % (A-D(5A-4)

: 4
Eigenvalues: 4 =1, A4, = 3
2 1
——a+—=b = 5
With 4, = I: i 21 v, = L}
-——a+—=b =0
25 5
1 1
4 ——a+—=b = 5
With 4, = = > v, =
5 4 2 2
——a+—b =
5 5

55 10 L2 s
P = , D = , P -
4 2 0 4/5 10| 4 -5
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. 5 5M o7 1[=2 5
x, = A'x, = — X,
4 20 4/5] 10 4 -5
5 51 0j1]-2 5 11-10 25| F, 25R, - F,
—> —_— X, = — =
4 20 oft0] 4 —5]° 10| -8 20| R, 2R, —0.8F,
as k — oo, Thus the fox-rabbit population approaches a stable situation with 2.5R, — F,
foxes and 2R, —0.8F, rabbits.

32.  Characteristic polynomial: ~ p(1) = A° —%l+% = 8—10(201—21)(41—3)
19 17
E. 1 . = —, =
igenvalues: A, 0 0
9 1
——a+—=b =
10
With 2, = 2L 202 v, =
20 27 3 9
-———a+—b =0
200 20
With 4, = > 20 2 v, =
4 27 9 3
=L a+—=b =0
200 20

10 10 21/20 0 L, 1[-3 10
P = , D = , P = —
9 3 0 3/4 60| 9 -10
. 10 100[21/20 0 " 1[-3 10
X, = A'x, = — X
9 3] 0 3/4] 609 -10
1 2110 101 0O][-3 10 1 «[=30 1007 F,
= —| — x, = —(1.05)
6020) |9 3]0 0] 9 -I0 60 27 90 || R,
1 k 10
= —(1.05) (10R, —3F,
60( ) (10, {9}

when £ is sufficiently large. Thus the fox and rabbit populations are both increasing at 5%
per year, with 10 foxes for each 9 rabbits.

9, 323 1
33.  Characteristic pol 1al: A = A —=A+=—=—= = —(201-19)(204-17
aracteristic polynomia p(A) 5 200 400( X )
19 17
E. 1 N = —, =
igenvalues: A, 0 A 0

330 Chapter 6



34.

3s.

36.

37.

38.

7 1

—-——a+—=b =10
: 1 10
With 4, = =2 200 2 v, =
20 7 1 7
——a+-b =
40 4
1 1
——a+—b =
2
With 4, = 1—7: 42 v, =
20 7 7 1
——a+—>b =
40 20

10 2 19/20 0 4 1-1 2
P = , D= , Pl=2
7 1 0 17/20 417 -10
. 10 27[19/20 0 T1[-1 2
x, = A'x, = ” X,
7 1 0 17/20 4|7 -10
10 210 0|1|-1 2 0 0] F 0
7 1]0 0]4]7 =10 0 0} R, 0
as k — oo, Thus the fox and rabbit population both die out.

a_ppp = |3 S|[T o7 5] _[41 30
B 14 7]l0 1|4 3] |56 —41

If n iseventhen D" =1 so A" =PD"P'=PIP' =1. If n is odd then
A"=A""A=TA=A. Thus A” =A and A =1L

The fact that cach |A|=1, so A =1, implies that D" =1 if n is even, in which case
A"=PD'P"' =PIP' =1.

We find immediately that A* =1, so A’=A’A=IA=A, A*=A’A=A"=1, and so
forth.

We find immediately that A =-1, so A’ =A’A=-IA=-A, A'=A’A=-A"=1, and
so forth.

1 1 1 0 0 1
If A= { } = { }+{ 0} = I+B, then B* =0, so it follows that
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39.

40.

332

1 n
A" = I+B) =I"+nl""B+in(n-DI"'B*+--- = 1+nB = L) J.

The characteristic equation of A is

(p-Ag-4) = U-p)l-q) = ' =(p+)A+(p+g-1)
= (A-D[A-(p+g-DI,

so the eigenvalues of A are A4, =1 and 4, =p+g-1.

The fact that the column sums of A are each 1 implies that the row sums of the transpose
matrix A’ are each 1, so it follows readily that A'v=v. Thus A =1 is an cigenvalue of
A" But A and A" have the same eigenvalues (by Problem 35 in Section 6.1).
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CHAPTER 7

LINEAR SYSTEMS OF
DIFFERENTIAL EQUATIONS

SECTION 7.1
FIRST-ORDER SYSTEMS AND APPLICATIONS

1. Let x,=x and x,=x]=x/, so x, =x"=-7x-3x"+¢.
Equivalent system:
X, = x, x, = -Tx; - 3x, + £

2. Let x,=x, x,=x/=x", x;=x;=x", x,=x;=x", so x}, =x“ =x+3x"-6x"+cos3t.
Equivalent system:

xl' = X, x; = X3, x; = X4, x; = -x1 1t 3xy - 6x3+ cos 3¢
3. Let x,=x and x,=x/=x, so x, =x"= [(l—tz)x—tx']/tz.
Equivalent system:
)Cl’ = X, tzx; = (1 - tz)xl %)
4. Let x,=x, x,=x=x, x,=x;,=x", so x;=x"= (—Sx -3’ -2x"+1In t)/t3.
Equivalent system:
X =x, X =x, £x, = -5x - 3+ 2% +Int
2
5. Let x,=x, x,=x{ =%, x;=x;=x", so x; =x"=(x") +cosx.
Equivalent system:
x| = x, X, = x3, X, = x3 +cosx
6. Let x,=x, x,=x,=x, y,=y, v,=y =y so x,=x"=5x—4y, y,=y"=—4x+5y.

Equivalent system:
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7 7
X, = X, X, = 5x1 -4y

7

Vi =y v, = -dxi+ 50

7. Let x,=x, x,=x{=x, y,=v, v, =y/=y" s0 x{=x"=-kx /(x> +y*)",
vy =y'=—ky /(3" +y7)

Equivalent system:

3/2

7 _ 7 kX/ 2 23/2
X, = X, X, = — 1(x1+yl)

, , 372
W= o= k()

8. Let x,=x, x,=x=x, y,=y, »,=y =¥ s0 x;=x"=—-4x+2y-3x,

v, =y"=3x—y-2y"+cost.

Equivalent system:

X, = x, X, = -4x;+2y - 3
V=y, ¥, = 3xi- yi-2mtcost
9. Let x,=x, x,=x,=X, yy=y, v,=vi=V, z,=2, z,=2, =2, $0

x,=x"=3x—y+2z,y,=y'=x+y—4dz, 2, =2"=5x—-y -z

Equivalent system:

X, = x, x, = 3x; -y T2z
7 7 _ + 4
= Y Yo T X171 - Az

7 7
zZ, = o, Z, =51 -y1- 21

10.  Let x,=x, x,=x =%, » =y, p, =y =) so x; =x"=x(1-y), ¥, =)"=ry(1-x).

Equivalent system:

x| = x, x, = xi(1 - )
= vy =yl - xp)
11. The computation x” = y" = -x yields the single linear second-order equation

x"+x = 0 with characteristic equation 7+ 1 = 0 and general solution
x(f)y = Acost+ Bsint.

Then the original first equation y = x' gives
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12.

13.

y({) = Bcost-Asint.

The figure on the left below shows a direction field and typical solution curves (obviously
circles?) for the given system.

The computation x" = y" = x yields the single linear second-order equation
x" - x = 0 with characteristic equation /* - 1 = 0 and general solution

x(1) = Aé+Be”.
Then the original first equation y = x' gives
y) = Aée -Be”.

The figure on the right above shows a direction field and some typical solution curves of this
system. It appears that the typical solution curve is a branch of a hyperbola.

The computation x” = -2y" = -4x yields the single linear second-order equation
x"+4x = 0 with characteristic equation > +4 = 0 and general solution

x(f) = A cos2t+ Bsin2t.
Then the original first equation y = -x'/2 gives
V() = -Bcos2t+Asin2t

Finally, the condition x(0) = 1 implies that 4 = 1, and then the condition y(0) = 0
gives B = 0. Hence the desired particular solution is given by
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x(f) = cos2t, y({t) = sin 2t.

The figure on the left below shows a direction field and some typical circular solution
curves for the given system.

TN

N
N |
Q
%
=7

_ A
N A2
AN \ \ & . .
14.  The computation x"” = 10y’ = -100x yields the single linear second-order equation

x"+100x = 0 with characteristic equation #* + 100 = 0 and general solution
x(f) = A cos 10t + B sin 10z.

Then the original first equation y = x710 gives
w({t) = Bcos 10z - 4 sin 10¢.

Finally, the condition x(0) = 3 implies that 4 = 3, and then the condition y(0) = 4
gives B = 4. Hence the desired particular solution is given by

x(f) = 3 cos 10+ 4 sin 10z,

¥(t) = 4cos 10t - 3 sin 10z.

The typical solution curve is a circle. See the figure on the right above.

15.  The computation x"” = y/2 = -4x yields the single linear second-order equation
x"+4x = 0 with characteristic equation > +4 = 0 and general solution

x(f) = A cos2t+ Bsin2t.

Then the original first equation y = 2x' gives
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16.

17.

v(t) = 4B cos 2t - 44 sin 2¢.

The figure on the left below shows a direction field and some typical elliptical
solution curves.

T ,l | | \ T e e e SN
| SN 2 TE2e=amss
_$ /[\ /]\ /I\ T \L \L \\/ \\/_ r A 7 -7 =5 - ~
AR M L I SN
N e~
M S s
4 | S . e e v
T T ™~ S~ & g
T W\ Y ) e
Mhh A U] TS ecee
I N L T e |
The computation x" = 8y’ = -16x yields the single linear second-order equation

x"+ 16x = 0 with characteristic equation 7>+ 16 = 0 and general solution
x(tf) = A cos 4t + Bsin 4t.

Then the original first equation y = x78 gives
w({t) = (B/2)cos 4t - (4/2)sin 4¢.

The typical solution curve is an ellipse. The figure on the right above shows a direction
field and some typical solution curves.

The computation x”" = y" = 6x - y = 6 x - x' yields the single linear second-order
equation x"+x'- 6 x = 0 with characteristic equation /*+r - 6 = 0 and characteristic
roots » = -3 and 2, so the general solution

x(f) = Ae? +B e
Then the original first equation y = x' gives

(i) = -34 e +2Be”.
Finally, the initial conditions

x(0)=A+B =1, p0)= -34+28 =2
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18.

19.

338

imply that 4 = 0 and B = 1, so the desired particular solution is given by
x(t) = €, (i) = 2"

The figure on the left below shows a direction field and some typical solution curves.

P
€

Py
&

(e ¢ ¢ ¢ = &= <—<— ]

sty -y
L'Iz T ¢ — — G & & &—<&—

— > b > > = 27
A A A A

=
K —>

e e T T
> = = > = TN

|7
. r T
-5F 51 7\
| \ " |
The computation x"” = -y’ = -10x+ 7y = -10x - 7x' yields the single lincar second-
order equation x"+ 7x'+ 10x = 0 with characteristic equation >+ 7r+ 10 = 0,
characteristic roots » = -2 and -5, and general solution
x(t) = 4 e +Be™
Then the original first equation y = -x' gives

Wiy =24 e +5Be
Finally, the initial conditions
x(0) =A+B =2, y0)=24+5B = -7
imply that 4 = 17/3, B = -11/3, so the desired particular solution is given by
x(t) = (17 e - 11 e7/3, (i) = (34e™ —55¢7)/3.

It appears that the typical solution curve is tangent to the straight line y =2x. See the
right-hand figure above for a direction field and typical solution curves.

The computation x” = -y’ = -13x - 4y = -13x+ 4x' yields the single linear second-

order equation x" - 4x'+ 13x = 0 with characteristic equation ¥ -4r+13 = 0 and
characteristic roots » = 2+ 3i, hence the general solution is
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20.

x(f) = €”(4 cos 31+ B sin 31).

The initial condition x(0) = 0 then gives 4 = 0, so x(t) = B ¢”'sin 31. Then the original
first equation y = -x' gives

y(t) = -€”(3B cos 3t +2B sin 3¢).

Finally, the initial condition y(0) = 3 gives B = -1, so the desired particular solution is
given by

x(f) = -esin31, (1) = €”(3 cos 3¢+ 2 sin 37).

The figure below shows a direction field and some typical solution curves.

el T

|
o f—

The computation x" = y' = -9x+ 6y = -9x + 6x' yields the single linear second-order
equation x” - 6 x'+9x = 0 with characteristic equation /> - 6 7+ 9 = 0 and repeated
characteristic root » = 3, 3, so its general solution is given by

x(1) = (4 + Bne™.
Then the original first equation y = x' gives

Wiy = 34+ B+ 3B’

It appears that the typical solution curve is tangent to the straight line y = 3x. The figure
at the top of the next page shows a direction field and some typical solution curves.
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21. (a) Substituting the general solution found in Problem 11 we get

x*+y* = (4dcost+Bsint)’ + (B cost - Asin 1)’
= (4* + B (cos’t + sin’t) = A* + B
2+ =
the equation of a circle of radius C = (A2 + Bz)l/z.
(b) Substituting the general solution found in Problem 12 we get
X' -y = (4e + Be'Y - (de' - Be™'Y = 44B,

the equation of a hyperbola.

22, (a) Substituting the general solution found in Problem 13 we get

x> 3" = (4 cos 2t + B sin 21 + (-B cos 21 + A sin 2£)’
= (4% + B*)(cos’2t + sin2f) = A>+ B’
2+ =
the equation of a circle of radius C = (A2 + Bz)l/z.

(b) Substituting the general solution found in Problem 15 we get
16x% +y* = 16(4 cos 21 + B sin 21 + (4B cos 2t - 44 sin 21’
= 16(4> + BY)(cos 2t + sin*2t) = 16(4> + B%)
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23.

24,

25.

26.

27.

16x2+y2 = 7,

the equation of an ellipse with semi-axes 1 and 4.

When we solve Equations (20) and (21) in the text for e and ¢ we get

2x -y = 34e”and  x+y = 3Be™.
Hence

(2x - Y (x +y) = (34e”)’(3Be™) = 274°B = C.

Clearly y = 2x or y = -x if C = 0, and expansion gives the equation
4y’ - 3xyz + y3 = C.

Looking at Fig. 7.1.9 in the text, we see that the first spring is stretched by x,, the second
spring is stretched by x, —x,, and the third spring is compressed by x,. Hence Newton's
second law gives mx] = —k(x)+k,(x,—x,) and m,x] = —k,(x, —x)—k;(x,).

Looking at Fig. 7.1.10 in the text, we see that

myl = —Tsin6,+Tsin0, ~ —Ttan6 +Ttanb, = -7y, /L+T(y,—»)/L,

my, = =Tsin@,—Tsin@, ~ —Ttan@, —TtanO, = —T(y,—v,)/L—-Ty, /L.

We get the desired equations when we multiply each of these equations by L/7 and set
k=mL/T.

The concentration of salt in tank i is ¢, =x,/100 for i=1, 2, 3 and each inflow-outflow
rate is »=10. Hence

7 _ 1 _

x| = —retre; = 5(-x+x),
— — = L —

X, = +re —re, = (% -x,),
’r_ 1 _

X, = 4re,—re; = 15(X,—x;).

If @ is the polar angular coordinate of the point (x, y) and we write

F=k/ (x2 +y’ ) =k/r?, then Newton's second law gives

mx” = —Fcos@ = —(k/r*)x/r) = —kx/r,
—Fsin@ = —(k/r)y/r) = —ky/r,

V]
my
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28.  Ifwe write (x',y) for the velocity vector and v = (x')2 +( y')2 for the speed, then

(x7v, ¥'/v) is a unit vector pointing in the direction of the velocity vector, and so the
components of the air resistance force F, are given by

Fy = -k yv) = (ko' -k,

29. If r=(x,y,z) is the particle's position vector, then Newton's law mr”=F gives

i j ok
mr” = qgvxB = qlx’ V' Z| = +¢Byi—¢Bxj = ¢B(-),x,0).
0 0 B

and the characteristic equation (+* + 2)[(** +2)* - 2] = 0 has roots +i V2 and

+iy2%42 .

SECTION 7.2
MATRICES AND LINEAR SYSTEMS

, =446 t+£—48 +8¢4 ] 1-86+18% 1+26—1242+32¢°
L. (AB) = 3 2 3 = 2 3 2 3
3t+t -1 42+ +1* 3437 -4t 8t +31° +4t
BAAR — b2 nee 1 . e
38 —iz e 4 e L le 127
L t L t
R ETEY ke8| [=T4120 1-1207 4247
| -3430°7 =30 —4r+307 +30° 61’ 1247

[ 1-8+187  14+20-1272 +327
13+37 -4 814307 +4r

7
32 +3e" +2te” Ot* +3¢' +2¢ —2te™"

2.  (ABY = 3t = 3
3t + 24t —2¢™ 126 +24+2¢™
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e 1 2| 3 ¢t £l o
AB+AB =|-1 0 0 ||[2e|+|-t 0 2 -
8 0 37| 3t 8 -1 ¢
61> +3e' +2¢7 | |37 —2te” 91 +3¢' +2¢ —2te”
= -3 + 6 =
24+9¢° 3 +2e! 12¢% 42442
N O N SV
X = , = , =
B4 _3 0_ _0_
N U N N O
X = , = , =
B4 _2 1 i 10
x] 2 4 3¢
= 5 P(t) = , f(r) =
MR _1} 0 H
. _ R t
x= " eo=|" ¢ f(r){“’.s}
|y e 1 —sint
x| 0 1 1] 0
X = |y, Pry=|1 0 1], f(r) = |0
| 11 0 0
[ x| (2 =3 0] K
x = |yl PH=|1 1 2/, f(r) = |0
| Z | _0 5 —7_ _0
(x| 3 -4 1] I¥;
X =yl PrHy=|1 0 -3|, f(r) = |1
K4 _0 6 —7_ _t3
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[ x t -1 ¢ 0
10. x =yl Py=|2 ¢ -1|, f(r) =0
z e’ 3t P 0
[ x, ] [0 1 0 0] K
X, 0020 0
1. x=|"]| P(1) = , f(1) =
X, 000 3 0
X, | 4 0 0 0 0
[ x, ] [0 1 1 0] [0
0’ X, POy 0011 (@) = | -
- X = . = . =
X, 100 1 7
X, | 11 0 0] s
2[ 2t
3. W@ = _:l _eeb =& %0

, 2¢' | 2¢' 4 2| 2
X, = , = = = AXI
—3e —3e -3 —1]||-3e
e B 26 4 2 e
’ = = = = AX
X3 |:_ezz __2ezz:| |:_3 _1:||:_ezz 2
2¢' e’ 2¢ce’ +c,e”
X(1) = ¢X,+c,X, = ¢ e | = . 5
—3e —e =3¢ie’ —c,e

In most of Problems 14-22, we omit the verifications of the given solutions. In each case, this is
simply a matter of calculating both the derivative x, of the given solution vector and the product

Ax, (where A is the coefficient matrix in the given differential equation) to verify that

X, = Ax, (just as in the verification of the solutions x, and x, in Problem 13 above).

3 -2
e’ 2

3e3l e—zt

0 N e’ N 2¢7 ce’ +2c,e™

XU) = 6% 76X =61 5, |76 L, | T 3 -2t
3e e 3ce’ +c,e
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15.

16.

17.

18.

19.

2t =2t

w) = =420

2 -2
e’ Se”

1 1| _ ce’ +c e
X(1) = ¢X,+¢,x, = c{l}ez’+c{ }ezz = { ! ?

3t 2t

W(t) =

_631 _262[

1, L e +e,e’
X(?) = ¢x,+6,X, = ¢ { e +c, e’ =

362[ e—St

2¢% 3e™
0 N 3e* N e 3¢’ +c,e”
X(1) = ¢x,+¢,x, = ¢ ol o= )
o 207 | 7| 3e7™ 2¢c,e” +3c,e”

2¢  2e¥  2e”
W) =[2¢ 0 —26%| = 16¢" # 0

W(t) = =7 %0

e e e
2 -2 2 2¢ce’ —2¢,e” +2¢,e’
X(1) = ¢X,+e, X, +eX, = ¢| 2| +e,| 0 |+ | -2 = 2¢ce’ —2c,e”
1 1 1 ce +c,e’ +ce”
e’ et 0
Wiy =1 0 e'|=3#0
2t —t —t
e’ - —e
1 1 0 ce’ +ee”!
X(1) = ¢x,+e, X, +ex, = ¢|1|e +c,| 0 |e+c| 1 e = ce’ +ce”’
1 -1 -1 ce’ —c,e” —ce”
0 1 1|1
x;=(2le =|1 0 1]|1]|e = Ax,
I 1 0f]1
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-1 0 1 1 1
X, =| 0" =1 0 1|]0|e" = Ax,
I 1 0

1] -1
[0 ] 01 1(]0
x; =|-lle =1 0 1|1 |e" = Ax,
1 11 0|4
1 2e3l _ 4
200 W(@)=|6 3" 2| =-84" £ 0
—-13 2" e
1 2 -1 ¢ +2c,e” —ce”
X(?) = ¢X,te,x,+ex, = ¢| 6 |+¢,| 3 |+ | 2 | = 6¢ +3c,e’ +2¢,e”
-13 -2 1 —13¢, —2¢,e* +c,e”
3e—zl el e3l
2. W(@) = |2 - —'|=¢e" %0
2277 ¢ 0
3 1 1 3ce e, +ee
X(1) = ¢X,+e, X, + X, = | 2 e +e, | —1|e +e| —1|e” = |2¢ce™ —ce —ce”
2 1 0 2ce” +c,e’
—t 0 t
e l f) e—z 0 el 0 .
2. W@ = Cf Tt & ol =<0 “l=120
e 0 3e = , —2e
e’ 2 0
e’ 0 2 0
1 0 0 1 e +c,e
0 -1 0 —t 1 ¢ 0 ¢ c3el
X(t) = ¢| e +c,| e+ e+e,| e =
0 1 0 3 c,e’ +3c,e'
1 0 -2 0 e’ =2¢e

In Problems 23-26 (and similarly in Problems 27-32) we give first the scalar components
x,(¢) and x,(¢) of a general solution, then the equations in the coefficients ¢, and c, that are

346 Chapter 7



obtained when the given initial conditions are imposed, and finally the resulting particular
solution of the given system.

23, x(t) = e’ +2c,e, x,(t) = 3ce’ +ce

¢ +2c, =0, 3¢,+c, =5
x,(t) = 2" =27, x,(t) = 6 -

24, x(t) = ¢+ e, x,(t) = e’ +5¢c,e
¢ tec, =5, ¢ +5¢, = -3
x, () = 7" =27, x,(t) = Te* —10e™

25. x(t) = ¢+, x,() = —¢e’ —2c,e”

¢ +tec, =11, —¢,—2¢c, = =7
x,(t) = 15" —4e”, x,(t) = —15¢ +8¢”

26. x(t) = 3¢’ +ee, x,(t) = 2¢ce” +3c,e”
3¢,+c, =8, 2¢,+3c, =0

x, (1) :§(9e2’—2e_5’), X, (1) = g(em—e_“)

27.  x/(t) = 2¢ce’ —2c,e" +2¢,8”, x, (1) = 2c€ —2¢c,e”, x,(t) = ce +ce’ +ce”

2¢,=2¢,+2¢; = 0, 2¢,—2¢, =0, e +c,+e, = 4
x,(f) = 2" —4e” +2e%, x,(t) = 2¢' —2e", x,(t) = ¢ +2e" +e”

28. x(t) = cet+ee, x,() = et tee, x() = et —ce —ce’

¢ +tc, =10, ¢ te =12, c—c—c = —1

x, () = 7" +3e”, x,(t) = Te¥ +5¢”, x,(t) = T -8

29.  x(0) = 3ce He e+, () = -2qe 7 —ee —ce, x() = 2ce ol
3¢, +c,+e =1, —2¢,—¢c,—¢;, = 2, 2¢,+¢, = 3
x(1) = 9¢¥ =3¢' =5¢", x,(1) = —6e7 +3e +5¢*, x,(t) = 6 =3¢’
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31.

32.

33.

34.

35.

36.

37.

348

-2 3 -2 3 -2
x,(t) = 3¢ +ee tee’, x, () = —2ce " —ce —ce’, x,(t) = 2ce " +c,e

3¢, +e,+c; =5, -2¢,—¢c,—¢; = =7, 2¢,+c, =11
x,(t) = =6 +15¢' —4e¥, x,(t) = d4e”' —15¢' +4e¥, x,(t) = —4e +15¢

x() = g’ +ee, x,0) = e, x{) = e +3¢e, x,0) = ce’ —2¢e

cte, =1, c; =1, c,+3¢c, =1, ¢ —2¢ =1

x () =3¢ =2, x,(1) =¢€, x(t) =7Te' —6¢, x,(t) =3¢ -2

X, (1) = e +ee, x,(1) = e, x(0) = ce +3¢e, x,0) = e’ —2¢e

¢ +c, =1, c, =3, ¢, +3c, = 4, ¢ —2¢c, =7

x () = 13¢" =12¢', x,(t) = 3¢, x,(t) = 40 =36¢', x,(t) = 13e” —6¢'

(a) X, = fXj, so neither is a constant multiple of the other.

(b) W(x1, X2) = 0, whereas Theorem 2 would imply that W =0 if x; and x, were
independent solutions of a system of the indicated form.

If xlz(l‘) = cxll(t) and )sz(l‘) = C)C21(t) then

W(t) = xll(t))C22(t) - xlz(t)le(l‘) = CX11(t))C21(t) - CX11(t)X21(t) = 0.

Suppose W(a) = x,,(a)x,(a)—x,(a)x, (a) = 0. Then the coefficient determinant of
the homogeneous linear system c¢x,,(a)+c,x,(a) = 0, ¢x,,(a)y+c,x,,(a) =0
vanishes. The system therefore has a non-trivial solution {c,,c,} such that
ex,(a)+e,x,(a) = 0. Then x(¢) = ¢x,(t)+c¢,X,(¢) is asolution of X" = Px such
that x(a)=0. It therefore follows (by uniqueness of solutions) that x(¢) = 0, that is,
cx,(t)+c,x,(t) = 0 with ¢, and c, not both zero. Thus the solution vectors x; and
x, are linearly dependent.

The argument is precisely the same, except with n solution vectors each having »
component functions (rather than 2 solution vectors each having 2 component functions).

Suppose that ¢x,(?)+¢,x,(f)+---+¢,X, () = 0. Then the ith scalar component of this

vector equation is  ¢,x,(¥)+¢,x,(t)+---+¢,x, (t) = 0. Hence the fact that the scalar

functions x,(¢), x,,(¢), ---, x,,(¢) are linear linearly independent implies that
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independent.

SECTION 7.3

THE EIGENVALUE METHOD
FOR LINEAR SYSTEMS

¢, =0. Consequently the vector functions Xx,(¢), X,(¢),---, X, (¢) are linearly

In each of Problems 1-16 we give the characteristic equation, the cigenvalues A, and A, of the
coefficient matrix of the given system, the corresponding equations determining the associated

eigenvectors v, =[a, b] and v,=[a, b,]", these cigenvectors, and the resulting scalar

components x;(¢) and x,(¢) of a general solution x(7) = ¢,v,e™ +c,v,e™ of the system.

1.

Xy

Characteristic equation

2

Eigenvalues

. ) 2 2| a 0
Eigenvector equations = and
2 2| p 0

Eigenvectors v; = [1 -1]" and v, = [1

xl(t) =

The left-hand figure below shows a direction field and some typical solution curves
for the system in Problem 1.

-t 3¢
cie Tt e,

AP=24-3=0

-1 and 4, = 3

< = I 14
N 277
L\ = by ﬂ/—
i > /’ﬂ
L N ¢¢ 4

T
g e 0 T
AT
,/ZZ ~ A |
RN — &5
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Characteristic equation ~A*-31-4 = 0

Eigenvalues A4, = -1 and 4, = 4

, , 3 3[q 0 -2 37[a, 0
Eigenvector equations = and =
2 2| 4 0 2 -3 b, 0

Eigenvectors v; = [1 -1]" and v, = [3 2]
x1(f) = cre’+ 3cse", ) = -cre” + 2¢5e"
The right-hand figure at the bottom of the preceding page shows a direction field and

some typical solution curves.

Characteristic equation ~A*—=54-6 = 0

Eigenvalues A4; = -1 and 4, = 6

. ) 4 4| q 0 -3 4| aq, 0
Eigenvector equations = and =
3 3| p 0 3 —4|| b, 0

Eigenvectors v; = [1 -11" and v, = [4 3]"
xi(t) = cre” + dee®, x(t) = -cre” + 3cpe™

The equations
x1(0) = ¢ t+4e = 1

)CQ(O) =-c1+3¢; =1
yield ¢; = -1/7 and ¢, = 2/7, so the desired particular solution is given by

xi(f) = L(-e"+8e), xy(r) = L(e”+6e™).

The left-hand figure below shows a direction field and some typical solution curves.

s > AT

X
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4.

5.

6.

X

Characteristic equation

Eigenvalues A4 = -2 and 4, = 5

1

. . 6 1| a
Eigenvector equations 6 =

bl
Eigenvectors v; = [1 -6]" and v,

xi(t) = cre™ + cre”,

[1

A*=31-10 = 0

x(f) = -6cre” + cre”

The right-hand figure at the bottom of the preceding page shows a direction field and

some typical solution curves.

Characteristic equation

Eigenvalues A4 = -1 and 4, = 5

7
Eigenvector equations L

Eigenvectors v; = [1

xi(t) = cie” + Tere”,

)il

11" and v, = [7

A —43-5 =0

x)(f) = cre”'+ e

The left-hand figure below shows a direction field and some typical solution curves.

e e T 2

e T & N

e s =

T C o

———— . —

_ — 2%

L /\M

7
\
\
\Y

Characteristic equation

Eigenvalues A4 = 3 and 4, = 4

X

AP=T2+12 = 0
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X X 6 5| aq 0 5 5|a, 0
Eigenvector equations = and =
-6 =5|| b 0 -6 —6] b, 0

Eigenvectors v; = [5 -6]" and v, = [1 -1]"

xi(t) = 5¢18" + e, x(t) = -6c1e” - cre™

The initial conditions yield ¢; = -1 and ¢, = 6, so
xi(f) = -5+ 6e",  xy(f) = 6 - 6"

The right-hand figure at the bottom of the preceding page shows a direction field and
some typical solution curves.

Characteristic equation ~A*+81-9 = 0

Eigenvalues A4 =1 and 4, = -9

: : -4 4 || a, 0 6 4| a, 0
Eigenvector equations = and =
6 6|5 0 6 4] b, 0

Eigenvectors v; = [1 1]" and v, = [2 -3]"
xi(f) = c1e' + 2™, xa(t) = ci€' - 3™

The left-hand figure below shows a direction field and some typical solution curves.

)

AEW\ VAV Y
10 .
_-\L &~
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Characteristic equation A*+4 = 0

Eigenvalue 4 = 2i

. . 1-2i =5 ||la 0
Eigenvector equation . =
I -1-2i||b 0

Eigenvector v = [5  1-2i]"

5cos2t+5isin 2t
(cos2t+2sin2t)+i(sin2t —2cos2t)

x(t) = ve''' = {

x1(ty = Scicos 2t + Scysin 2t
x2(t)y = ci(cos 2t + 2 sin 2£) + c(sin 2t - 2 cos 2t)

= (c1 - 2¢2)c0s 2t + (2¢1 + ¢2)sin 2¢

The right-hand figure at the bottom of the preceding page shows a direction field and
some typical solution curves.

Characteristic equation A%+ 16 = 0

Eigenvalue A = 4i
. , 2-4i -5 a 0
Eigenvector equation . =
4  2-4i||b 0
Eigenvector v = [5  2-4i]"
The real and imaginary parts of

5cos4t + 5isin 4t }

x(t) = ve'' = , o
(2cos4r +4sindr)+i(2sin4t —4cos4t)

yield the general solution

x1(t) = 5cicos 4t + Scysin 4t

x2(t) = c1(2 cos 4t + 4 sin 4f) + ¢»(2 sin 41 - 4 cos 41).

The initial conditions x;(0) = 2 and x,(0) = 3 give ¢; = 2/5 and ¢, = -11/20, so
the desired particular solution is

x1(f) = 2 cos 4t - Lsin 4t
x(f) = 3 cosdt+ Lsin4r

The left-hand figure at the top of the next page shows a direction field and some typical
solution curves.
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10.  Characteristic equation A*+9 = 0

Eigenvalue A = 3i

. . —3-3i -2 ||a 0
Eigenvector equation . =
9 3-3i|| b 0

Eigenvector v = [-2  3+3i]"

0 i { —2cos3t —2isin3t }
x(f) = v’ =

(3cos 3t —3sin3¢)+i(3sin 3t + 3cos3r)
x1(f) = -2c¢jcos 3¢ - 2¢,sin 3¢
x2(f) = ¢1(3 cos 3t - 3 sin 3¢) + co(3 cos 37+ 3 sin 3¢)

= 3¢y T 3cp)cos 3t + (Bcn - 3cp)sin 3¢

The right-hand figure above shows a direction field and some typical solution curves for
this system.

11.  Characteristic equation A*—-24+5 = 0

Eigenvalue 4 = 1 - 2i

. . 2i 2||la 0
Eigenvector equation . =
2 2i|b 0

Eigenvector v = [1 ]

The real and imaginary parts of
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12.

x(f) = [1 ] €'(cos 2t - i sin 2¢)

= ¢ [cos 2t sin2f]' +ie'[-sin2t cos2f]"
yield the general solution

x1(f) = €'(cicos 2t - cosin 21)

x2(f) = €'(c1sin 2t + cacos 24).
The particular solution with x;(0) = 0 and x»(0) = 4 is obtained with ¢; = 0 and
¢ =4, so

x1(f) = -4e€'sin 2t, xa(f) = 4e'cos 2t.

The figure below shows a direction field and some typical solution curves.

&

o~
T

w
T

~
T

Characteristic equation A% - 41+8 = 0

Eigenvalue A4 = 2+2i

. . -1-2i -5 ||la 0
Eigenvector equation . =
1 1-2i|| b 0

Eigenvector v = [-5  1+2i]"

(t) (2+2i) ¢t 2t { _5 C082t—51S11’12t }
X =Vve =e

(cos2t —2sin2t)+i(sin2¢+2cos2t)

x1(1) = €*(-5¢1c08 21 - 5¢ysin 21)

Section 7.3
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xy(f) = €' [ei(cos 21 - 2 sin 2£) + ¢5(2 cos 2t + sin 27)]

e [(c1 + 2¢2)cos 21 + (-2¢; + ¢2)sin 2f]

The left-hand figure below shows a direction field and some typical solution curves.

4 &&
1 S S

S SaT e N \ Fmee e e e < =
™~ " \’\ ‘\ 4%.; < = &~ ;!\\
& w I\ 4 L 4

Xy
*3

13.  Characteristic equation A* - 41+ 13 = 0

Eigenvalue 4 = 2 - 3i

. . 343 -9 Ja 0
Eigenvector equation . =
2 3+3i||b 0

Eigenvector v = [3  1+i]"

i 3cos3t—3isin3t
| (cos3t +sin 3t) +i(cos 3t —sin 3t)

(2-3i)t _ 21

x(t) = ve e

x1(f) = 3e*(cicos 3¢ - ¢ysin 31)

xo(f) = € [(c1+ e2)cos 3¢+ (c1 - ¢r)sin 37)].

The right-hand figure above shows a direction field and some typical solution curves.

14.  Characteristic equation A*-21+45 = 0

Eigenvalue 4 = 3+4i

: ) -4i -4 ||la 0
Eigenvector equation . =
4 —-4i|lb 0
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15.

Eigenvector v = [1

X(t) — Ve(3+4i)t —

_l']T

u {cos 4t +isin 41

sin4t —icos4t

x1(f) = €”'(cicos 4t + casin 41)

x(f) = €”'(cisin 4t - ¢acos 4f)

The figure below shows a direction field and some typical solution curves.

TP N %
N

ab « &~

3'/kk$ /\\ /I\ /ﬁ

2r Ke& T f 7\

Y /

LN

4[4 =

NV VR '

AIARRY — 23

RN Xy >

—4 -3 -2 -1 0 1 2 3 4 5

Characteristic equation A% - 104+41 = 0

Eigenvalue 4 = 5 - 4i

Eigenvector equation

Eigenvector v = [5

X(t) — Ve(5—4i)t :eSZ

2+4i =5 [a] [0
4 2+4i|b] |0
2+4i]"

5cos4t —5isindt
| (2cos4t+4sindt)+i(4cosdt —2sin4r)

x1(f) = 5¢°'(cicos 4t - ¢ysin 41)

x:(1) = €' [(2c1 +4er)cos 4t + (dep - 2¢y)sin 41)]

The left-hand figure at the top of the next page shows a direction field and some typical

solution curves.
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17.
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s,
v
\

J
!
Y
y
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w

s%’92<

\\:;;.-5-'_9-__9’=; —4f \M
5“

~ TS T T

2 3 4 5

1

Characteristic equation A?+ 110A+1000 = 0
Eigenvalues A4; = -10 and 4, = -100

i X -40 20 || q, 0 50 20{|a, 0
Eigenvector equations = and =
100 =501 , 0 100 40| b, 0

Eigenvectors v; = [1 2]" and v, = [2 -5]"

-10¢ -100¢

xl(t) = (e + 2cre

-10¢ -100¢
x(t) = 2cie - 5¢e

The right-hand figure above shows a direction field and some typical solution curves.

Characteristic equation —A°+154> =544 = 0
Eigenvalues 41 =9, &L =6, 43 =0

Eigenvector equations

-5 1 47q 0 21 47a, 0 4 1 4a 0
1 =2 1|b|=1]0], |1 1 1{b|=|0], [1 7 1|b]|=]0
4 1 =5|¢ 0 4 1 22| q 0 41 4 ¢ 0

Eigenvectors v; = [1 1 17", vo=1[1-21" wvi=1[1 0-1]"

xi(t) = ae + e + ¢
x(t) = cle9t - 2cze6t

x3(t) = e’ + e - ¢
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18.

19.

20.

Characteristic equation —A°+154> =544 = 0
Eigenvalues 41 =9, &L =6, 43 =0

Eigenvector equations

-8 2 21q] [0 -5 2 2][a, 0 1 2 27[a,] [0
2 =2 1||p|=1]0], |2 1 1|b|=]|0|, |2 7 1|b|=]0
2 1 2|¢ 0 2 1 1|g of |21 7|e 0

Eigenvectors v; = [1 2 2", vow=00 1-1" wv=[4 -1-1"

9t

xi(t) = cie + 4¢3

x(t) = 2cle9t + czem - 3

x3(t) = 2c18” - e - o

Characteristic equation —A° +124° —454+54 = 0
Eigenvalues A4 =6, 4, =3, A3 =3

Eigenvector equations

2 1 1]q 0 1 1 1][a, 0 11 1a, 0
1 =2 1| p|=|0f, |11 1||p|=]0|, |1 1 1|b|=]0
1 1 2|q 0 11 1)|e 0 11 1 ¢ 0

Eigenvectors vi =[1 1 11", wva=1[1 -2 1], w3 =1[1 0 -1]"

xi(t) = e + e + 3
x(t) = c1e® - 2¢e”

6t 3t 3t
x3(f) = cie” + e - e

Characteristic equation —A’+174% —841+108 = 0
Eigenvalues 4 =9, 4L, =6, 4; =2

Eigenvector equations

4 1 37[q 0 -1 1 37[a, 0 31 3[aq, 0
1 =2 1|p|=0, |1 1 1|5]=]0|, |15 1|5]|=]0
31 -4 0 31 -1 0 31 3¢ 0

Eigenvectors vi =[1 1 1], wa=1[1-2 1], wv=1[1 0 -11"
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22.

23.

360

t 6t 2t
xi(t) = e’ + e + cse

x(f) = ci1€” - 2c,e"

ot 6t 2t
x3(f) = cie” + e - ce

Characteristic equation -4’ +4 = 0
Eigenvalues 4 =0, L =1, A3 = -1

Eigenvector equations

5 0 —6|q 0 4 0 —6]a,
2 -1 =2|p|=|0], |2 =2 =2|b]|=
4 -2 —4|¢ 0 4 -2 -5]¢,

Eigenvectors v =[6 2 5], wv,=1[3 1 2],

x1(f) = 6¢1 + 3c2e’ + 2c3e”
x(t) = 2¢; + e + e

x3(f) = Sc1 + 2c2e + 2c3e”

Characteristic equation —A°+24*+54—6 = 0
Distinct eigenvalues 4 = -2, L =1, A3 =3

Eigenvector equations

5 2 2 |gq 0 2 2 2|a,

-5 =2 =24b =10, |5 =5 =2|/b|=
5 5 5| ¢ 0 5 5 2]g
Eigenvectors v; = [0 1 -1]", v, =[1 -1 0],
xi(t) = cre' +cse’
x(t) = cre™ - cre' - cze’
x3(t) = —cre™ + 3¢

Characteristic equation —A° +34> +44—12 = 0

Eigenvalues A4 =2, L, = -2, 43 =3
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24.

Eigenvector equations

I 1 1f{agq 0 5 1 1]a 0 0 1 1]|a 0
-5 =5 1|5 | =0, |5 -1 —1}|b,|=|0|, |-5 =6 —1||b,| =10
5 5 1]¢ 0 5 5 5l¢ 0 55 0fg 0

Eigenvectors v; = [1 -1 0]", v»=1[0 1 -1]", vs =11 -1 171"

2t 3t

xl(t) = c1e + c3e
x(t) = —cleZt+ cze'% - 03e3t
x3(t) = - e+ ez

Characteristic equation —A’+ A’ —44+4 = 0

Eigenvalues 4 = 1 and A = £2i

With 4 = 1 the eigenvector equation

1 1 -1}aq 0
—4 -4 —1||b | =1]0| giveseigenvector v = [1 -1 0]".
4 4 1|¢ 0

To find an eigenvector v = [a b ¢]' associated with A = 2/ we must find a nontrivial
solution of the equations

(2 -2)a+ b - c=0
-4a+ (-3 -2 - c=0
4a + 40+ (2 - 2i)c = 0.

Subtraction of the first two equations yields
(6 - 2i)a+ (4 +2i)b = 0,

sowetake a = 2+ and b = -3 +i. Then the first equation gives ¢ = 3 - i.
Thus v = [2+i -3+i 3-i]". Finally

(2 + i)e™™ = (2 cos 21 - sin 2£) + i (cos 21 + 2 sin 21)

(3 - i)™ = (3 cos 2t +sin 2¢) + i (3 sin 27 - cos 21),

so the solution is
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26.

362

x1(f) = cie’ +ca(2 cos 2t - sin 2f) + c3(cos 2t + 2 sin 27)
x2(f) = -c1€' - cx(3 cos 2t + sin 2¢) + ¢3(cos 21 - 3 sin 21)

x3(t) = ¢2(3 cos 2t + sin 2¢) + ¢3(3 sin 2¢ - cos 21).

Characteristic equation —A’+44° 131 = 0

Eigenvalues A = 0 and 2+ 3;

With 4 = 1 the eigenvector equation

5 5 2|a 0
—6 -6 —=5||b | =1]0| giveseigenvector v = [1 -1 0]".
6 6 5| ¢ 0

With 4 = 2+ 3i we solve the eigenvector equation

3-3i 5 2 a 0
-6 -8-3i =5 (|b|=]0
6 6 3-3i||c 0

to find the complex-valued eigenvector v = [1+i -2 2]'. The corresponding
complex-valued solution is

(cos 3t —sin3¢)+i(cos3t+sin 3t
X(t) = ve®r =¢¥ —2cos3t—2isin3¢

2cos3t+2isin 3¢

The scalar components of the resulting general solution are

x1() = c1+ € [(cy+ ¢3)c08 3t + (¢ + ¢3)sin 37]
Xty = -1+ 2e2t(—czc0s 3t - ¢3sin 31)

x3(f) = 2e*(cacos 3t + e3sin 31)

Characteristic equation —A’+ A’ +44+6 = 0
Eigenvalues A4 =3 and 4 = -1+i

With 4 = 3 the eigenvector equation
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27.

0 0 1]agqg 0
9 —4 2|/b|=|0] giveseigenvector vi = [4 9 0]".
-9 4 -4 ¢ 0
With 4 = -1 +i we solve the eigenvector equation
4—i 0 1|la 0
9 i 2(b|=1|0
-9 4 illc 0

to find the complex-valued eigenvector v = [1 2—i —4+i]". The corresponding
complex-valued solution is

cost+isint
x(t) = ve'™" =¢™"| (2cost+sint)+i(—cost+2sint)
(—4cost —sint)+i(cost —4sint)

with real and imaginary parts x»(f) and x3(¢). Assembling the general solution
X = ¢1X; T &X; tesx;, we get the scalar equations

xi(f) = 4eie® + e [eacos ¢+ e38in ]
xo(f) = 9¢1e® + e [(2¢s - ¢3)cos 1 + ¢z + 2¢3)sin 1]

x3(f) = e [(-4cy + c3)cos t+ (-¢y - des)sin 1],

Finally, the given initial conditions yield the values ¢; = 1, ¢; = -4, ¢; = 1, sothe
desired particular solution is

x1(7) = 4¢” - e"'(4cost - sint)

xo(f) = 9¢> - e7(9 cos £+ 2 sin 1)

x3(t) = 17e”'cos t.
The coefficient matrix
-02 0
A =
02 -04
has characteristic equation A°+0.64+0.08 = 0 with eigenvalues 4; = -0.2 and

A» = -0.4. We find easily that the associated eigenvectors are v; = [1  1]" and
v = [0 1]%, so we get the general solution

xl(t) = 618_0.2[, xz(t) = cle_o‘zz_i_cze—o.llt'
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The initial conditions x,(0)=15, x,(0)=0 give ¢, =15 and ¢, =—15, so we get
xl(t) — lse—o.zf’ xz(t) — 15e-02t _ 158—0.4t'

To find the maximum value of x,(f), we solve the equation x,(z)=0 for t=51n2,

which gives the maximum value x,(5 In 2) = 3.75 Ib. The following figure shows the
graphs of x,(¢) and x,(?).

15

28. The coefficient matrix
-0.4 0
A =
0.4 -0.25
has characteristic equation A°+0.654+0.10 = 0 with eigenvalues 4; = -0.4 and

A» = -0.25. We find easily that the associated eigenvectors are vi = [3 -8]" and
vo = [0 1]%, so we get the general solution

x, (1) = 3¢, x,(t) = =8¢ +c,e.

The initial conditions x,(0)=15, x,(0)=0 give ¢, =5 and ¢, =40, so we get

x](t) — 158—0.4f’ x2(t) — _408—0.4t+40e—0.25f'
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To find the maximum value of x,(f), we solve the equation x,(z)=0 for
tw = 2In%, which gives the maximum value x,(z,) = 6.85 Ib. The following figure

shows the graphs of x,(¢) and x,(?).

29, The coefficient matrix

02 04
A
{ 0.2 —0.4}

has eigenvalues 4; = 0 and A, = -0.6, with eigenvectors v; = [2 1]" and
vy = [1 -1]" that yield the general solution

x, () = 2¢,+c,e*,  x,(t) = ¢,—c,e””

The initial conditions x,(0)=15, x,(0)=0 give ¢, =c, =5, so we get
x, (1) = 1045,  x,(t) = 5-5¢".

The figure at the top of the next page shows the graphs of x,(¢) and x,().
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The coefficient matrix

—04 0.25
A =
04 -0.25

has eigenvalues 4; = 0 and A, = -0.65, with eigenvectors v; = [5 8]" and
v = [1 -1]" that yield the general solution

x,(1) = 5¢,+c,e”®,  x,(t) = 8¢,—c,e

—-0.65¢

The initial conditions x,(0)=15, x,(0)=0 give ¢, =15/13, ¢, =120/13, so we get

xi(f) = (75+ 120e%/13
x() = (120 - 120e7°9/13.

The figure at the top of the next page shows the graphs of x,(¢) and x,().
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The coefficient matrix

-1 0 0
A=11 -2 0
0 2 -3
has as eigenvalues its diagonal elements A; = -1, A, = -2, and A3 = -3. We find

readily that the associated eigenvectors are v; = [1 1 115, vo =10 1 2]', and
v3 = [0 0 1]". The resulting general solution is solution is given by

x,(t) = ¢ e’

x,(t) = ce'+c, e

x,(t) = ¢ e +2c,e e

The initial conditions x,(0)=27, x,(0)=x,(0)=0 give ¢, =¢,=27, ¢, =-27, sowe
get
x(t) = 27"

x,(f) = 27e" =27
x,(t) = 27e" =54 +27e7.

The equation x;(7) =0 simplifies to the equation
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3¢ ¥ —de 41 = (3e_’—l)(e_’—l) =0

with positive solution ¢, =In3. Thus the maximum amount of salt ever in tank 3 is

x,;(In3) = 4 pounds. The figure below shows the graphs of x,(¥), x,(¢), and x,(¢).

25

20

32. The coefficient matrix

-3 0 0
A =13 -2 0
0o 2 -1
has as eigenvalues its diagonal elements A; = -3, A, = -2, and A3 = -1. We find

readily that the associated eigenvectors are v; = [1 -3 31, v»=[0 -1 2]%, and
vs = [0 0 1]". The resulting general solution is solution is given by

x(t) = ¢ e
x,(1) = =3¢c,e —c, e

x,(t) = 3¢c,e +2¢c,e e

The initial conditions x,(0)=45, x,(0)=x,(0)=0 give ¢, =45, ¢, =—135, ¢, =135,
so we get
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x, (1) = 45¢7
x,(t) = —135¢7" +135¢™
x,(1) = 135¢7 =270 +135¢™".

The equation x;(7) =0 simplifies to the equation
3¢ —4e” +1 = (3¢ ~1)(e"=1) = 0

with positive solution ¢, =In3. Thus the maximum amount of salt ever in tank 3 is

x;(In3) = 20 pounds. The figure below shows the graphs of x,(¥), x,(), and x;(¢).

45

40

351

301

251

20

10F ° :
5
0
0 5
t
33. The coefficient matrix
-4 0 0
A =14 -6 0
0O 6 =2
has as eigenvalues its diagonal elements A; = -4, A, = -6, and A3 = -2. We find

readily that the associated eigenvectors are v; = [-1 -2 6]', v» = [0 -2 3],
and v; = [0 0 1]". The resulting general solution is solution is given by
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x(t) = —¢e
x,(1) = =2¢c,e* —=2¢c, e

x,(1) = 6c,e +3c, e +c e

The initial conditions x,(0)=45, x,(0)=x,(0)=0 give ¢, =-45, ¢, =45, ¢, =135, so
we get

x, (1) = 45¢7"

x,() = 90e™ —=90e™™

x,(t) = =270 +135¢™ +135¢7,

The equation x;(7) =0 simplifies to the equation
3¢t —4e +1 = (3¢ ~1)(e =1) = 0

with positive solution #, =<In3. Thus the maximum amount of salt ever in tank 3 is

x,(#In3) = 20 pounds. The figure below shows the graphs of x,(?), x, (), and x,(?).

45

40

351

301

251

20

34. The coefficient matrix

-3 0 0
A=|3 -5 0
0 5 -1
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has as eigenvalues its diagonal elements 4; = -3, A, = -5, and 43 = -1. We find
readily that the associated eigenvectors are vi = [-4 -6 151, v =10 -4 5]%,
and v3 = [0 0 1]". The resulting general solution is solution is given by

x, (1) = —4c e
x,(1) = —6c,e” —dc, e

x,(t) = 15¢, e +5¢c, ¢ +c e’

The initial conditions x,(0)=40, x,(0)=x,(0)=0 give ¢,=-10, ¢, =15, ¢; =75, so
we get

x,(1) = 40e™

x,(1) = 60e™ —60e™

x,(t) = =150e™ +75¢ +75¢™".

The equation x;(7) =0 simplifies to the equation
5S¢ —6e +1 = (58_2’ —1)(8_2’ - 1) =0

with positive solution #, =ZIn5. Thus the maximum amount of salt ever in tank 3 is
x,(#In5) = 21.4663 pounds. The figure below shows the graphs of x,(7), x,(?),
and x,(¢) .

40

35

301

251
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The coefficient matrix

-6 0 3
A =16 20 0
0 20 -3

has characteristic equation —4>—291> —=19824 = —A(1—18)(A—11) = 0 with
cigenvalues Ay = 0, 4; = -18, and A, = -11. We find that associated cigenvectors
are vo = [10 3 20]", vi =[-1 -3 4]", and v, = [-3 -2 5]'. The
resulting general solution is solution is given by

x,(1) = 10¢, —c,e”® =3¢, e

x,(1) = 3¢,—3c, e =2¢c, e

x,(1) = 20c, +4c,e”™ +5¢c, e,

The initial conditions x,(0)=33, x,(0)=x,(0)=0 give ¢, =1, ¢, =55/7, ¢; =-72/7,
so we get
x (1) = 10-4(55¢% -216¢™)

x,(f) = 3-L(165¢7 ~144¢7'")
x;(f) = 20+1(2207 —360¢™'").

Thus the limiting amounts of salt in tanks 1, 2, and 3 are 10 1b, 3 1b, and 20 Ib. The
figure below shows the graphs of x,(¢), x,(¢), and x,(7) .

30F

251

20
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The coefficient matrix

|
=
je)

I
=
=

A =

o W=
w|—
2=

has characteristic equation —A°—(6/5)4> —(9/20)4 = 0 with eigenvalues Ay = 0,
A = -3(2+1)/10, and A, = -3(2 - i)/10. The eigenvector equation

associated with the eigenvalue Ay = 0 yields the associated eigenvector
vo = [1 5/2 1] and consequently the constant solution X,(t) = v,. Then the

eigenvector equation

L(1+3) 0 1 la 0
1 L@4+3) 0 |b| =10
0 I LA+3) | ¢ 0

associated with 4; = -3(2 +i)/10 yields the complex-valued eigenvector
v = [-(1-3i)/2 -(1+3i)/2 1]". The corresponding complex-valued solution is
Xl(t) = v, p(-6-30) 1110
(—cos(3¢/10)+3sin(3¢/10)) +i(3cos(3t/10) +sin(3t/10))
= %e*”s (—cos(31/10) —3sin(3/10)) +i (-3 cos(3¢/10) +sin(3:/10)) |.
2co0s(3¢/10) —2isin(3¢/10)

The scalar components of resulting general solution x = ¢X, + ¢, Re(x,)+c¢, Im(x,) are
given by

x(1) = ¢g+1e”[(=¢,+3¢,)c0s(3t/10)+ (3¢, + ¢, )sin(3t/10) |

x,(1) =3¢, ++e” [ (—¢, =3¢, ) cos(3t/10) + (=3¢, + ¢, )sin(31/10) |

x,(1) = ¢, +e 7 [¢,cos(3t/10)—c, sin(3t/10)].

When we impose the initial conditions x,(0) =18, x,(0)=x,(0)=0 we find that

¢, =4, ¢, =—4, and ¢, =8.This finally gives the particular solution
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x,(t) = 4+e7 " [14cos(3t/10)— 2sin(3t/10)]
x,(t) = 10—e”"*[10cos(3t/10)—10sin(3¢/10)]
x,(t) = 4-¢7"[ 4cos(3t/10)+8sin(3t/10)].

Thus the limiting amounts of salt in tanks 1, 2, and 3 are 4 Ib, 10 Ib, and 4 1b. The figure
below shows the graphs of x,(¢), x,(¢), and x,(7).

37. The coefficient matrix
-1 0 2
A=|1 =30
0 3 -2

has characteristic equation —1°—64>—114 = 0 with eigenvalues 4y = 0, A, =
—3-i2, and A, = —3+i~/2. The eigenvector equation

-1 0 2 |a 0
1 -3 0||b| =10
0 3 2]e¢ 0

associated with the eigenvalue Ay = 0 yields the associated eigenvector
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vo = [6 2 3]" and consequently the constant solution X,(t) = v,. Then the
eigenvector equation

242 0 2

a 0
1 W2 0 |b] =0
0 3 1+i2 |l 0
associated with A; = —3—i/2 yields the complex-valued eigenvector

v, = [(—2 +iN2 /3 (-1- i2 )/3 IT . The corresponding complex-valued solution
is
X)) = v, g
(—2 cos(t\/z) +2 sin(t\/z)) +i (\/5 cos(t\/z) +2 sin(t\/z))
- %e-ﬁ (—cos(t2) — V2 sin(t3/2) )+ (/2 cos(t+/2) + sin(t+/2)) |.
3cos(1+/2) = 3isin(ty/2)

The scalar components of resulting general solution x = ¢X, + ¢, Re(x,)+c¢, Im(x,) are
given by

x,(1) = 6¢c,+1e”™ [(—201 +2¢, ) cos(1+/2) + (\/5 ¢ +2¢, )sin(t\/z)}
x,(t) = 2¢,+1e”™ [(—c1 - \/Ecz)cos(t\/z) + (—\/5 ¢ +e¢, )sin(t\/z)}
x(1) = 3¢, +e”" | ¢ cos(tn/2) = ¢, sin(t2) |.

When we impose the initial conditions x,(0) =355, x,(0)=x,(0)=0 we find that
¢, =5, ¢,=-15, and ¢, =45/ V2. This finally gives the particular solution

x, (1) = 30+e_3’[25 cos(t\/z)+10\/5sin(t\/5)}
x,(6) = 10-¢™[ 10cos(1+/2) - 242 sin(1+/2) |
x(1) = 15-¢™[ 15c0s(W2) + £/2sin(t42) |

Thus the limiting amounts of salt in tanks 1, 2, and 3 are 30 Ib, 10 Ib, and 15 Ib. The
figure at the top of the next page shows the graphs of x,(¢), x,(¢), and x,(7) .
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In Problems 38—41 the Maple command with(linalg) :eigenvects (A), the Mathematica
command Eigensystem[A], or the MATLAB command [V,D] = eig(A) can be used to
find the eigenvalues and associated eigenvectors of the given coefficient matrix A.

38.  Characteristic equation: (4 - 1)(A-2)}A-3)41-4) =0

Eigenvalues and associated eigenvectors:

A=1, v=I[ -2 3 -4"

A=2, v=[p 1 -3 6

A =3, v=[p 0 1 -4

A= 4, v=[ o0 o 17
Scalar solution equations:

xl(t) = clet

x(f) = -2¢cie' + e’

x3(t) = 3cie - 3Cg€2t + 03e3t

x4(f) = -dcie’ + 6c2e - deze® + cqe™
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39.

40.

41.

Characteristic equation: (4> - 1)(A* - 4) = 0

Eigenvalues and associated eigenvectors:

= 1, v=[3 -2 411
A=-1, v=[0 o0 1 o]
A= 2, v=[0 1 0 o]
A=-2, v=I[ -1 0 0

Scalar solution equations:

xi(t) = 3cié + cqe”
x(t) = -2¢€' + C3€2t - C4€_2t
x3() = 4deie’ + e

xif) = cie

Characteristic equation: (4> - 4)(4* - 25) = 0

Eigenvalues and associated eigenvectors:

A= 2, v=I[ -3 0 0
= -2, v=I[0 3 0 -1"
A= 5, v=[0 0 1 -3
A= -5, v=[0 1 0 o0
Scalar solution equations:
xi(t) = cre”
x(t) = -3e1e” + 3cpe” - cee”
x3(t) = cse”
x4(t) = —cre - 3cze”
The eigenvectors associated with the respective eigenvalues 4, = -3, 4, = -6,

Az = 10, and A4 = 15 are

vi=[1 0 0o -11"
vw=[0 1-1 o]
vs=1[-2 1 1 -21
w=[1 2 2 1"

Hence the general solution has scalar component functions
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-3¢ 10 15¢
xi(t) = cie - 2cze 7+ cue

x(t) = e+ 3!+ 2e4e"
x3(t) = - e+ e + 2048
xa(t) = —cle'3t - 2¢c3e 10t 4 C4€1
The given initial conditions are satisfied by choosing ¢; = ¢; = 0, ¢; = -1, and

c4 = 1, so the desired particular solution is given by

xi(f) = 2"+ "' = xy()

xo(f) = -e'"+ 2" = x3(r) .

In Problems 42-50 we give a general solution in the form x(¢) = ¢,v,e™ +¢,v,e™ +--- that

exhibits explicitly the eigenvalues A4, 4,,... and corresponding eigenvectors v, v,,... of the
given coefficient matrix A.

3 1
2. x(t) = ¢|-1|+c,|1|e* +c| -
2 1

4.  x(t) = ¢| 2 e_3’+cz 1 e6’+c3

3
43.  x(t) = ¢|-1|e? +¢,|1 e4’+c{

45. x(t) = ¢

2
3 1 61t
e +C2 +C3 1 e +C4 e
1
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3] 1] 1 3
2 4t 2 2t 1 4t -2 8¢
46. x(1) = ¢ e +c, .k +c, e +c, 5 |¢
1] -1 1 -3
2] 1] 2 1
47 (t) 2 —3t+ 2 3t+ 1 6t+ _1 9t
. x(t) =
Gl € FG| et e tal, e
-1 |1 1 -1
1] 2 3 1
2 e 32t 1| 64t
48. x(t) = ¢ 1 e’ +c, { e+, { e +c, 5 e
| 2 | | -1 2 -3
1] 0] 1] 0] (2]
0 3 7 1 0
49.  x(?) =¢|3|e+c,| 0 |+e| 1| +c,|0]e" +ci| 5]
1 -1 1 1 2
11 |1 1] 11 1]
0] 1] 0] 0] 1] 0]
1 0 1 0 1 0
1 0 0 1 0 1
50. x(¢) = ¢ . e +c, 0 e +c, | e+, 0 e’ + ¢, 0 e +c, » e
0 1 0 1 0 -1
11 11 11 10 1] | 0|
SECTION 7.4
SECOND-ORDER SYSTEMS

AND MECHANICAL APPLICATIONS

This section uses the eigenvalue method to exhibit realistic applications of linear systems. If a
computer system like Maple, Mathematica, MATLAB, or even a TI-85/86/89/92 calculator is
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available, then a system of more than three railway cars, or a multistory building with four or
more floors (as in the project), can be investigated. However, the problems in the text are
intended for manual solution.

Problems 1-7 involve the system

mx,” = —(kl + kz))C1 + koxr

moxy” = kox1 - (ko + k3)xa

with various values of mj, my and ki, k», k3. In each problem we divide the first equation by m;
and the second one by m, to obtain a second-order linear system x” = Ax in the standard

form of Theorem 1 in this section. If the eigenvalues A, and A, are both negative, then the
natural (circular) frequencies of the system are @, =4/—4, and @, =./—4,, and — according to

Eq. (11) in Theorem 1 of this section — the eigenvalues v, and v, associated with 4, and A,
determine the natural modes of oscillations at these frequencies.

-2 2
2 -2

eigenvalues v, =[1 1]" and v,=[1 —1]'. Thus we have the special case described

1. The matrix A = { } has eigenvalues 4, =0 and A, =—4 with associated

in Eq. (12) of Theorem 1, and a general solution is given by

x,(t) = a,+a,t+ b cos2t+b,sin2t,
x,(t) = a,+a,t—b cos2t—b,sin2t.

The natural frequencies are @n = 0 and @ = 2. In the degenerate natural mode with
"frequency" @ = 0 the two masses move by translation without oscillating. At
frequency @» = 2 they oscillate in opposite directions with equal amplitudes.

-5 4
5 -5

eigenvalues v,=[1 1]' and v,=[1 -1]'. Hence a general solution is given by

2. The matrix A = { } has eigenvalues A, =-1 and A, =-9 with associated

x,(t) = a,cost+a,sint+ b cos3t+b,sin3t,

x,(t) = a,cost+a,sint —b,cos3t—b,sin3t.

-3 2
I -2

eigenvalues v,=[1 1]' and v,=[2 —1]". Hence a general solution is given by

3. The matrix A = { } has eigenvalues A, =-1 and A, =—4 with associated
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x,(t) = a,cost+a,sint+2b cos2t+2b,sin2t,

x,(t) = a,cost+a,sint —b, cos2t —b,sin2t.

The natural frequencies are @y = 1 and @ = 2. In the natural mode with frequency
an, the two masses m; and my move in the same direction with equal amplitudes of
oscillation. In the natural mode with frequency @, they move in opposite directions
with the amplitude of oscillation of m; twice that of m,.

-3 2
2 3

eigenvalues v,=[1 1]' and v,=[1 —1]". Hence a general solution is given by

The matrix A = { } has eigenvalues A, =-1 and A, =-5 with associated

x,(1) = a,cost+a,sint+ b cos (/5 + b, sin t/5,

x,(1) = a,cost+a,sint —b, cos t\/g—bz sin +/5.

The natural frequencies are @ =1 and @, = /5. In the natural mode with frequency

ay, the two masses m; and m, move in the same direction with equal amplitudes of
oscillation. At frequency @» they move in opposite directions with equal amplitudes.

-3
1 -3

eigenvalues v,=[1 1]' and v,=[1 —1]". Hence a general solution is given by

The matrix A = { } has eigenvalues A, =-2 and A, =-4 with associated

x,(f) = a,cos (N2 +a,sin 12 + b, cos 21 + b, sin 21,
x,(t) = a,cos 2 + a, sin W2 - b, cos2t—b,sin2t.

The natural frequencies are @, = V2 and @, =2. In the natural mode with frequency

ay, the two masses m; and m, move in the same direction with equal amplitudes of
oscillation. At frequency @» they move in opposite directions with equal amplitudes.

-6 4
2 -4

cigenvalues v,=[1 1]' and v,=[2 —1]'. Hence a general solution is given by

The matrix A = { } has eigenvalues A, =-2 and A, =-8 with associated

x,(t) = a,cos 2 +a, sin 2+ 2b, cos 3 + 2b, sin 3,
x,(1) = a,cos 2 + a, sin 2 - b, cos 8 - b, sin 8.
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The natural frequencies are @, = V2 and W, = /8. In the natural mode with frequency

an, the two masses m; and my move in the same direction with equal amplitudes of
oscillation. In the natural mode with frequency @, they move in opposite directions
with the amplitude of oscillation of m; twice that of m;.

-10 6
6 -10

eigenvalues v,=[1 1]' and v,=[1 -1]'. Hence a general solution is given by

The matrix A = { } has eigenvalues A, =-4 and A, =-16 with associated

x,(t) = a,cos2t+a,sin2t+ b cosdt+b,sin4t,
x,(t) = a,cos2t+a,sin2t—b cosdt —b,sin4tz.

The natural frequencies are @ = 2 and @ = 4. In the natural mode with frequency
ay, the two masses m; and m, move in the same direction with equal amplitudes of
oscillation. At frequency a» they move in opposite directions with equal amplitudes.

Substitution of the trial solution x, =¢, cos5t, x, =c,cos5¢ in the system
x; = —5x,+4x,+96c0s5:, x, = 4x,—5x,
yields ¢, =-5, ¢, =1, so a general solution is given by

x,(t) = a,cost+a,sint+ b cos3t+b,sin3t—5cos5t,

x,(t) = a,cost+a,sint —b, cos3t —b, sin 3¢+ cos 5¢.

Imposition of the initial conditions x,(0) = x,(0) = x;(0) = x,(0) =0 now yields
a,=2, a,=0, by =3, b, =0. The resulting particular solution is

x,(t) = 2cost+3cos3t—5cos5t,
x,(t) = 2cost—3cos3t+cos5t.

We have a superposition of three oscillations, in which the two masses move

e in the same direction with frequency @ =1 and equal amplitudes;

® in opposite directions with frequency a» =3 and equal amplitudes;

e in opposite directions with frequency @ =5 and with the amplitude of
motion of m; being 5 times that of m;.
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10.

Substitution of the trial solution x, =¢, cos3t, x, =c,cos3¢ in the system

x; = =3x,4+2x,, 2x; = 2x,—4x,+120cos3¢

yields ¢, =3, ¢, =9, so a general solution is given by

x,(2)

x,(t) = a,cost+a,sint —b cos2t —b,sin2t—9cos3t.

a,cost+a,sint+2b, cos2t +2b,sin2¢+ 3cos 3¢,

Imposition of the initial conditions x,(0) = x,(0) = x;(0) = x,(0) =0 now yields

a, =5, a, =0, by =—4, b, =0. The resulting particular solution is

x,(2)
x,(1)

S5cost—8cos2t+3cos3t,
5cost+4cos2ft—9cos3t.

We have a superposition of three oscillations, in which the two masses move

e in the same direction with frequency @ =1 and equal amplitudes;

e in opposite directions with frequency a» =2 and with the amplitude of
motion of m; being twice that of m»;

e in opposite directions with frequency w; =3 and with the amplitude of
motion of m, being 3 times that of m;.

Substitution of the trial solution x, =¢, cost, x, =¢,cost in the system

x; = —10x,+6x,+30cost, x, = 6x,—10x,+60cost

yields ¢, =14, ¢, =16, so a general solution is given by

x,(2)

x,(t) = a,cos2t+a,sin2t—b cos4t—b,sindt+16cost.

a,cos2t+a,sin2t+ b, cosdt+b,sin4s+14cost,

Imposition of the initial conditions x,(0) = x,(0) = x;(0) = x,(0) =0 now yields

a, =1, a,=0, by =-15, b, =0. The resulting particular solution is

x,(1)
x,(1)

cos2t—15cos4r+14cost,
cos2t+15cos4t+16¢cost.

We have a superposition of three oscillations, in which the two masses move
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384

e in the same direction with frequency @y =1 and with the amplitude of
motion of m; being 8/7 times that of my;

e in the same direction with frequency @, =2 and equal amplitudes;

e in opposite directions with frequency @ =4 and equal amplitudes.

—40
12 —60

associated eigenvalues v, =[2 1]' and v, =[1 -3]". Hence a general solution is

(a) Thematrix A = { } has eigenvalues A4, =-36 and A, =-64 with

given by
x(t) = 2a,cos6t+2a,sin6t+ b cos8t+b,sin8t,
¥(t) = a,cos6t+ a,sin6t —3b, cos8t —3b,sin 8tz

The natural frequencies are @ = 6 and @ = 8. In mode 1 the two masses oscillate in
the same direction with frequency @, =6 and with the amplitude of motion of m; being
twice that of m,. In mode 2 the two masses oscillate in opposite directions with
frequency @» =8 and with the amplitude of motion of m, being 3 times that of m;.
(b)  Substitution of the trial solution x =c¢,cos7t, y =c,cos7t in the system

x" = —40x+8y—195cos7t, " = 12x—60y —195cos 7t

yields ¢, =19, ¢, =3, so a general solution is given by

x(t) = 2a,cos6t+2a,sin6t+ b, cos8t+b,sin8¢+19cos7¢,
y(ty = a,cos6t+ a,sin6r —3b, cos8t —3b, sin8 +3cos7t.

Imposition of the initial conditions x(0)=19, x’(0)=12, y(0)=3, y’(0) =6 now yields
a,=0, a,=1, by =0, b, =0. The resulting particular solution is

2sin6r+19cos7¢,
sin 67 + 3cos7t.

x(1)
()

Thus the expected oscillation with frequency @, = 8 is missing, and we have a
superposition of (only two) oscillations, in which the two masses move

¢ in the same direction with frequency @ =6 and with the amplitude of
motion of m; being twice that of m»;

e in the same direction with frequency @ =7 and with the amplitude of motion
of m; being 19/3 times that of m,.

Chapter 7



-2 1 0
The coefficient matrix A =| 1 -2 1 | has characteristic polynomial
0 1 2
AH6A+104+4 = (A+2)(A2+44+2).
Its eigenvalues 4, =-2, 4, =-2- V2, A==2+ V2 have associated eigenvectors
vi=[l 0 =1, v,=[1 =+2 1T, v,=[1 +2 1]". Hence the system's three
natural modes of oscillation have
e Natural frequency @, = V2 with amplitude ratios 1:0:—1.
e Natural frequency @, =2+ V2 with amplitude ratios 1:— V21
e Natural frequency @, =2 - V2 with amplitude ratios 1: J2:1.

-4 2 0
The coefficient matrix A = | 2 —4 2 | has characteristic polynomial
0 2 -4

X127 —404-32 = ~(A+4) (> +81+78).
Its eigenvalues 4, =-4, 4, =-4- 242, A =—4+ 22 have associated eigenvectors
vi=[1 0 =1, v,=[1 =2 1", v;=[1 2 1J. Hence the system's three
natural modes of oscillation have
e Natural frequency @, =2 with amplitude ratios 1:0:-1.
e Natural frequency @, =4+ 242 with amplitude ratios 1:— V21
e Natural frequency @, =+v4— 242 with amplitude ratios 1: J2: 1.

The equations of motion of the given system are

xl” = -50x; + 10()62 - xl) + 5 cos 10¢

maxy” = =100 - x1).

When we substitute x; = 4 cos 10¢, x = B cos 10z and cancel cos 107 throughout we

get the equations
-404 - 10B =5

104 + (10 - 100m)B = 0.

If my = 0.1 (slug) then it follows that 4 = 0, so the mass m; remains at rest.
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16.
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First we need the general solution of the homogeneous system x” = Ax with
_ |50 25/2
~ 50 =50

The cigenvalues of A are 4; = -25 and A, = -75, so the natural frequencies of the

systemare @ = 5 and a» = 543 . The associated eigenvectors are v; = [1 2]
and v» = [1 -2]", so the complementary solution X.(?) is given by

x,(t)y = a,cos5t+a,sinSt + b, cos 53t + b, sin 5331,
xX,(t) = 2a,cos5t+2a,sin5t —2b, cos 533t - 2b, sin 543t

When we substitute the trial solution x,(r) = [¢1  ¢2]"cos 10¢ in the nonhomogeneous
system, we find that ¢; = 4/3 and ¢, = -16/3, so a particular solution x,(?) is

described by
x1(t) = (4/3)cos 101, x2(t) = -(16/3)cos 10z.
Finally, when we impose the zero initial conditions on the solution x(f) = Xx.() + x,(?)

we find that a; = 2/3, a = 0, by = -2, and b, = 0. Thus the solution we seek is
described by

x1(f) = %cos 5t - 2 cos 5\3t + 2 cos 10z

x2(f) = %cos 5t+4 cos 53t + L cos 10z

We have a superposition of two oscillations with the natural frequencies @ = 5 and

@ = 53 and a forced oscillation with frequency @ = 10. In each of the two natural
oscillations the amplitude of motion of m, is twice that of m;, while in the forced
oscillation the amplitude of motion of my is four times that of m;.

The characteristic equation of A is
(-c1 - (-2 - A - crea = A+ (c1+e)d = 0,

whence the given eigenvalues and eigenvectors follow readily.

With ¢; = ¢, = 2, it follows from Problem 16 that the natural frequencies and
associated eigenvectorsare @y = 0, vy = [1  1]" and @y = 2, v, = [1 -1]".
Hence Theorem 1 gives the general solution
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19.

xl(t) = g1+ b1t + arcos 2t + bysin 2f
xx(f) = a; + bt - acos 2t - bysin 2¢.
The initial conditions x](0) = v, x1(0) = x2(0) = x,0) = 0 yield a1 = a = 0 and
b1 = 1)()/2, bz = 1)()/4, SO
x1(ty = (vo/4)(2t + sin 2¢)
x2(t) = (vo/4)(2t - sin 2¢)

while x; - x1 = (vo/4)(-2 sin 2¢) <0, thatis, until + = #/2. Finally, x,'(#/2) = 0 and
x'(M2) = .

With ¢; = 6 and ¢; = 3, it follows from Problem 16 that the natural frequencies and
associated eigenvectorsare @y = 0, vi = [1  1]" and @ = 3, vo = [2 -1]"
Hence Theorem 1 gives the general solution
x1(f) = a; + bit + 2a,cos 3t + 2b,sin 3t
x2(f) = a1 + bit - axcos 3t - bysin 3¢
The initial conditions x;(0) = vy, x1(0) = x2(0) = x,(0) = 0 yield a; = a; = 0
and by = vy/3, by = /9, so
x1(t) = (vo/9)(3¢ + 2 sin 3¢)
x(t) = (vo/9)3t - sin 31)

while x; - x; = (vo/9)(-3 sin 37) <0; that is, until z = /3. Finally, x| (#/3) = -vy/3
and x, (7/3) = 2vy/3.

With ¢; = 1 and ¢, = 3, it follows from Problem 16 that the natural frequencies and
associated eigenvectors are @ = 0, vi = [1 1]T and @» = 2, v, = [1 —3]T.
Hence Theorem 1 gives the general solution

xl(t) = g1 Tt bit+ arcos2t+ b,sin 2t

)Cz(t) = q; + bt - 3arco0s 2t - 3b,sin 2¢.

The initial conditions x;(0) = vy, x1(0) = x2(0) = x,(0) = 0 yield a; = a; = 0
and b1 = 3w/4, by = v/8, so

x1(t) = (vo/8)(6t + sin 2f)
x(t) = (vo/8)(6t - 3 sin 2f)
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while x, - x; = (v/8)(-4 sin 27) <0; that is, until 7 = 7/2. Finally, x|(@2) = w/2
and x) (72) = 3vy/2.

With ¢; = ¢; = 4 and ¢, = 16 the characteristic equation of the matrix

4 4 0
A =116 =32 16
0 4 -4

is
A +4022+ 1440 = WA+ 4)(A+36) = 0.

The resulting eigenvalues, natural frequencies, and associated eigenvectors are

A= 0, o =0, vi=[1 1 11"
A = -4, @ = 2, vw=[1 0 -11"
A3 = -36, w5 =6, v =[1 -8 1]%

Theorem 1 then gives the general solution

x1(f) = a1 + bit + axcos 2t + bysin 2t + azcos 6¢ + bssin 6¢
x(f) = a; + byt - 8azcos 6¢ - 8b3sin 6¢

x3(f) = a1 + bit - axcos 2t - bysin 2t + azcos 6 ¢ + bssin 61.

The initial conditons yield a; = a2 = a3 = 0 and by = 4w/9, by = w /4,
b3 = 1/0/108, SO

x1(f) = (vo/108)(48¢ + 27 sin 2t + sin 6¢)

xo(t) = (vo/108)(48¢ - 8 sin 61)

x3(t) = (vo/108)(48t - 27 sin 2t + sin 6¢)
while

- 18(sin 2£)(3 - 2 sin’27) <0,
-9(4 sin*21) < 0;

X2 - X1

X3 - X»
that is, until + = /2. Finally

x (W2) = -w/9, X, (W2) = 8w/9, x,(w2) = 8we/9.

(a) The matrix
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-160/3 320/3
8 -116

has cigenvalues A; = -41.8285and A, = -127.5049, so the natural frequencies are

@ = 6.4675 rad/sec = 1.0293 Hz
@ = 11.2918 rad/sec = 1.7971 Hz.

(b) Resonance occurs at the two critical speeds

N

28 mi/h
49 mi/h.,

vi = 20w/ = 41 ft/sec
v, = 20/ 7w = 72 ft/sec

N

22. With & = k, = k and L, = L, = L/2 the equations in (42) reduce to

mx"= -2kx and 10"= -kL’2.

The first equation yields ay = J2k/m and the second one yields @ = m
In Problems 23-25 we substitute the given physical parameters into the equations in (42):
mx" =  -(kithkwx + (kily - kL)@
10" = (kiLy - koLo)x - (kiLi* + koLs™)0

As in Problem 21, a critical frequency of @rad/sec yields a critical velocity of v = 20w/7x
ft/sec.

23. 100x” = —4000x, 8006” = 1000000

-40 0
Obviously the matrix A = { 0 125} has eigenvalues A, =-40 and A4, =-125.
Up-and-down: w = V40, vi = 40.26 ft/sec = 27 mph
Angular: o = 125, vy = 71.18 ft/sec = 49 mph

100x” = —4000x+40006

24.
10006” = 4000x —1040006

—40 40

The matrix A =
4  -104

} has eigenvalues 4,4, = 4(—18i\/7_4).
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w = 6.1311, vi = 39.03 ft/sec = 27 mph
a = 10.3155, vy = 65.67 ft/sec = 45 mph

" 100x” = =3000x—50000

" 8000” = —5000x—750000
: =30 =50 , 5

The matrix A = {_25/4 _375/4} has eigenvalues A, 4, = g(—99i\/3401).
w = 5.0424, vi = 32.10 ft/sec = 22 mph
w = 9.9158, vy = 63.13 ft/sec = 43 mph

SECTION 7.5

MULTIPLE EIGENVALUE SOLUTIONS

In each of Problems 1-6 we give firs

eigenvalue A. In each case we find that (A—AI)’ =0. Then w=[I

eigenvector and v=(A-AD)w#0

t the characteristic equation with repeated (multiplicity 2)
0]" is a generalized
is an ordinary eigenvector associated with 4. We give

finally the scalar component functions x(¢), x2(¢) of the general solution

x(t) =

of the given system X' = AXx.

Characteristic equation
Repeated eigenvalue
Generalized eigenvector
1
-1

1

v=_(A-A)w = { »
xl(t) = (Cl +Cz+6‘2t)€_3t

x(f) = (-e1 - eat)e

cvet + ex(vi+ wye

A+64+9 =0
A= -3
w=1[l 0]

1
0

1
-1

lol-1-.

The left-hand figure at the top of the next page shows a direction field and typical

solution curves.

390
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Characteristic equation A -41+4 =0
Repeated eigenvalue A=
Generalized eigenvector w=_[l o]

V= (A-AD)w = B :ﬂm - H

xl(t) = (Cl + o+ Cgl‘)@zr

Xty = (e1 + caye™.

The right-hand figure above shows a direction field and typical solution curves.

Characteristic equation A -61+9 =0
Repeated eigenvalue A=3
Generalized eigenvector w=1[1 0]

-2 271 -2
2 210 2
xi(f) = (-2¢1+ ¢ - 2ex)e”

xf) = (21 + 2ext)e™.

The figure at the top of the next page shows a direction field and typical solution curves.

Section 7.5 391



SN N NN AW VN
ARANN NN T
o« AT
e/ )" T
ool ) /7
SR AR &
) VAL AV WY N
4t X/ X/ \’ J
al AR A \L AVERNER
4. Characteristic equation A -82+16 =0
Repeated eigenvalue A=4
Generalized eigenvector w=1[1 0]

v=(A-A)w = ﬁ

xl(t) = (—Cl +o - Czl‘)€4t

w) = (at

czt)e‘”.

o)1

The left-hand figure below shows a direction field and typical solution curves.
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Characteristic equation A2 -104+25 =0

Repeated eigenvalue A=135
Generalized eigenvector w=_[l o]

e P HE

xl(t) = ( 2¢1 ¢+ 2Cgl‘)€5t

xf) = (-4 - deat)e’

The right-hand figure at the bottom of the preceding page shows a direction field and

typical solution curves.

Characteristic equation A -104+25 =0
Repeated eigenvalue A=135
Generalized eigenvector w =11 0]"

RS N MRt

x1(f) = (-4c1 + ¢ - dert)e™

x(f) = (4e +4esyt)e’.

The figure below shows a direction field and typical solution curves.
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In each of Problems 7-10 the characteristic polynomial is easily calculated by expansion along
the row or column of A that contains two zeros. The matrix A has only two distinct
eigenvalues, so we write A, 4,, A, witheither 4, =4, or A, =4,. Nevertheless, we find that it

has 3 linearly independent eigenvectors v, v,,and vs;. We list also the scalar components

x1(7), x2(9), x3(¢) of the general solution x(¢) = ¢,v,e™ +¢,v,e® +c.v.e™ of the system.
g 11 22 3V 3 Yy

10.

394

Characteristic equation A +137-401+36 = —(A-2)"(1-9)
Eigenvalues A=2,29

Eigenvectors 11 05 o 115, 0 1 o]

xi(t) = cleZt+czeZt

x(t) = cre” + ¢3¢’

x3(t) = cre”

Characteristic equation —A*+3327=3512+1183 = —(A—-13)*(1-7)
Eigenvalues A=7, 13, 13

Eigenvectors 2 -3 11,10 o 11 -1 1 o],
xi(t) = 2cle7t —03el3t

x(t) = —3cle7t + 03el3t

x3(t) = cle7t+CZel3t

Characteristic equation ~2+1927 =1154+225 = =(A-5) (A -9)
Eigenvalues A=2559

Eigenvectors m 2 0457 o 21,3 o 11"

xi(f) = c1e” + Tere’ + 3cse’

xx(1) = 2¢cie”

x3(t) = 200" + ¢3¢

Characteristic equation A +1347=511+63 = —(A=-3Y(A-17)
Eigenvalues A=23,37

Eigenvectors 520503 0 11121 0"
xi(t) = 5cie” = 3¢:e + 2c3e”

x(t) = 2¢ie” + cse

x3(t) = e’
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In each of Problems 11-14, the characteristic equation is—4° —=34> =31-1 = —(1+1).
Hence A = -1 is a triple eigenvalue of defect 2, and we find that (A — AI)’ =0. In each
problem we start with v, =[1 0 0]" and then calculate v, = (A — AI)v, and

v,=(A-ADv, #0. It follows that (A —AI)v, =(A - A1)’v, =(A—AI)’v, =0, so the vector

vy (if nonzero) is an ordinary eigenvector associated with the triple eigenvalue A. Hence
{Vv1, v2, v3} is a length 3 chain of generalized eigenvectors, and the corresponding general
solution is described by

X() = e'[ervi +ea(Vit+ Vo) + es(Vi /24 vt +v3)].

We give the scalar components xi(t), x2(f), x3(t) of x(¢).

1. wvi=[010]", ww=[-2-11] wvs=1[1 0 0]
xi(t) = e't(—202 +c3 - 2c30)
xf) = eMc1 - erteat - est+e3r/2)

)C3(t) = €_t(6‘2 +c3 t)

12. vi=[110" wvw=[001] +wvs=110 0]
x1(f) = e(c1 ezttt t2/2)
() = e'(citertto t2/2)

)C3(t) = ¢ (Cg +c3 t)

13.  Here we are stymied initially, because if v = [1 0 0]" then (A —AI)v, =0 does not

qualify as a (nonzero) generalized eigenvector. We there make a fresh start with
v3 = [0 1 0]", and now we get the desired nonzero generalized eigenvectors upon
successive multiplication by A — AL

vi=1[l 00, w=1[0 2 17, vs=1[0 1 0]
xi(t) = e't(cl +teorttes t2/2)
x(t) = ey + 3+ 2¢3 1)

)C3(t) = €_t(6‘2 +c3 t)

4. vi=1[5-25-5]", wo=1l-5 4], wv;=1[1 0 0]
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xi(t) = e't(Scl teytestS5ettestt Ses t2/2)
xo(f) = e (-25¢; - 5¢y - 25¢x1 - Sest - 25¢31/2)

x3(f) = e(-5¢1 +4es - Sert+dest - 5¢310/2)

In each of Problems 1518, the characteristic equation is—A’ +34> —=34+1 = —(1-1).
Hence A = 1 is a triple eigenvalue of defect 1, and we find that (A — AI)* =0. First we find

the two linearly independent (ordinary) eigenvectors u; and u, associated with 4. Then we
start with v, =[1 0 0]" and calculate v, =(A —AI)v, #0. It follows that

(A-ADv, =(A-AD)’v, =0, so v; is an ordinary eigenvector associated with 4. However,
v; 18 a linear combination of w; and uw», so Vle’ is a linear combination of the independent
solutions w,e’ and w,e”. But {vy, vo} is a length 2 chain of generalized eigenvectors

associated with A, so (v+v,)e" is the desired third independent solution. The corresponding
general solution is described by

X(t) = ef [Clul + coup + c3(V1 t+ VZ)]

We give the scalar components x;(t), x»(?), x3(¢) of x(7).

15 w=[3 -1 0" w=1[ o0 11"
vi=[-31 1" wv=11 0 0]
x1(f) = €' (Be1 +¢3 - 3¢30)

x(f) = e'(-c1te3d)

x3(t) = €'(ca+c3t)

16. w =3 -2 0' w=1[3 0 -2
vi=1[0 -2 2" w =1l 0]"
x1(f) = €'(3cy + 3¢y +¢3)

x(f) = €'(-2¢; - 2¢31)

x3(f) = €'(-2¢y +2¢31)

e

17 w=[20-99" w=7Jl-3 0
vi=1[06-9" ww=0[0 1 0]

(Either vo = [I 0 0]" or vy = [0 0 1]" can be used also, but they
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18.

19.

20.

yield different forms of the solution than given in the book's answer section.)
xl(t) = et(2C1 +Cz)
x2(f) = €'(-3cy 3+ 6¢30)

x3(f) = €'(-9¢; - 9cs 1)

w=[-10 1" w=1[-21 0]
vi=[0 1-21" wvw=1[1 0 0]
x1(f) = €'(-c1—2¢r +c3)

x:(t) = €'(ca+c3t)

x3(f) = €e'(cr - 2¢30)

Characteristic equation A-222+1=0
Double eigenvalue 4 = -1 with eigenvectors

vi=1[l 00 11" and v»=[0 0 1 0]"
Double eigenvalue 4 = +1 with eigenvectors

vs; =001 0 -2]" and v =1 0 3 0]"
General solution

x(t) = e't(clvl +cova) + et(03v3 + c4v4)
Scalar components

x1() = cre” + cae'

x(t) = cse’

x3(f) = cre” + 3cqe

xa(t) = C1€_t - 26‘36t

Characteristic equation A =827 +241% =324+16 = (A-2)' =0
Eigenvalue A = 2 with multiplicity 4 and defect 3.

We find that (A —AI)’ #0 but (A —AI)* =0. We therefore start with
ve=1[0 0 0 1]" and define v,=(A-AD)v,, v,=(A-ADv,, v, =(A - Al)v,, and
v, =(A—-AI)v, #0. This gives the length 4 chain {vi, v», v3, v4} with

vi=1[l 0 0 0] Vs 0 0]
vs=1[1 0 1 0] vy 0 11"

0 1
[0 0
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The corresponding general solution is given by

X(¢) = e [ervi T ea(Vit+ Vo) + e3(Vi£/2 + Vot + v3)

+ C4(V1 t3/6 + v t2/2 +v3f+ V4)]
with scalar components

xi(t) = e2t(cl tostettesttes £r2 +ey t3/6)
x(t) = eZt(cz +osttey t2/2)
x3(t) = eZt(03 +cat)

xa(t) = €2t(C4).

Characteristic equation A=A +62°-42+1 = (A-1"' =0
Eigenvalue 4 = 1 with multiplicity 4 and defect 2.

We find that (A —AI)” #0 but (A —AI)’ =0. We therefore start with
vi = [1 0 0 0]" and define v, =(A-Al)v, and v, = (A — Al)v, #0, thereby
obtaining the length 3 chain {v;, v,, v3} with

vi=1[000 1], ww=[-2110], v3=1[10 0 0]’
Then we find the second ordinary eigenvector v4 = [0 0 1 0]'. The corresponding
general solution

X(t) = €t [ClVl + Cg(Vl r+ V2) + C3(V1 t2/2 + vyt + V3) + C4V4]

has scalar components

x1(f) = €'(-2c2+¢3 - 2¢30)
xz(t) = €t(6'2 +c3 t)
)C3(t) = €t(6'2 +cq4t s t).

xi(f) = €'(c1+ert+estt/2)

Same eigenvalue and chain structure as in Problem 21, but with generalized eigenvectors

_6]T

vi=1[10 0-2]" vw=1[3-21
vw=1[1 00 0]

vs=[0 10 0]

where {vi, v2, v3} isalength 3 chain and v4 is an ordinary eigenvector. The general
solution x(7) defined as in Problem 21 has scalar components
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x1(f) = €'(c1+3catestert+3c3t+c t2/2)
x2(f) = €'(-2¢y + 3 - 2¢31)
)C3(t) = €t(6'2 +c3 t)

)C4(l‘) = et(—2c1 - 60y - 20t -6c3t - 3 l‘z)

In Problems 23 and 24 there are only two distinct eigenvalues A, and 4,. However, the
eigenvector equation (A — AI)v=0 yields the three linearly independent eigenvectors vy, va,
and vs that are given. We list the scalar components of the corresponding general solution

_ At Aot Aot
X(t) = ¢qv,e” +c,v,e” teve™.

23. A4 = -1 {vit with vi = [1 -1 2]"
A= 3 {vo} with v = [4 0 9]" and
{vst with vs = [0 2 17"

Scalar components

xl(t) = cle't+ 4Cg€3t

x2(t) = —cle't + 2C3€3t

x3(f) = 2cie” + 9™ + e3¢

24, A = -2 {vi} with vi =[5 3 -3]"

A= 3 {vo} with vo = [4 0 -1]" and
{v3t with vs = [2 -1 0]"

Scalar components

xi(f) = Scie + 4’ + 23
x(f) = 3cie™ - e
x3(t) = “3cie - e

In Problems 25, 26, and 28 there is given a single eigenvalue A of multiplicity 3. We find that
(A—-AD)? 20 but (A—AI)’ =0. We therefore start with v; = [I 0 0]" and define
v, =(A—-Al)v, and v, = (A — AI)v, # 0, thereby obtaining the length 3 chain {vi, v», v3} of

generalized eigenvectors based on the ordinary eigenvector v;. We list the scalar components of
the corresponding general solution

X(1) = civiet + e(vit+ va)et + es(Vift /2 4 var + vi) et
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27.

28.
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{V1, v2, v3} with

vi=[-10-11" ww=[-4-10]", vi=[1 0 0]
Scalar components

x,(2) = €'(—¢,—4c, +c, —ct —det—ct’ /2)

x,(1) = e*'(—c, —cyt)

x,(t) = €' (—¢,—ct — ¢’ /2)

{V1, v2, v3} with

vi=[0 22", w=[2 1-31, wv=1[1 0 o]
General solution

x,(1) = e'(2¢, +¢; +2¢;)

x,(1) = &' (2c,+c,+2c,t et +et’)

x,(t) = €' (2¢, =3¢, +2c,t =3¢t +cyt’)

We find that the triple eigenvalue A =2 has the two lincarly independent eigenvectors
[1 1 0]" and [-1 0 1]". Nextwe find that (A—AI)=0 but (A—AI)’ =0. We
therefore start with v, = [1 0 0]" and define

v, =(A-ADv, = [-5 3 8] # 0,

thereby obtaining the length 2 chain {v;, va} of generalized eigenvectors based on the
ordinary eigenvector v;. If we take v3 = [1 1 0]", then the general solution
x(t) = e [ervi + ca(Vit + v2) + ¢3v3] has scalar components

x, () = €"'(=5¢,+ ¢, +¢, —5¢,t)

x,(1) = e*' (3¢, +3c,t)
x,(t) = (8¢, +8c,t).

{V1, v2, v3} with

vi = [119 -289 0]", v, =[-17 34 171", vs=1[1 0 0]
General solution

x, (1) = €'(119¢, = 17¢, + ¢, +119¢,t = 17c,t +119¢,1* / 2)

x,(1) = e*'(=289¢, +34c, —289¢,t +34c,t —289¢,t” /2)

x,(1) = e (17¢c, +17¢yt)

Chapter 7



In Problems 29 and 30 the matrix A has two distinct eigenvalues A, and A, each having
multiplicity 2 and defect 1. First, we select v, sothat v, =(A-AI)v, #0 but

(A-ADv, =0, so {vy, s} is alength 2 chain based on v;. Next, we select u, so that
u,=(A-A4Du, =0 but (A-ADu, =0, so {uy, uy} is a length 2 chain based on u;. We give
the scalar components of the corresponding general solution

X(t = M [crvi + Cg(Vlt + Vz)] + ™! [csu; + C4(l11t + llz)].

29, A=-1: {v,v,} with vy =1 -3 -1 -2]"and v, =[0 1 0 0],
A= 2:{u,w} with uy =[0 -1 1 0'anduw,=[0 0 2 1"

Scalar components

x,(2)

x,(1) = e(3¢,+¢, = 3c,t)+ e’ (¢, —c,b)

e (¢ +c,t)

x,(t) = e'(—¢,—ct)+ e (¢, +2¢, +c,t)
x, (1) = e'(2¢,-2c,t)+ ¥ (c,)

30, A=-1:{vipvy} withv; =00 1-1-3"andv, =00 0 1 2],
A= 2 {u,w} withu =[-10 0 0"andu,=[0 0 3 5]
Scalar components

x, (1) = €'(—¢;—¢,1)

x, (1) = e'(¢,+¢,t)

x,(t) = €'(—¢, +¢, —c,t)+e*(3¢,)
x,(t) = e (-3¢, +2¢, -3¢, t)+ € (5¢,)

31.  We have the single eigenvalue A=1 of multiplicity 4. Starting with
v =[1 0 0 0], wecalculate v, = (A -AI)v, and v, =(A-AI)v, #0, and find
that (A—AI)v, =0. Therefore {vi, vz, v3} isalength 3 chain based on the ordinary
cigenvector vi. Next, the eigenvector equation (A — AI)v =0 yields the second linearly
independent eigenvector v4 = [0 1 3 0]". With
vi =[42 7 -21 -42]", v, =[34 22 -10 -27]%,
vs=[1 0 0 0" and v4=1[0 1 3 0]

the general solution

X(1) = ¢ [c1vi + ca(vit + o) + C3(V1t2/2 + Vot +V3) + cava]
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has scalar components
x,() = €'(42¢,+34c, +c; +42¢,t +34ct + 21yt
x,(t) = e'(Te,+22¢,+ ¢, +Tet +22¢t +Teit’ /2)
x,(t) = €'(-21l¢, —10c, + 3¢, = 21c,t — 10ct —21c,t* /2)
x,(1) = €' (=42¢,—27c, —42¢c,t —2Tc,t —21cyt’).

32.  Here we find that the matrix A has five linearly independent eigenvectors:
A=2: eigenvectors vi =[8 0 -3 1 0]"and v, =01 0 0 0 3]
A=3: eigenvectors v3 =[3 -2 -1 0 0]', w=1[2-2 0 -3 0],

vs=[1-1 0 0 31"
The general solution
x(t) = eZt(clvl +covo) + e3t(03v3 + ¢cqvy + C5Vs)

has scalar components

x,(t) = (8¢, +c,)+e"(3c, +2¢, +¢)

x,(1) = e'(=2¢,—2¢, —c)

x(1) = €(<3¢)+e”(—¢;)

x, (1) = €'(c)+e”"(-3¢,)

x(t) = € (3c,)+ € (3cs)

33. The chain {vj, v} was found using the matrices
4 -4 1 0 1 i 00
4 4 0 1 0 01 0O
A-A1 = N
0 0 4 -4 0 0 0 1
0O 0 4 4 0O 0 0 O
and
-32 32 & -8 1 i 00
5 32 =32 8 Qi 0 0 1 ¢
(A-A1) = |
0 0 -32 =32 0O 0 0 O
0 0 321 =32 0O 0 0 O
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where —
vectors are

signifies reduction to row-echelon form. The resulting real-valued solution

xi(f) = &' [ cos 4 sin 4¢ 0 0o 1
X,(f) = € [-sin 4¢ cos 4t 0 0o 1
X3(t) = &' [ 1cos 4 ¢ sin 4t cos 4¢ sin 411"
Xy(f) = ' [-1sin 4t tcos 4t -sin 4¢ cos 41"
34.  Thechain {v;,v»} was found using the matrices
3i 0 -8 -3 100
-18 -3-3i 0 0 0 1 0 3+43i
A-Al = -
-9 -3 27-3 -9 0 0 1
33 10 90 30-3i 10 0 0
and
-36 -6  —54+48i —18+18i | 1 0 =3 —i
) 544108 18i 144 54 0 1 94100 3+3i
(A=Al = . . . . -
54i 18 —18+162i 54i 0 0 0 0
—-198i  —60i 6-540i —18-180i | 0 0 0 0
where — signifies reduction to row-echelon form. The resulting real-valued solution
vectors are
xi(f) = e[ sin 3¢ 3 cos 3t - 3 sin 3¢ 0 sin 37 1"
Xo(f) = e[ -cos 3t 3 sin 37+ 3 cos 3¢ 0 ~cos 31"
X3(7) = ¢ [3cos 3t +1sin 3t (31 -10)cos 37 -(3¢+9)sin 3¢ sin3r  tsin3r |"
x4(f) = e*[-tcos 3t +3sin 3¢ (3r+9)cos 31+ (3 -10)sin 3t -cos3r  -tcos3e].
35.  The coefficient matrix
0 0 0
0 0 0
A =
-1 1 2 1
1 -1 1 =2
has eigenvalues
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A= 0 witheigenvector v, =[1 1 0 0]
A = -1 witheigenvectors v, =[1 0 -1 0]'andvs=1[0 1 0 -1]",
A = -2 witheigenvector v4 =[1 -1 -2 2]".

When we impose the given initial conditions on the general solution

X() = c1vi T cavae” Fezvze” + cavae™
we find that ¢; = vy, ¢ = ¢3 = -w, ¢4 = 0. Hence the position functions of the two
masses are given by

xi(t) = x2(8) = wo(l - e't).

Each mass travels a distance vy before stopping.

36. The coefficient matrix is the same as in Problem 35 except that a44 = -1. Now the
matrix A has the cigenvalue 4 = 0 with eigenvector vo = [I 1 0 0]", and the
triple eigenvalue 4 = -1 with associated length 2 chain {vi, v5, v3} consisting of the

generalized eigenvectors
vi=[0 1 o0 -11"
vw=[1 0 -1 17"
vs=[1 0 0 0]
When we impose the given initial conditions on the general solution

X(t) = Ccovg T €_t [ClVl + Cz(Vlt + V2) + C3(V1t2/2 + Vot + V3)]

we find that ¢y = 2v, ¢1 = -2v, ¢2 = ¢3 = -w. Hence the position functions of the
two masses are given by

x1() = vo(2 - 2 - te™),
xa(t) = w2 - 2e” - te” - Pe”'/2).

Each travels a distance 2v, before stopping.

In Problems 37-46 we use the eigenvectors and generalized eigenvectors found in Problems 23-32
to construct a matrix Q such that J=Q™'AQ is a Jordan normal form of the given matrix A.

3. wvi=1[1 -1 2, w»w=04 0 9], ws=[0 2 11"
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o o O

8
-5 16
16 =29

-4 87 39
1 -2 -36
-1 4| 72
vw=1[4 0 -1]%

-18
5
-9

— | N

Q'AQ =

J =

01"

2 -1

V3

3 -3],

V1:[5

38.

5 4 2

3 0 -1

-3 -1 0
28

v, v, V3] :{

-3 -1

vs=1[1 0 0]

|

100
60
=57

50
33
=30

15
-15

_4]{
v, = [-4 -1 0],

11

-1 =2
6
-7 -12

3
-3

Q'AQ =

J =

vi=1[-1 0 -17%,

39.

-2 17 4
6
1

-1 -4 1
0 -1 0
0 0

-1

v, v, V3] :{

-1
0
-1

1
2

0

-1
0
-1

~1
—4

0 0
0
1

Q'AQ =

J =

vs=1[1 0 0]

1 -3,

vi=[0 2 2], w»=12

40.

1
—_ O O
o~ 7
[e=3N o\ I Q\
I — |
Il
on
>
ol
>
-
e
Il
o

— N O

01"

V3:[1

01",

V2:[1

vi =[5 81",

41.

405
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100 1-3 5 =5|-5
J=Q_1AQ=§8—88 3 -1 3

0 8 3|8 -8 10

42. v, =[119 -289 0], wv,=[-17 34 17", wv;=[1 0 0]

119 -17 1
Q=[v, v, v]=|-289 34 0
0 17 0

0 -1 2|-15 -7 4 119 -17 1 2
J = Q'AQ = 2—;9 0 0 17| 34 16 -11|-289 34 0| =10
289 119 5117 7 5 0 17 0 0

43. v; =[1 -3 -1 -2]", vw=[0 1 0 0],
w=1[0-1 1 O]T, w=[0 0 2 11"
1 0 0 0
Q= ] -3 1 -1 0
=1V v u u =
1 2 1 2 _10 2
-2 0 0 1
J = Q'AQ
1 00 Oof-1 1 1 =21 0 0 0 -1 1 0 0
o 11 =2 -4 -6 11{|-3 1 -1 0/ |0 -1 00
1301 =25 =11 3|l-10 1 2| o 0 21
2 00 1 2 2 61|20 0 1 0 0 0 2
4. v, =[0 1 -1 -37, vw=[0 0 1 2],
w=[-10 0 o0 w=[0 0 3 5"
0 0 -1 0
Q- ] 0 0 0
=1V v u u =
1 2 1 2 _11 0 3
-3 2 0 5
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0 1 0 012 1 -2 1770 0 -10 -1 1 0 0
|0 4 -5 3]0 3 =5 3|1 00 0 |0 -100
-1 0 0 o0 =13 22 -12{|-11 0 3| |0 0 21

0 -1 2 -1|[0 =27 45 -=25||-3 2 0 5 0 0 0 2

45. v, =[42 7 -21 -42]%, v, =[34 22 -10 -27]%,

vs=[1 0 0 0], w=[0 1 3 o]
42 34 10
Q= 7 22 0 1
=\|vV, V¥V, V, V | =
b 21 -10 0 3
42 =27 0 0
J = Q'AQ
0 81 27 -7672 1 -2 1742 34 1 0
1] 0 126 —42 420 3 -5 37 22 01
©2058[2058 —882 294 17640 -13 22 -12| =21 -10 0 3
0 —147 735 —392||0 -27 45 -25|-42 27 0 0
1 100
o110
o010
00 0 1

4. vi=[8 0-3 10" wvw=[10 00 3]
vs=[3-2-1 00], w=[2-2 0-30], wvs=1[1-1 0 0 3"

1 3 2 1]

0 -2 -2 -1

Q=[v, v, v; v, vy]=|-3 0 -1 0 0
1 0 0 -3 0

10 3 0 0 3]
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G
I
<
>
=

-9 0 27 -6 311 -1 26 -3 1 3 2
48 3 138 30 -15|, 0 3 0 0 0 2 -2
L7 0 78 18 9|9 0 24 -6 3||-30 -1 0
3—30—9—313095—10—3
—48 -3 -138 -30 16 ||-48 -3 -138 -30 18 0 3 0
1 100
J - 0110
001 0
0 0 01
SECTION 7.6

NUMERICAL METHODS FOR SYSTEMS

In Problems 1-8 we first write the given system in the form x" = f(t,x,y), ¥ = g, x, ).

Then we use the template

h=01 1t =t+h
X, = XAt X v0)s v = vothg(tes X, )
X, = xth (. x,n); v, = nthgt,x,»n)

(with the given values of ¢,, x,, and y,) to calculate the Euler approximations x, = x(0.1),

¥ =y(0.1) and x,=x(0.2), vy, = ¥(0.2) inpart (a). We give these approximations and the

actual values x, = y(0.2) in tabular form. We use the template

a

« =X(0.2), ¥

act

h=02 t =t+h

U, = xXo+h f(ty,x,v); v, = vy +hg(ty,x,,v,)
X, = X+ A f(ty, X0 vo)+ S tu, )]

no= vyt ih[gt, 5, v)+ g, m)]

to calculate the improved Euler approximations u, = x(0.2), u, = y(0.2) and
x, =x(0.2), y, = ¥(0.2) in part (b). We give these approximations and the actual values
X =%(0.2), ., =»(0.2) in tabular form. We use the template

act
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h =02

F o= [, %, V)
F, = f(, +%h,x0 +%hF1ayo +%hG1);
F= 11, +%h,x0 +%thayo +%hG2);

F,=f(t,+hx,+hF,y,+hG,);

h
X, = x0+€(F1 +2F, +2F +F,);

to calculate the intermediate slopes and Runge-Kutta approximations x; = x(0.2), y, = y(0.2) for

G, = g(t5,%0, )

G,=g(, +%h,x0 +%hF1ayo +%hG1)
G, =g(, +%h,x0 +%hF2ayo+%hG2)

G, =glt,+hx,+hF,,y,+hG,)

Y= ¥, +%(G1 +2G, +2G; +G,)

part (c). Again, we give the results in tabular form.

1. (@

(b)

(©)

(b)

(©)

X1 Y1 X2 2 Xact Vact
0.4 2.2 0.88 2.5 1.0034 2.6408
U1 Vi X1 Y1 Xact Vact
0.8 2.4 0.96 2.6 1.0034 2.6408
F Gy F Gs F; Gs Fy Gy
4 2 4.8 3 5.08 3.26 6.32 4,684
X1 Y1 Xact Yact
1.0027 | 2.6401 | 1.0034 | 2.6408
X1 Y1 X2 V2 Xact Vact
0.9 -0.9 0.81 —0.81 0.8187 —0.8187
U1 Vi X1 Y1 Xact Vact
0.8 —0.8 0.82 —0.82 0.8187 —0.8187
F Gy F Gs F; Gs Fy Gy
-1 1 -0.9 0.9 -0.91 0.91 —0.818 0.818
X1 M Xact Vact
0.8187 | —-0.8187 | 0.8187 | —0.8187
X1 Y1 X2 V2 Xact Vact
1.7 1.5 2.81 2.31 3.6775 2.9628
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(b)

(©)

(@)

(b)

(©)

(@)

(b)

(©)

(@)

U1 Vi X1 Y1 Xact Vact
2.4 2 322 2.62 3.6775 2.9628
F Gy F Gs F; Gs Fy Gy
7 5 11.1 8.1 13.57 9.95 23102 | 17.122
X1 Y1 Xact Yact
3.6481 | 29407 | 3.6775 | 2.9628
X1 Y1 X2 V2 Xact Vact
1.9 —0.6 3.31 -1.62 42427 -2.4205
U Vi X1 Y1 Xact Vact
2.8 -1.2 3.82 -2.04 42427 -2.4205
F Gy F G» F; G3 Fy Gy
9 -6 14.1 -10.2 16.59 -12.42 | 26442 | -20.94
X1 Y1 Xact Vact
42274 | -2.4060 | 4.2427 | -2.4205
X1 Y1 X2 V2 Xact Vact
0.9 32 —0.52 2.92 -0.5793 2.4488
U1 Vi X1 Y1 Xact Vact
-0.2 34 —0.84 2.44 -0.5793 2.4488
F G F G F; G Fy Gy
-11 2 -14.2 -2.8 -12.44 312 | -12.856 | —-6.704
X1 Y1 Xact Vact
-0.5712 | 2.4485 | -0.5793 | 2.4488
X1 Y1 X2 2 Xact Vact
—0.8 4.4 -1.76 4.68 -1.9025 4,4999
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(b)

(©)

7. (a)

(b)

(©)

(b)

(©)

U Vi X1 Y1 Xact Vact
-1.6 4.8 -1.92 4.56 -1.9025 4,4999
F Gy F G» F; G3 Fy Gy
-8 4 -9.6 2.8 -9.52 2.36 -10.848 | 0.664
X1 Y1 Xact Vact
—1.9029 | 4.4995 | -1.9025 | 4.4999
X1 Y1 X2 2 Xact Vact
2.5 1.3 3.12 1.68 3.2820 1.7902
U1 Vi X1 Y1 Xact Vact
3 1.6 3.24 1.76 3.2820 1.7902
F G F G F; G Fy Gy
5 3 6.2 3.8 6.48 4 8.088 5.096
X1 Y1 Xact Vact
32816 | 1.7899 | 3.2820 | 1.7902
X1 Y1 X2 2 Xact Vact
0.9 -0.9 2.16 —0.63 2.5270 -0.3889
U1 Vi X1 Y1 Xact Vact
1.8 —0.8 2.52 —0.46 2.5270 -0.3889
F Gy F G F; G3 Fy Gy
9 1 12.6 2.7 12.87 3.25 16.02 5.498
X1 1 Xact Vact
2.5320 | -0.3867 | 2.5270 | -0.3889

In Problems 9-11 we use the same Runge-Kutta template as in part (c) of Problems 1-8 above, and
give both the Runge-Kutta approximate values with step sizes 2 = 0.1 and 2 = 0.05, and also
the actual values.
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10.

11.

12.

13.

14.

412

With 2 = 0.1;
With 2 = 0.05:
Actual values:

x(1) = 3.99261,
x(1) = 3.99234,
x(1) = 3.99232,

(1) = 6.21770
(1) = 6.21768
(1) = 6.21768

With 2 = 0.1: x(1) = 1.31498,
With 2 = 0.05: x(1) = 1.31501,
Actual values: x(1) = 1.31501,

y(1) = 1.02537
y(1) = 1.02538
p(1) = 1.02538

With & = 0.1: x(1) = -0.05832,
With & = 0.05: x(1) = -0.05832,
x(1) = -0.05832,

y(1) = 0.56664
(1) = 0.56665

Actual values: y(1) = 0.56665

We first convert the given initial value problem to the two-dimensional problem

x'=y, x(0) = 0,
»0) = 0.

4

y'= -x+sint,

Then with both step sizes # = 0.1 and 2 = 0.05 we get the actual value x(1) = 0.15058
accurate to 5 decimal places.

With y = x" we want to solve numerically the initial value problem

x'=, x(0) =0
y'= -32-0.04y, »(0) = 288.

When we run Program RK2DIM with step size 2 = 0.1 we find that the change of sign in
the velocity v occurs as follows:

t X Vv
7.6 1050.2 +2.8
7.7 1050.3 -04

Thus the bolt attains a maximum height of about 1050 feet in about 7.7 seconds.

Now we want to solve numerically the initial value problem

x' =y,

y' = -32 - 0.0002)7,

x(0) = 0,
w0) = 288.
Running Program RK2DIM with step size 2 = 0.1, we find that the bolt attains a

maximum height of about 1044 ft in about 7.8 sec. Note that these values are comparable to
those found in Problem 13.
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15.

16.

17.

With y = x', and with x in miles and ¢ in seconds, we want to solve numerically the
initial value problem

4

X =y
Y= ~95485.5/(x* + 7920x + 15681600)
x(0) = 0, W0y = 1.

We find (running RK2DIM with ~ = 1) that the projectile reaches a maximum height of
about 83.83 miles in about 168 sec = 2 min 48 sec.

We first defined the MATLAB function

function xp = £fnball(t,x)

% Defines the baseball system

% x1” = x = x3, x3 = -cvx
% x2) = y = x4, x4 = -cvy'-g
% with air resistance coefficient c.
g = 32;

c = 0.0025;

Xp = X;

v = sqrt(x(3).72) + x(4).72);

xp (1) = x(3);

xp(2) = x(4);

xp(3) = -c*v*x(3);

xp(4) = -c*v*x(4) - g;

Then, using the n-dimensional program rkn with step size 0.1 and initial data
corresponding to the indicated initial inclination angles, we got the following results:

Angle Time Range
40 5.0 352.9
45 5.4 347.2
50 5.8 3342

We have listed the time to the nearest tenth of a second, but have interpolated to find the
range in feet.

The data in Problem 16 indicate that the range increases when the initial angle is decreased
below 45°. The further data

Angle Range
41.0 352.1
40.5 352.6
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18.

19.

20.

414

40.0 352.9

39.5 352.8
39.0 352.7
35.0 350.8

indicate that a maximum range of about 3353 ft is attained with o = 40°.

We "shoot" for the proper inclination angle by running program rkn (with 2 = 0.1) as
follows:

Angle Range
60 287.1
58 298.5
57.5 301.1

Thus we get a range of 300 ft with an initial angle just under 57.5°.

First we run program rkn (with 2= 0.1) with vy = 250 ft/sec and obtain the following
results:

t X y
5.0 457.43 103.90
6.0 503.73 36.36

Interpolation gives x = 494.4 when y = 50. Then arun with v, = 255 ft/sec gives the
following results:

t X y
5.5 486.75 77.46
6.0 508.86 41.62

Finally a run with vy = 253 ft/sec gives these results:

t X y
5.5 484.77 75.44
6.0 506.82 39.53

Now x = 500 ft when y = 50 ft. Thus Babe Ruth's home run ball had an initial velocity
of 253 ft/sec.

A run of program rkn with 2 = 0.1 and with the given data yields the following results:
t X y v (04

5.5 989 539 162 +0.95
56 1005 539 161 -0.18
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21.

11.5 1868 16 214 -52
11.6 1881 -1 216 -53

The first two lines of data above indicate that the crossbow bolt attains a maximum height of
about 1005 ft in about 5.6 sec. About 6 sec later (total time 11.6 sec) it hits the ground,
having traveled about 1880 ft horizontally.

A run with 2 = 0.1 indicates that the projectile has a range of about 21,400 ft = 4.05 mi
and a flight time of about 46 sec. It attains a maximum height of about 8970 ft in about 17.5

sec. Attime 7 = 23 sec it has its minimum velocity of about 368 ft/sec. It hits the ground
(t =46 sec) at an angle of about 77° with a velocity of about 518 ft/sec.
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CHAPTER 8

MATRIX EXPONENTIAL METHODS

SECTION 8.1

In Problems 1-8 we first use the eigenvalues and eigenvectors of the coefficient matrix A to
find first a fundamental matrix ®(¢) for the homogeneous system x” = Ax. Then we apply the
formula

x(f) = ®()D(0) 'x,,

to find the solution vector x(7) that satisfies the initial condition x(0) = Xg. Formulas (11) and
(12) in the text provide inverses of 2-by-2 and 3-by-3 matrices.

1. Eigensystem: A, =1, v,=[1 -1]%; =3 v,=[ 1T
t 3t
Q1) = [elll‘ﬁ eﬂalvz] = {e : e3z:|
- e
e |1l ~1|]3 1| 5¢'+e*
x(1) = T Y ’ Y t 3
- e | 21 1][-2 2| —5¢'+e
2. Eigensystem: A, =0, v,=[1 2]’ A=4, v,=[1 =21
1 e4l
D) = |et'v, Py, | =
1) = [e*, . ] {2 _2841}

1 " [ 1]2 1 2 1] 3+5e*
x(t) = i . - —
2 26| 412 -1|]-1 4| 6-10e"
3. Eigensystem: A=4i, v=[1+2i 2]

cosdt—2sindt 2cosdr+sinds
2cos4t 2sin 4¢

D) = [Re(veﬂ’) Im(vel’)} ={

4

cosdt —2sindt 2cos4t+sin4t} 1{0 2} {0} 1{ —5sin 4¢ }
4

x(1) = : = -
2cosdt 2sm 4t 2 1|1 4cosdt —2sindt
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Eigensystem: A1=2,2; {v,v,} with v,=[1 1]", v,=[1 0]
I 1+t
ezt
1 1+¢]|0 1 1 1+¢
x(t) = e : : = ¢
1 ¢ 1 =110 t

Eigensystem: A=3i, v=[-1+i 3]

() = [Vlel’ (Vll‘+V2)€M}

—cos3t—sin3f cos3t—sin 3¢
3cos3t 3sin 3¢

D) = [Re(veﬂ’) Im(vel’)} ={

0 {—cos3t—sin3t cos3t—sin3t} 1{0 1} { 1 } 1{ 3cos 3t —sin 3r }
X = . _
3

3cos 3t 3sin3t | 3|3 1|1 —3cos3t + 6sin 3t

Eigensystem: A=5+4i, v=[1+2i 2]

cos4t—2sin4t 2cos4r+2sin4dt
®(1) = [Re(ve™) Im(ve™)] = es{ cosd1+2sin }

2 cos4t 2sin 4¢

,,| cosdt—2sin4t 2cosdt+2sindt| 1|0 2 2 5, | cosdt+sindt
x(1) = e . = 2e

2 cosds 2sin 4 4|2 -4allo sin 47

Eigensystem:
A4=0, v,=[6 2 5], A =1, v,=[312]; A=-1, v,=[2 1 2]

6 3¢ 2
O = [el‘lv1 e™'v, e%’VJ =12 €& e
5 2¢ 2
6 3¢ 27 0 -2 1 2 —12+12¢" +2¢™’
x(1) = |2 ¢ e |)|1 2 =2|1|=| —4+4e'+e”’
5 2 27| |-1 3 01]]|0 -10+8e" +2¢”’

Eigensystem:
A=-2, v,=[0 1 =11 A =1, v,=[1 -1 0]; A, =3, v,=[1 -1 1T
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d(t) = [el‘lv1 e”'v, e%’VJ =| e - -
_e—ZZ 0 e3l
0 ¢ |1 1 0 e’
x(t) = | e —€ =[]0 =1 =1|-|0]|=]|-€¢+e™
- 0 (1 1 1]]-1 —e™

In each of Problems 9-20 we first solve the given linear system to find two linearly
independent solutions x; and x», then set up the fundamental matrix ®(r) = [x,(£)  x,(2)],

and finally calculate the matrix exponential et = D(1) CI)(O)_1 .

9. Eigensystem: A, =1, v,=[1 1]; A=3 v,=[2 1T
o) = [, ] =|C %
1 2 ez e3l
A e 2| -1 2|  |—e+2e" 2 -2¢"
e e 1 =1 —e' + & ¢ — e
10.  Eigensystem: A4, =0, v, =[1 1]; A=2, v,=[3 2T
. . 1 3¢
o) = [, o] = L 2}
N 1 3|2 3 -2+3e* 3-3e”
e = =
1 27| 1 -1 —2+42e* 3-2¢"
11.  Eigensystem: A4, =2, v,=[1 1]; A=3 v,=[3 2T
) ) eZl 3e3l
o) = [ell v, e® Vz:l = Lzz 267

eAl B eZZ 3e3l _2 3 B _2eZZ + 3e3l 382[ _ 3e3l
e2l 2e3l 1 _1 _2€ZZ +2e3l 382[ _2e3l

418 Chapter 8



12.

13.

14.

15.

16.

Eigensystem: 4, =1, v,

D(1) = [el"V1 e%’vz]

A e 4e’ |3 4 —3e' +4¢e*
e = =
e 3|1 -1 -3¢’ +3e”

Eigensystem: 4, =1, v,

O = [el"v1 e%’vz]

t

Az €
e = ,
e

Eigensystem: 4, =1, v,

D(t) = [el"V1 e%’vz]

2 t
oA = e
3e'

3e* || 4
4e* || 3
Eigensystem: 4, =1, v,

D(1) = [el"V1 e%’vz]

oA 2¢" 5&7 || 2
el 2ezl 1

Eigensystem: 4, =1, v,

D(t) = [el"V1 e%’vz]

s 3¢’ 5S¢ || -3
e =
2¢" 3e* || 2

=[1 11 A=2, v,=[4 3]
e 4%
el 3eZZ
de' —4e™
4e' —3e
=[1 11 A=3 v,=[4 3]
B e 4e
ez 3e3z
4> || =3 4| | 3e'+4e¥ 4’ —4e”
3|1 -1 —3e¢' +3¢  4de' —3e”
=[2 315 A,=3 v,=[3 4]
| 2€ 3e”
3¢ 4e”
30 | -8+ 9¢*  6¢' — 66
-2 —12¢' +12¢*  9¢' —8e™
=2 115 A=2 v,=[5 2T

| 2€ 5¢*!
el 2eZZ

5| | —4e'+5¢* 10e' —10e”
-2 —2¢' +2e* 5S¢’ —4e™

=[3 215 A=2 v,=[5 3]
|3 5¢*
2¢' 3e*
501 |9+ 10e* 15¢" —15¢*
-3 —6¢" + 6% 10e" —9¢™
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17.

18.

19.

20.

21.

22.

420

Eigensystem: A, =2, v,=[1 -1]; A=4, v,=[l

2 4
D(r) = [e’l‘lv ey ] _|e ¢
- 1 2] 2t e4z

—e
N et 1M1 -1 1l 2 e —o +e"
e = L = —
e Y| D) IV IR T TR
Eigensystem: A, =2, v,=[1 -1]; A=6, v,=[1
2t 61
o) = [elll‘ﬁ eﬂalvz:l = {e 2 e6z:|
-’ e

N ez: e6z 111 =1 1 e21+e6z _e21+e6z
e = PR = —
_eZz e6z 211 1 2 _eZz+e6z €ZZ+€6Z

Eigensystem: A, =5, v, =[1 =21 A,=10, v,=[2

5t 2 10¢
D(1) = [e’%lv1 e’wvz} = { ¢ y }

1"

1"

N eSl 2@10[ 1 1 _2 1 eSl +4eIOZ _2eSZ + 2@10[
e = :
e -2 +2" 4’ +e'

_2eSZ 10t

5

Eigensystem: A, =5, v, =[1 -2]; A,=15v,=[2

, , eSl 2@15[
(1) = [ell vi " Vz} - { 150

N eSl 26151 1 1 _2 1 eSl + 4615[ _2€SZ +2€15[
14 = - —_ = —
2" & | 5|2 1 502" +2e"  4e’ +e"

5 A 1+t -t
A" =0 so e =1+Ar =
t 1—1¢
) Ar 1+6t 4«
A" =0 so e =1+Ar =
-9t 1-6¢
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23.

24.

25.

26.

27.

28.

29.

| 1+t -t —t—-t
A’=0 so e = I+At+EA2t2: ¢ 1—-t t-¢£
0 0 1

1+ 3¢ 0 =3t
A’=0 so et = I+At+%A2t2: 5t+18 1 T7t—18¢
3t 0 1-3¢

A = 2I+B where B*=0, so e* =¢e™"e® = (¢’1)(1+Bt). Hence
2t 2t
5t 4 44 35¢
oA = € 2€ ’ x(1) = Y = o
0 e 7 7
A = 71+B where B*=0, so e* =¢"e® = (¢"T)(1+Bt). Hence

7t
Az e 0 ar| 2 7 5
= , xX(1) = =
‘ the” e”} 0= Lo} ¢ {—10+55t

A = I+B where B’=0, so e =¢"e* = (¢ I)I+1+1B’’). Hence

e’ 2te’ (3t+2t')e 4 4+28t+12¢
et =10 ¢ 2t |, x(t) = eM|5| = €| 5+12t
0 0 e 6 6

A = 51+B where B’=0, so e* =¢"e" = (e"I)(I1+Br+1B’). Hence

e 0 0 40 40
= 10te™ e 01, x() =e*|50]=¢" 50+ 4007
(20t +150¢%)e™  30te™ e 60 60+ 23007 + 6000

A = I+B where B*'=0, so e =¢"e” = (e'I)I+Bt+1B’ +1B’). Hence
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1 2¢ 3t+61% 4t+61> +47 1 1+9/4+ 1262 +47

0 1 6t 3t+ 617 1 1+ 9¢ +6¢°
A= ¢ . x(f) = M| | = ¢

0 0 1 2t 1 1+2¢

0 0 0 1 1 1

30. A =3I+B where B*'=0, so e* =¢"e" = (e"D)(I+B+1BF +1Br).

Hence
1 0 0 0 1 1
61 1 0 0 1 1+ 61
eAl — e3l , , X(t) — eAl _ 3t ,
Or+18&¢ 61t 1 0 1 1+157+18¢
124548 +36£7 9r+187 61 1 1 1+ 27t + 728 + 36¢°

cosh? sinhr

33. e* = Icosht+ A sinht = |
sinht coshr

}, so the general solution of X" = AX is

x(t) = e*e = [

¢,cosht +c,sinh?
¢ sinht+c, cosht |’

34.  Direct calculation gives A> = —41, and it follows that A’ =—4A and A* =161

Therefore
2 3 4 5
oA = T+ Al 417 4At N 161¢ N 16 At N
! 3! 4! 5!
2 4 3 5
=1 ]_@4_@4_... +1A (21‘)_@4_@4_...
2! 4! 2 3! 5!

e = Tcos2t+L1Asin2¢
In Problems 35-40 we give first the linearly independent generalized eigenvectors u,, u,, -, u,
of the matrix A and the corresponding solution vectors Xx,(7), X,(?), -+, X,(¢) defined by Eq.
(34) in the text, then the fundamental matrix ®(z) = [x,(¢) x,(f) --- x,(¢)]. Finally we

calculate the exponential matrix e*’ =®()D(0)".

35. A=3: u=[4 0, w =00 1

{u,,u,}1s a length 2 chain based on the ordinary (rank 1) eigenvector ui, so
u, is a generalized eigenvector of rank 2.
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x,(t) = ¢u, x,(¢) = ¥ (u,+(A-ADuyt)

d(1) = t t _ |t
O =Kx0O x0]=c¢ 01

R N | R U R
0 1|40 4 0 1
3. A=1: uw=[8 00, wu=[5 40" w=[0 1 1T

{u,,u,, u,}is a length 3 chain based on the ordinary (rank 1) eigenvector u;, so
u, and us are generalized eigenvectors of ranks 2 and 3 (respectively).

x,() = ¢u, x,(¢) = ¥ (u,+(A-ADuyt),
xX,(1) = & (uy+ (A= ADuy+(A - A uy’/2)

8 5+8 5t+4f
D) = [x,(t) x,(t) x;(0)] =¢€|0 4 1+ 41

0 0 1
8 5+8 5t+4f | 4 -5 5 1 2¢ 3t+4¢
et =60 4 1+4¢ - 0 8 =8|=¢10 1 4¢
0 0 1 0O 0 32 0 0 1

37. A4 =2: u =[1 0 0, x,(t) = ey,
A =1 u=[9 -3 0], w =[0 1 -1

{u,,u,}1is a length 2 chain based on the ordinary (rank 1) eigenvector u,, so
u; is a generalized eigenvector of rank 2.

x,(1) = ¢”'u,, x,(t) = ' (u,+(A-ADuyt)
e’ 9¢  (10+91)e
O(r) = [x,(t) x,(t) X,(0] =|0 =3¢ (1-3r)¢
0 0 —e'

e 9¢'  (10+91)e' 13 9 13
e =10 =3¢ (1-3t)e 3 0 -1 -1
0 0 —e' 0 0 -3
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e’ =3¢’ +3e (—13—9t)e’+13ezz
=0 e’ 3te
0 0 e

38. A =10: u, =[4 1 0], x,(r) = e"n,
A =5 u, =[50 0 0], wu,=[0 4 —-17"

{u,,u,}1is a length 2 chain based on the ordinary (rank 1) eigenvector u,, so
u; is a generalized eigenvector of rank 2.

X, (1) = e”'u,, x,(1) = €' (u,+(A-ADuy)

4¢"" 508" 50te™
D@t = [x,(1) x,(t) x,()] =| e 0 4™
0 0 —e™

4e'  50e°" 50te™ | 0 50 200
et =1 0 4l -%1 -4 -16
0 0 - 0 0 -50

[ 46 — 4% 16€ —(16+501)e™
— 0 elOl 4610[ _465[

0 0 e’

39. A =1l u =300 0, uwu=[0 1 0 0]
{u,,u,}1s a length 2 chain based on the ordinary (rank 1) eigenvector u;, so
u, is a generalized eigenvector of rank 2.
x,(1) = e"u;,  x,(1) = " (u, +(A-ADuyt)
A, =2: u, =[144 36 12 0], w, =[0 27 17 4]
{u;, u,}is a length 2 chain based on the ordinary (rank 1) eigenvector usz, so
uy is a generalized eigenvector of rank 2.
x,(5) = e”'uy,  x, (1) = ' (u, +(A—ADu,r)
3" 3te' 144¢™ 144t &'
e 36e” (27+361)e™

0 126 (174120
0 4%

Q(1) = [x,() %) x() x,(0)] =
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40.

[3¢' 3re' 144€”  1441€™ 16 0 -192 816]
N 0 € 36" (27+36r)e*| 1|0 48 —144 288
e = . —_——
0 0 12% (17+120)e* | 48/0 0 4 17
0 0 0 4 0 0 0 12
¢ 3te' (—12-90)¢ +12te¥  (51+180)e +(=51+361)e™ |
|0 € —3e' +3e* 6e' +(—6+91)e™
0 0 e’ 3te™
0 0 0 e |
A =3 u =[100 20 4 11", x,(1) = e*'n,
A=2: uw,=[6 0 00]", wuy=[0 4 0 0], w,=[0 -1 1 of
{u,, u;, u,}is a length 3 chain based on the ordinary (rank 1) eigenvector w,, so
u; and uy are generalized eigenvectors of ranks 2 and 3 (respectively).
X, (1) = eﬂazuza x;(0) = eﬂaz(u3+(A_/,lzl)u3t)’
X, (1) = " (u, +(A=LDu, s+ (A= L1 u,r’/2)
100e*  16e*  16te* 8t’e*
20¢* 0 4e*  (=1+41)e™
o) =[x, %0 0O 0= 0
4e 0 e
e’ 0 0
(100 166> 16r¢* 8™ 00 0 16
N 20e” 0 4 (=1+4ne| 1|1 0 0 -100
e = [—
4e* 0 0 e’ 16/0 4 4 96
e 0 0 0 0 0 16 —64
[ 41 (4r+81)e  100€* — (100 +96¢ +321%)e*
0 e 4te’’ 20e* — (20 +161)e’™
0 0 e’ 4¢* — 4™
0 0 0 e
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SECTION 8.2
NONHOMOGENEOUS LINEAR SYSTEMS

1. Substitution of the trial solution x (f)=a, y,(f)=0> yiclds the equations
a+2b+3=0, 2a+b—-2=0 with solution a="7/3, b=-8/3. Thus we obtain the
particular solution x(7)=7/3, y(t)=-8/3.

2. When we substitute the trial solution x,(7) =a, + ¢, y,(£)=a,+b,t and collect

coefficients, we get the equations

2a,+3a,+5 = b, 2b+3b, = 0
2a,+a, = b, 2b,+b, = 2.

We first solve the second pair for b, =3/2, b, =—1. Then we can solve the first pair for

a,=1/8, a, =-5/4. This gives the particular solution
_ 1 _ 1
x(t) = Z(1+121), p(t) = —=—(5+41).
8 4

3. When we substitute the trial solution
x, = a,+bt+ct’, y, = a, +bt+c,t’
and collect coefficients, we get the equations

3a,+4a, = b, 3b,+4b, = 2c 3¢, +4c, = 0
3a,+2a, = b, 3b,+2b, = 2c, 3¢, +2¢,+1 = 0.

Working backwards, we solve first for ¢, =-2/3, ¢, =1/2, then for

b,=10/9, b, =-7/6, and finally for a, =-31/27, a, =41/36. This determines the

particular solution x,(¢), y,(¢). Next, the coefficient matrix of the associated

homogeneous system has eigenvalues 4, =—1 and 4, =6 with eigenvectors

v,=[1 —11" and v,=[4 3], respectively, so the complementary solution is given

by
x (1) = ce” +4c,e”, x (1) = —ce” +3c,e”.

When we impose the initial conditions x(0)=0, y(0)=0 on the general solution

x()=x()+x,(), y@)=y.()+y,(r) welindthat ¢, =8/7, ¢, =1/756. This
finally gives the desired particular solution
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x(f) = (8647 +4e —868+8401—5041%)
756

Y1) = L (864 +3¢ +861—-8821+3781%),
756

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =5
and A, =-2 with eigenvectors v, =[1 1]" and v, =[1 =6]', respectively, so the

complementary solution is given by

1

x, (1) = ¢’ +ce, y.(t) = ¢’ —6c,e.

Then we try x,(tf)=ae’, y,(t)=be' and find readily the particular solution
x,(f)y=—1€', y,(t)=—3¢ . Thus the general solution is
5¢ 2r 1 .t _ 5¢ —2r 3 1
x(t) = ce’ +c,e —ze,  y() = ce —6c,e —se.

Finally we apply the initial conditions x(0)= y(0)=1 to determine ¢;=33/28 and
¢y =-2/21. The resulting particular solution is given by

1
84

¥(6) = L(99¢" —8e™ ~T¢'),  y(t) = L (99e" +48¢7 ~63¢),
84

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =-1

and A, =5, sothe nonhomogencous term e duplicates part of the complementary
solution. We therefore try the particular solution

x,(0) = a+he’ +ete”, y, (1) = a,+bhe” +cjte.

Upon solving the six linear equations we get by collecting coefficients after substitution
of this trial solution into the given nonhomogeneous system, we obtain the particular
solution

X0 = L12—e =716, @) = L—6-71e).
3 3

The coefficient matrix of the associated homogeneous system has eigenvalues
A=1 (7 + \/89) so there is no duplication. We therefore try the particular solution

x, (1) = be'tete, v, (1) = be' +eypte'.
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Upon solving the four linear equations we get by collecting coefficients after substitution
of this trial solution into the given nonhomogeneous system, we obtain the particular
solution

X(t) = —__©91+161)¢', ¥(1) = J_(25+160)¢".
256 32

7. First we try the particular solution
x,(t) = asint+bcost,  y, (1) = a,sint+b,cost.

Upon solving the four linear equations we get by collecting coefficients after substitution
of this trial solution into the given nonhomogeneous system, we find that a, =-21/82,

b, =-25/82, a,=-15/41, b, =-12/41. The coefficient matrix of the associated
homogeneous system has eigenvalues 4, =1 and A4, =—9 with eigenvectors

v,=[1 1]" and v,=[2 -3]', respectively, so the complementary solution is given
by
x (1) = ce' +2c,e”, y.(1) = ce’ —3c,e”.

When we impose the initial conditions x(0) =1, »(0) =0, we find that ¢, =9/10 and
¢, =83/410. It follows that the desired particular solution x=x_ +x,, y=y, +y, Is

given by
x(t) = L(369e’ +166e™" —125cost —105sin¢)
410
y(t) = L(369e’ —249¢™" —120cost —150sin ).
410
8. The coefficient matrix of the associated homogeneous system has eigenvalues A4 =+2i,

so the complementary function involves cos2¢ and sin2¢. There being therefore no
duplication, we substitute the trial solution

x,(¢) = a;sint+b, cost, y,(t) = a,sint+b, cost

into the given nonhomogeneous system. Upon solving the four linear equations that
result upon collection of coefficients, we obtain the particular solution

x(1) = %(l7cost+2sint), y(t) = %(3cost+5sint).

9. Here the associated homogeneous system is the same as in Problem 8, so the
nonhomogeneous term cos 2¢ term duplicates the complementary function. We
therefore substitute the trial solution
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10.

11.

x,(t) = a;sin2t+ b, cos2t 4 ¢rsin2 +dit cos2t
y,(t) = a,sin2t+b, 082t 4 ¢yt sin 2t + d,1 cos 2t

and use a computer algebra system to solve the system of 8 linear equations that results
when we collect coefficients in the usual way. This gives the particular solution

x(t) = %(sin 2t+2tcos2t+tsin2t),  y(t) = —tsin2z.

1
4

The coefficient matrix of the associated homogeneous system has eigenvalues A = +i\f3 ,
so there is no duplication. Substitution of the trial solution

x,(f) = ae'cost+be'sint, y,(t) = a,e’ cost+be'sint
yields the equations

2a,+b,=0 —2a,+2a,+b, =0
2b,—a, =0 —a,—2b,+2b, =1.

The first two equations enable us to eliminate two of the variables immediately, and we
readily solve for the values a, =4/13, a, =3/13, b, =-6/13, b, =2/13 that give the

particular solution
1 t . 1 ! .
x(t) = Ee (4cost—6sint), y(t) = Ee (3cost+2sint).

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =0
and A, =4, so there is duplication of constant terms. We therefore substitute the

particular solution
x,(0) = a,+bt, y, () = a,+byt

and solve the resulting equations for a,=-2, a, =0, b, =-2, b, =1. The eigenvectors
of the coefficient matrix associated with the eigenvalues 4, =0 and A, =4 are

v,=[2 -1]" and v,=[2 1], respectively, so the general solution of the given
nonhomogeneous system is given by

X(t) = 2C1 +2C2€4z —2—2t, y(t) = —cl +C2€4z +t.

When we impose the initial conditions x(0)=1, y(0)=-1 we find readily that
¢, =5/4, ¢, =1/4. This gives the desired particular solution
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12.

13.

14.

x(r) = $(1-4r+¢"), (1) = L(=5+41+e").

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =0
and A, =2, so there is duplication of constant terms in the first natural attempt. We
must multiply the ¢-terms by ¢ and include all lower degree terms in the trial solution.

Thus we substitute the the trial solution

x, (1) = a,+bt+et’, y, () = a, +bt+c,t’.

The resulting six equations in the coefficients are satisfied by «a, = b, =a, =b, =0,

¢, =1, ¢, = —1. This gives the particular solution x(¢) = #*, y(t) = —¢.

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =1 and

A, =3, so there is duplication of ¢’ terms. We therefore substitute the trial solution
xp(t) = (al +bt) e, yp(t) = (az + bzt)e['
This leads readily to the particular solution

1 5
x(t) = =(1+50) ¢, (1) = —=té€'.
() = 50+50¢,  H0) = =3

The coefficient matrix of the associated homogeneous system has eigenvalues 4, =0

and A, =4, so there is duplication of both constant terms and e terms. We therefore
substitute the particular solution

4 4 4 4
x,(0) = ay+ht+ce’ +die”, y,(t) = a,+bt+ce’ +dyte”.
When we use a computer algebra system to solve the resulting system of 8 equations in 8

unknowns, we find that a, and ¢, can be chosen arbitrarily. With both zero we get the
particular solution

x(1) = %(—2+4t—e4’+2te4’), y(t) = é(—2+€4l)~

In Problems 15 and 16 the amounts x,(¢) and x,(¢) in the two tanks satisfy the equations

430
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where k&, =r/V, interms of the flow rate r, the inflowing concentration ¢y, and the volumes
V, and V, of the two tanks.

15.

16.

(a) We solve the initial value problem

x; = 20—x,/10, x,(0) = 0
x, = x,/10-x,/20, x,(0) = 0
for x(1) = 200(1-€""™),  x,(f) = 400(1+e"1" ~2¢7').
(b) Evidently x,(r) —»200gal and x,(r) — 400 gal as 7 — oo.

(¢) It takes about 6 min 56 sec for tank 1 to reach a salt concentration of 1 1b/gal, and
about 24 min 34 sec for tank 2 to reach this concentration.

(a) We solve the initial value problem
x; = 30-x,/20, x(0) =0
x, = x,/20—-x,/10, x,(0) =0
for x,(1) = 600(1—e"*"), x,(t) = 300(1+¢e""" =2¢7"%).
(b)  Evidently x,(¢r) — 600 gal and x,() —> 300 gal as ¢ — oo.

(¢) It takes about 8 min 7 sec for tank 1 to reach a salt concentration of 1 Ib/gal, and
about 17 min 13 sec for tank 2 to reach this concentration.

In Problems 17-34 we apply the variation of parameters formula in Eq. (28) of Section 8.2. The
answers shown below were actually calculated using the Mathematica code listed in the
application material for Section 8.2. For instance, for Problem 17 we first enter the coefficient

matrix

the initial vector

a = {{s, -7},
{1, -2}};

x0 = {{o0},
{0}}:

and the vector

£lt 1 := {{60},
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of nonhomogeneous terms. It simplifies the notation to rename Mathematica's exponential
matrix function by defining

exp[A ] := MatrixExp[A]
Then the integral in the variation of parameters formula is given by

integral =
Integratel[exp[-A*s] . f[s], {s, 0, t}] // Simplify

—102+ 7™ +95¢
—96+e7 +95¢" |

Finally the desired particular solution is given by

solution =
exp[A*t] . (x0 + integral) // Simplify

102 -7 —95¢'
96— —95¢' |

(Maple and MATLAB versions of this computation are provided in the applications manual that
accompanies the textbook.)

In each succeeding problem, we need only substitute the given coefficient matrix A, initial
vector x0, and the vector f of nonhomogeneous terms in the above commands, and then re-
execute them in turn. We give below only the component functions of the final results.

17. x,(t) = 102-95¢"=7¢", x,(t) = 96—95¢" —¢”

18.  x(f) = 68—1101=75¢" +7¢", x,(f) = T4—80t—75¢" +¢"

19. x(t) = =70-60t+16e™ +54¢”, x,(t) = 5-60t—32¢7" +27¢"

20 x,(1) = 37 +60te” —3e,  x,(f) = —6& +30te’ +6e

21, x,(t) = —e'—14e¥ +15¢", x,(t) = —5¢"—10e” +15¢*

22, x,(f) = =10 =Tte” +10e” =5te”, x,(f) = —15¢”" —35te” +15¢" —5te

23.  x(t) = 3+11¢+8¢, x,(¢1) = 5+17t+247

432 Chapter 8



24, x(t) = 24+t+Int, x,(t) = 5+3t—l+3lnt
t

25. x,(t) = —1+8t+cost—8sint, x,(t) = —2+4r+2cost—3sint

26. x,(t) = 3cost—32sint+17¢tcost +4¢sint
x,(1) = 5cost—13sinz+6¢cost +5¢sint

27. x(t) =8r+61', x,() =35-20+3¢

28.  x(t) = —7+141—-62+4Int, x,(t) = =T7+9t-3£ +Int—2¢Int+2¢ Int
29. x,(t) = tcost—In(cost)sint, x,(t) = tsint—In(cost)cost

30.  x,(1) = 1Pcos2t,  x,(1) = +i’sin2¢

3. x,(1) = 9 +41)e', x,(t) = 617, x,(t) = 6te

32. x(t) = (44+181)e' +(—44+261)e”, x,() = 6e' +(—6+61)e, x,(t) = 2te”

33, x,(t) = 152 +60°+95¢' +12¢°,  x,(r) = 1567 +55¢ +15¢*,
x,(1) = 1524202 x (1) = 15¢°

34,  x(t) = 48 +(@+161+877) e, x,(1) = 3+ (2+4n)e”,
() = Q+4r+207) e x (1) = (1+1)e”

SECTION 8.3
SPECTRAL DECOMPOSITION METHODS

In Problems 1-20 here we want to use projection matrices to find fundamental matrix solutions
of the linear systems given in Problems 1-20 of Section 7.3. In each of Problems 1-16, the
coefficient matrix A is 2x2 with distinct eigenvalues A4, and A,. We can therefore use the

method of Example 1 in Section 8.3. That is, if we define the projection matrices

P = A-Al and P, = A_AI,
A= =4

(1)
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then the desired fundamental matrix solution of the system x’= Ax is the exponential matrix
e = P +e™P,.

2)

We use the eigenvalues A, and A, given in the Section 7.3 solutions for these problems.

1 2
1. A = 5 = —1’ =
LA A
1 111 -1 1 1|1 1
P =—(A-3I) = - , P, =—(A+I) = =
= ) 2{—1 1} ’ 4( ) 2{1 1}
—l+ 3t _ —l+ 3t
et =P +e’P, = 1f e +e X ¢ 63
2|—e'+e' e +e’
2 3
2. A = , = —1’ = 4
NHIEEE
2 3 33
P=L(a-ar=1 . P =LA+ =1
- 502 3 5 512 2
e 41 -t 41
M = P 4¢P, = 1| 2e7" +3e 3e " +3e
5|2e"+2e" 3e'+2e"
3 4
3. A= : - 1, - 6
IR
3 4 4 4
P = L(A-6I) =L . P = L(A+D) =L
- 7/-3 4 7 7/3 3
1| 3e"+4e" —de'+4e"
et =P +e"P, = — ¢ e6 ¢ 66
T| -3¢ +3e”" 4de'+3e”
4 1
4. A = : -2 A =5
o Lo 2
1 1l 1 -1 1 116 1
P = —(A-5I) = — P, = —(A+21) = —
= 5 ) 7{—6 6} ’ 7( ) 7{6 J
1 e—21+6eSZ _e—Zl+eSZ
et = P +e'P, = —
: T —6e 466" 6 +e
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>
|
1
(=)
|
~
Iu—.l
R
I
|
K
I
()]

i)
Il
>
I
W
Il
I

-1 7 7 =7
! M= R LYY
-6 6|-1 7 6 6|1 -1
—e'+7e" Te” —7€SZ:|

A — 5
et = e'P+e’'P, = —
-t 5t —f 5t
— +e Te'—e

>
I
1
O
()]
Iu—.l
R
I
s
K
I
AN

P,

s —5} P, = %(A—-”I) = {—66 —55}

5" +6e"  —5¢* +Se4’}

3 4 3 4
6e’ —6e" 6 =5¢€"

Il
-1
I
AN
]
N—
I
1
(=)
(=)

eAl — e3lP1+e4lP2 — {

6 -5

2 =2 3 2
P = (A1) = 1 LR = (A9D) =
-10 5/-3 3 10 10{3 2

I{Ze_9’+3e’ —2e_9t+2e’}

3 4
Az{?) } A=-9 A =1

At _ -9 ¢ _
€ = e P1+€P2 - -9y t —9¢ 3
5|-3e¢7"+3e 3e"+2e

A:F _5} A ==2i, A =2i

1 -1
2+i —5i
Po= L (a-2im)= 7T N e o Larain =L
4 4l @ 2-i 4i 4
e = e7"P +e™P, = (cos2t—isin2f)P, +(cos2t+isin2t)P,
_ 1] 2cos2t+sin2s —5sin 2t
2 sin 2¢ 2cos 2t —sin 2t

2 =5 : o
AzL 2} A =—-4i, A, =4i

i)
Il

—-8i 8 4i 4-2i 8i

Section 8.3

2—i 54
- 2+

1

4+2i -5i
L (a-ainy = l{ et i } P, = L(A+4il) = g{

4-2i
—4i

|

5i
4+42i

|
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e "P +e""P, = (cos4t—isin4t)P, + (cos4t+isin 4t)P,

eAl —
1] 4cosdr+2sinds —5sin 4¢
4 4sin 4¢ 4cosdt —2sin4t
-3 =2
10. A = : = _3i, = 3i
NN 2
3-3i  2i 3+3i
Po=—(a-3in) =720 T e o Lagzy = 40T
—6i 6| 9i 3+3i 6i 6| —9i
e = e?"P +eP, = (cos3t—isin3t)P, +(cos3t+isin3t)P,
_ 1| 3cos3t—3sin3¢ —2sin 3t
3 9sin 3¢ 3cos3t+3sin3¢
I =2
1. A= CA =1-2i, A =1+2i
2 1
P o= —(A-(1420)]) = = e Lia-a-20p = 2 :
b4 200 1] 7 4i 2| i
et = ' +"P, = €' (cos2t —isin 2£)P, + e’ (cos 2t +isin 2¢)P,
| cos2t —sin2t
=e
sin2t cos2t
I -5
12. A= L 3} A =220, A =2+2i
1 1|2-i =5i
P = —(A-Q2+2D)I) = —
‘ —4'( @+201) 4{ i 2+z]
1 1|2+i 5i
P, = —(A-(2-2)I) = —
’ 41'( @-201) 4{ —i 2—1}
et = eUTP + PP, = e (cos2t—isin2t)P, + e (cos 2t +isin 2t)P,
_ e’ |2cos2t—sin2t —5sin 2t
S 2 sin 2t 2cos2t+sin 2t
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15.

1 oy 1[3+30 -9
= ——(A-@2+301) = 6{ }

- 20 3-3i
1 1[3-3i 9

= —(A-(2-30)1) = —
6i(A=(@7300) 6{ i 3+3z]

= 7P, +e"PP, = e*(cos3t—isin3t)P, +e” (cos3t+isin31)P,
e {3 cos 3t +sin 3¢ —9sin 3t }

3| 2sin3t 3cos 37 —sin 3¢

3 4
A:{ } A =3-4i, A, =3+4i

4 3

= a—@aain = LT Y aaoain = L
= —(A-G+ai) 2L J, P, = —(A-0 4)1)_2{

1

—i

= O + PP, = ¢ (cosdt—isin41)P, + e (cos 4t +isin 4¢)P,

5| cosdt  —sindt
sindtr cos4dt

= {7 _5} A =5-4i, A, =5+4i

4 3
4+2i  -5i

= L (A-Grann) = 2| T Y

3 8| 4i  4-2i

1 114-2i 5i
= —(A=-(5-4DI) = -

3 A= G =400 8{ wy 4+2z}
= P, + PP, = €’ (cos 4t —isin4t)P, + e’ (cos 4t +isin 41)P,
_ e | 4cosdt+2sin 2t —5sin 4t
4 4sin 4t 4cosdr—2sin 2t

100 -60

~50 20
A:{ } A =-100, A, =-10

e

At

2
4

4 -2 5
= L(A+101) _ 1 , P = i(A+1001) _ 1
0 9-10 5 90 9|1

—100z —-10¢
=e Pt+e P, = —
_loe—IOOZ +loe—101 Se—IOOZ +4e—101

1{ 47100 457100 _p o100 +2e—10z:|
9
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In Problems 17, 18, and 20 the coefficient matrix A is 3x3 with distinct eigenvalues 4, 4,, 4,.
Looking at Equations (7) and (3) in Section 8.3, we see that

e = eMP +eP,+e™P, (3)
where the projection matrices are defined by

_(A-ADA-AD o (A-ADA-AD 5 (A-ADA-AD
LA =) T (A=A A -4 T (A=A (h-4)

(4)

4 1 4
17. A=|17 1|; A=0 A4 =6 A4 =9
4 1 4
. 110—1
P=—(A-61)(A-91) =— 0 0 O
= L (A-en)(a-om) = 1
-1 0 1
PZ:Lg(A—OI A-9T) {—2 4 =2
. 1111
P, = —(A-0I)(A-61)=—|1 1 1

3+e +2e” 2 +2e" 3+e” +2e”
1
et = P +e"P,+e"P, = —| —2e*+2e" 4e™ +2e” 2e +2e”
3+ +2e” -2e*+2e” 3+e” +2e”

1 2 2
18. A=|2 7 1| A=0 A4 =6 A4 =9
21 7
1 16 -4 4
P =—(A-61)(A-91)=— 4 1 1
-4 1 1
. 10 0 0
P2 = —8(A—OI)(A—9I) = 5 0 1 —1
0 -1 1
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P, = ——(A—0I)(A-6l) =

1
2
27
2

EENN N

2
4
4

O | —

16+2¢” —4+4¢” —4+4¢™
—4e +4e”  1+9e% +8¢” 1-9¢% +8¢”
—4e +4e” 1-9¢" +8¢”  1+9¢™ +8¢”

1

et = P +e"P,+e"P, =
18

19. A= A =6 A =3 A =3

_— N
—_— N =
o= =

Here we have the cigenvalue 4, = 6 of multiplicity 1 and the eigenvalue A4, = 3 of
multiplicity 2. By Example 2 in Section 8.3, the desired matrix exponential is given by

e* = P +e™P,[1+(A-A])1] (5)

where P; and P, are the projection matrices of A corresponding to the eigenvalues
A and A,. The reciprocal of the characteristic polynomial p(4) = (4-6)A—3)’ has
the partial fractions decomposition

112
p(A)  HA—6) 9A-3)*"

so a,(A)=1/9 and a,(4)=-A4/9 in the notation of Equation (25) in the text. Therefore
Equation (26) there gives

111
1 1
P, = q(A)-(A-AI) = §(A—3I)2 =51 11
111
1 A
P, = a,(A)-(A-A]) = —§A(A—6I) =571 2
-1 -1 2
Finally, Equation (5) above gives
3¢+ —e e e 4l

1
et = P +P, (I+(A-31)1) = —| ¥+ 2e¥+e% - +e |.

e et et 26 4
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20.

A
e t

Il
W = W

A4 =2,

—_ =] =
whn = W

—

= So(A-en(a-on) =

:-l_(A—zn(A—91):-é-a 4

-12
I -2 1

:gﬂA—ﬂﬂA—H):%

—_—
—_—

1
1
1

3¢ + e + 26
2% +2¢%

—3e* +e* +2e”

1
= P, +e"P,+e"P, =

—2e% +2e”" -3e* +e* +2¢”
4e® +2¢e” —2e% +2¢”
—2e +2e”  3e” +e™ +2e”

In Problems 21-30 here we want to use projection matrices to find fundamental matrix solutions
of the linear systems given in Problems 1-10 of Section 7.5. In each of Problems 21-26, the

2x2 coefficient matrix A has characteristic polynomial of the form p(1)=(A-4,)” and thus a

single eigenvalue A, of multiplicity 2. Consequently, Example 5 in Section 8.3 gives the
desired fundamental matrix

2. A
At
e
2. A
eAt
440

At

e* = M [I+(A-A4D)1].

A = =3

-3 4

I+t ¢
=e_3’[l+(A+3I)t]=e_3{ o J

I+t —t
= " [I+(A-2D)¢] = ez{ A J
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23. A:F _2} A =3

Q
&
Il
Q
k4
—
]
+
S
I
(O8]
]
N’
~
—
Il
Q
k4
1
[
I
[\®
~
|
[\®
~
L 1

24. A:F _1} A =4

1—-¢ —t
e = e [T+(A=4D)¢] = ¥
[ ( ) ] t 1+t

7 1
25. A = : =5
Lo

et = & [I+(A-51)]

Il
QLI]
|—N|
—
P
SN
LN
T
+
s B
LN
| I |

I -4
26. A = ; =5
| 1+2t ¢
e
-4t 1-2t

Each of the 3x3 coefficient matrices in Problems 27-30 has a characteristic polynomial of the
form p(1) = (A-A)(A—-A4,)? yielding an eigenvalue A, of multiplicity 1 and an eigenvalue
A, of multiplicity 2. We therefore use the method explained in Problem 19 above, and list here

et = & [I+(A-51)]

the results of the principal steps in the calculation of the fundamental matrix e*’.

2
27 A=|-7 9 7| p(A) = (A-9)(A-2) A =9 A =2
0
S N /1+52; (= az(z)z—ﬂ
p()  49A-9) 49(A-3) 49 49
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P = a(A)(A-ALI) = 4i9(A—21)2 =|-1 1

10
P, = a,(A)-(A-A]J) = —4i9(A+51)(A—91) =11 0 -1
0 0

2t
e 0 0
et = P +e”P, (I+(A-2I)1) = | =" & - +e”
0 0 e’
25 12 0
28. A=|-18 -5 0| p(A) = (A-TYA-13)%; A=7 A =13
6 6 13
1 1 19-4 1 19-4
= + 2> a(d)=—, a,(A) =
p(A)  36(1-9) 49(1-3) 36 36
: -2 20
P = a,(A)-(A-AI) = E(A—BI)Z =13 3 0
-1 -1 0
. 3 2 0
P, = a,(A) (A=A = T-(191-A)(A-T1) = | 3 -2 0
I 1 1

—2¢"" +3e” 2" +2e7 0
e* = e"'P+e” P, (I+(A-13D)1) = | 3" =3¢ 3¢ -2¢" 0

EURTENREY el o
_19 12 84
9. A=|0 5 0|1  pd)=@A-9A-5 A =9, A =5
8 4 33
I I 1-2 I 1-2
_ + ; Ay=—, N="—_2
oD 1649 TTeosy: AW @W=Tg
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-6 3 21

P, = a,(A)-(A-AI) :%(A—SI)Z =0 0 0
-2 1
7 -3 =21
P2:az(A)-(A—AI):%(I—A)(A—%): 0 1 0
2 -1 -6

7 —6e”  —3e +3¢" 21 +21e”

et = P +e"P, (I+(A-5D)1) = 0 e’ 0
26 2" —e"+e” —6e” +7e"
~13 40 -48
3. A =|-8 23 -24|; p(A) = A=-T)A-3); A=74 =3
0 0 3
1 1 1+ 4 1 1+ 4
= - 7 al(/l):_a az(/l):__
p(A)  16(A-T7) 16(A-3) 16 16
| -4 10 -12
P, = q,(A)-(A-A]I) = E(A—31)2 =2 5 -6
0 0 0
| 5 -10 12
P, = a,(A)-(A-A]) = —E(I+A)(A—7I) =12 -4 6
0 0 1

5¢ —4e”  —10€* +10e” 12¢* —12¢
et = ¢"P+ P, (I+(A-31)1) = |27 =27 —4e¥ +5¢7" 6 —6e”
0 0 e’

In Problems 31-40 we use the methods of this section to find the matrix exponentials that were

given in in the statements of Problems 21-30 of Section 8.2. Once e*' is known, the desired
particular solution x(#) is provided by the variation of parameters formula

x(t) = e (X(O) + E e f(s) ds) (7)
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of Section 8.2. We give first the calculation of the matrix exponential using projection matrices
and then the final result, which we obtained in each case using a computer algebra system to
evaluate the right-hand side in Equation (7) — as described in the remarks preceding Problems
21-30 of Section 8.2. We illustrate this highly formal process by giving intermediate results in
Problems 31, 34, and 39.

4 -1
3. A= A==l A,=3
L 2} h=-1 2,
-1 1 5 -1
P o= L(A-31) =1t P o= (At =1
4 4[5 5 4 4[5 -1

4] —5¢7"+5¢ St —e

0 18¢*
x(0) = , f() =

_ S —3s s _ —3s 1 2s 1 —s+ 3s

e (s) = 1] —e"+5e 3 e e_3 8e2 _ Se_ 3e3

4| -5 +5e 5¢e' —e ||30e”° 15¢° +15¢°
0] (15 +3¢> 14-15¢" +¢*
xO)+ [e*t(syds = | |+ ] | ¢ s = c e
0 JL15e7 +15¢™ 10-15¢" +5¢”

x(1) = eA’(x(0)+ [e*1(s) a's) - l{ —e"+5¢" e }{14—15545[}

4| —5¢7"+5e" 5S¢ =" || 10-15¢" +5¢*
_ —1_14 2[+1 3t
x(t) = { e e S5e }

_ 1| —e"+5¢" e’ —¢”
et =P +e’P, = —

—S5e —10e* +15¢*

2 -t
32.  With the same matrix exponential as in Problem 31, but with f(¢) = {2§e Ny }
e

X0) = {(—10—7t)e__’+(10—5t)e3’}
(=15-350)e”" +(15=51)¢”

3 -1
33. A = , =0, A4,=0
R
1+3¢r -t

et = e [I+(A+0D)t] = I+A:r =
9t 1-3t

} (as in Problems 21-26)
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34.

35.

36.

3 7
o) ]

3+11£+87° }

x(¢) =
® L+l7t+24t2

3 0
With e* asin Problem 33, but with x(1) = {7} and f(z) = L/fz}' Because

t, =1, we use the general variation of parameters formula in Eq. (25) of Section 8.2.

. 1-3s s 0 [ s
e f(s) = | = )
—9s 1+3s||1/s |3/s+1/s
-2 137 (T v 1+In¢
e_AX(1)+J;€_ASf(S)dS = + > , |ds = "
-9 4|7 . 3/s+1/s 2+3Int-1/¢

X(7) = €A[(€‘Ax(l)+fe‘Asf(s) ds) _ F+3t ~t }{ 1+Int }

9 1-3¢||2+3Int—1/1
2+t+Int

1) =
x(®) 5+3t—%+31nt

2 =5
A = C A=—i, A =i

L _2} b= A

142  —5i 1-2i  5i

P=—(a-iny =2 7 N o Lapny = LT

Yy 2 i 1-2i 2i 2| =i 142i

e = e "P,+e"P, = (cost—isint)P,+(cost+isint)P,

cost+2sinft —5sint 0 4
= ] ) ; x(0) = , f(r) = .
sin? cost—2sint 0 1

—1+8¢+cost—8sint
—2+4+4t+2cost—3sint
parameters in the solution to Problem 25 of Section 8.2.

The solution vector x(¢) = { } is derived by variation of

AL : 3 4cost
With e”" asin Problem 35, but with x(0) = 5 and f(¢) = .

6sint
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37.

38.

39.

446

3cost—32sint+17¢tcost+4tsint
X@) = 5cost—13sint+6¢cost+5¢sint

3 -1
A= , A4=0, 4,=0
{9 _3} A ,

1+2t -4t

et = e [I+(A+01)t] = 1+Ar =
t 1-2t

0 2
o} el

82 +61
XO =\, 5 a4
3" =2t +3¢

} (as in Problems 21-26)

1 41nt
With e*  as in Problem 37, but with x(1) = { J and f(r) = { l/nt } The details of

the variation of parameters process are similar to those shown in Problem 34 above.

—7+14t—6 +4¢ Int
—749t=3+Int-2¢tInt+2¢ Int

X(?) = {

0 -1 . .
AzL 0}, A=—i, A, =i

1 . 11— 1 . 1|1 i
P1 = —(A—ZI) = 5|: 1:|, P2 = 2—(A+ZI) = 5|: . 1:|

21 i

et = ¢ "P+€"P,

cost —sin t}

(cost—isint)P, +(cost +isint)P, = { .
sint  cost

0 [sect
x(0) = {0}, f(r) = }

—As coss sins |[secs 1
—sins coss || O —tans
Ny o] (T 1 t
O+ £e f(s)ds = 0 " L —tans ds = In(cos?)
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x(t) = eAl(X(0)+£e—ASf(S) ds) _ {COSZ‘ —Sint}{ t }

sint  cost || In(cos?)

% tcost —In(cost)sint
X =
tsint +In(cost)cost

0 -2
4. A= {2 0}, A =-2i, A =2i
1 =i 1
Po= L (a-2in =2 T b = Laramy =L
4 2001 4i 2 =i 1

eAl — e—2i1P1+eZilP2

= (cos2t—isin2t)P +(cos2t+isin2t)P, = {

0) = 0 () = tcos2t
x(0) = 0/ © = tsin 2¢

[%tz cos 21
x(t) =

117 sin 21

cos2t —sin 21

sin2t cos2t

Each of the 3x3 coefficient matrices in Problems 41 and 42 has a characteristic polynomial of
the form p(A) = (A-A4)(A—-4,)° yielding an eigenvalue A, of multiplicity 1 and an
eigenvalue A, of multiplicity 2. We therefore use the method explained in Problem 19 above,

and list here the results of the principal steps in the calculation of the fundamental matrix e*’.

39 8 -16
M. A=|-36 -5 16[: pd) = A+DA-3), A=—1, A=3
72 16 29
1 1 7-2 1 7-2
- ; ; N=—, pn=l"t
o) 160D Teao3y;  AWTe wW=Tg
9 2 4
P, = q(A)-(A-AI) = %(A—n)2 =19 2 —4
18 4 8
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10 2 —4
P, = a,(A)-(A-A]) = %(7I—A)(A+I) =|-9 -1 4
18 4 -7

—9¢” +10e”  2e +2e"  4de ' —4e”
et = P +e’P, (I+(A-31) t)y=| 9"~ 9¢ 2¢' —e  —deT +4¢
—18¢7" +18¢” —de™ +4e* 8¢ —T¢*

28 50 100
2. A=]15 33 60| p)=A+DA-3", A=-2 A4=3
-15 -30 -57
Lo 4 a=L aw=I2
p(A)  25(A+1) 25(1-3) 25 25
~5 —10 20
P, = a,(A)-(A-AI) = 2%(14—31)2 =3 -6 -12
3 6 12
6 10 20
P2:az(A)-(A—AI):2%(81—A)(A+2I): 37 12
3 -6 -1

—5e +6e" —10e +10e” —20e*" +20e*
et = P+ P (I+(A=3D)1) = | Be™ +3e" -6 +7¢"  —12¢7 +12¢”

3¢ =3¢ 6 —6e” 12¢7% —11¢*

In each of Problems 43 and 44, the given 3x3 coefficient matrix A has characteristic
polynomial of the form p(1)=(A-4,)’ and thus a single eigenvalue A, of multiplicity 3.
Consequently, Equations (25) and (26) in Section 8.3 of the text imply that «,(1)=5,(4)=1 and

hence that the associated projection matrix P, =1. Therefore Equation (35) in the text reduces
(with g=1 and m;=3)to

et = M [T+(A-AD1+3(A-A1) 7 |. (8)
-2 17 4
43. A=|-1 6 1|, pd)=@A-27% A=2

0 1 2

448 Chapter 8



Substitution of A and A, =2 into the formula in (8) above yields

| —t*—8t+2 4 +34t t*+8¢
et = —¢” -2t 8t+2 2t

2
—t* A2 +2t 2 +2

4. A=|1 3 0} p(A) = (A-3), A4 =3

Substitution of A and A, =3 into the formula in (8) above yields

. 4¢+2 =2t 2t
M= = 20+ 2t -7 +2 12
2 —6t —t*+4t P —4r+2

-1 1 1 =2
7 -4 -6 11

45. A = 5 L1 3 ; p(A) = (A+1)*(A-2), A=-1 A, =2
6 -2 -2 6

Since A has two eigenvalues A4, =—1 and A, =2 each of multiplicity 2, Equation (35)
in the text reduces (with ¢ =ml =m2 =2)to

e* = P [T+(A-AD1]+e”P, [T+(A-A]I)z]. 9)

To calculate the projection matrices P; and P,, we start with the partial fraction

decomposition
1 2A+5 N 7-24

p(A)  21A+17 27Gi-2)7

Then Equation (25) in the text implies that (1) =(24+5)/27 and
a,(Ay=(7-224)/27. Hence Equation (26) yields

1 00 0

P = L oasrsna+ry = b=
27 -1 00 0
200 0

and
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46.

00 0 0

1 30 -1 2

P, = —(71-2A)YA-21) = X
? 27( X ) 1 0 1 0
20 0 1

When we substitute these eigenvalues and projection matrices in Eq. (9) above we get

e’ te”’ te”’ —2te”
| BB E (=30¢T (=307 = 2Gi-)e +2—1)e”
— " +(1+20)e” —te” ~te” +e 2te” +te” '
¢ +2e —2te”’ Dte”’ Adte” +e”

35 12 4 30

22 -8 3 19
A = ; Ay = (A-1y, =1

Y N R R

27 9 3 -23
Thus the given 4x4 coefficient matrix A has characteristic polynomial of the form
p(A)=(A—-4)" and thus a single eigenvalue 4 =1 of multiplicity 4. Consequently,
Equations (25) and (26) in Section 8.3 of the text imply that (1) =b,(41) =1 and hence
that the associated projection matrix P, =1. Therefore Equation (35) in the text reduces
(with g=1 and m;=4)to

et = M I+(A-ADI+H(A-A1 P +L(A-A1Y P ], (10)

When we substitute A and A =1 in this formula we get

481 +68t+2 —18t =24t 6t” + 8t 361% + 60t
a1 | T +44 300 -181+2 1’ +6t 6> +38¢
© TR0 Lo 9t* + 6t =32 =2t+2 18 -18¢
—42¢* —54¢ 1817 +18¢ —-6t° -6t 361" —48t+2

In each of problems 47-50 we use the given values of £, k,, and £, set up the second-order

linear system x” = Ax with coefficient matrix

A = _kl_kz kz
k, —k,—k|

We then calculate the particular solution

450
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x(t) = e +e e, (11)

given by Theorem 3 with ¢, =[1 0] and ¢,=[0 1]". Given the distinct cigenvalues A, A,
and the projection matrices Py, P, of A, the matrix exponential needed in (11) is given by

e = A p el (12)

47. A

-5 4
{45 5} p(A) = A*-10A+9, A =-1, A, =-9

1 111 1 11 -1
P=——(A+91) = — , P, =—(A+I) = —
‘ o ) 2{1 1} > = oA 2{—1 1}

i i 1[e+&¥ o — ¥
t t i i
et = NP 4R P = PP = | o _
it 3it it 3it
2|e' —e e’ +e

JA

- 1 (eiz +e—iz)_(e3iz _e3iz) _ {Cost}*—i{—sin:’)t}

‘c,+e Ve, = — ,
cost sin 3¢

X(t) - € 2 (eiz+e—iz)+(e3iz_e3iz)

Note that x(7) is a linear combination of two motions — one in which the two masses
move in the same direction with frequency @, =1 and with equal amplitudes, and one in

which they move in opposite directions with frequency @, =3 and with equal

amplitudes.

48. A

-3 2
{23 3} p(A) = A2 =61+5, A=-1, A, =-5

1 111 1 11 -1
P —(A+51) = — , P, =—(A+I) = —
‘ —6( ) 2{1 1} ? 6( ) 2{—1 1}

VAr _ At Viotp i Gitp _
= + = + P, = —
e eV P te P, e P +te w o fn

1 eiz+eJ§iz eiz_e\/giz_
2
2 e —€ e +e

VAt

e 4o Vhe, =

Xx(t) = e

(en_"e_n)_(eﬁn_eﬁn) {cost}_._—sin\/gt}
1

1
2 (eiz_i_e—iz)_i_(e\/giz_e\/giz) _Sil’l\/gl‘

Note that x(7) is a linear combination of two motions — one in which the two masses
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49.

50.

452

move in the same direction with frequency @, =1 and with equal amplitudes, and one in

which they move in opposite directions with frequency @, = J5 and with equal
amplitudes.

-3 1
A:L?’ 3} p(A) = P —6A+8, A =-2, A =-4

11 1 -1
L(A+4I) -1 , P, = l(A+2I) -1
-6 211 1 6 2(-1 1

V2 i 2it V2 it 2it
_ . l|e +e e —e
e = P e P, = P P, = { ]
e

V2t el eﬁn e

P,

x(1) = e‘/X’c1+e_‘/X’c2 = )
sin 2¢

(eﬁl-l_'_e—ﬁiz)_(eZiz_eZil) ) cOS\/Et .{—sin%}
cosx/zt

L +i
2 (eﬁiz+e—ﬁiz)+(€2iz_eziz)

Note that x(7) is a linear combination of two motions — one in which the two masses
move in the same direction with frequency @, = V2 and with equal amplitudes, and one

in which they move in opposite directions with frequency @, =2 and with equal
amplitudes.

-1
{ 0 6} p(A)y = A2 =201+64, A =-4, A =-16

6 -10
I 1 I -1
P = L(A+16I) _1 , P, = i(A+4I) _1
=20 211 1 20 21-1 1

.J_ J_[ \/_[ ) ) 1 e2iz+e4iz ezil_e4il
et = NP LR P = P 4P = =

2| 2ttt Qi gt

x(t) = e‘/X’c1+e_‘/X’c2 =
cos 2t

1 (€2il+€_2n)—(€4n—€4n) ) cos 2t . _sinds
5 (eziz+e—2iz)+(€4iz_e4iz) a ! sin 4¢

Note that x(7) is a linear combination of two motions — one in which the two masses
move in the same direction with frequency @, =2 and with equal amplitudes, and one in

which they move in opposite directions with frequency @, =4 and with equal
amplitudes.
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CHAPTER 9

NONLINEAR SYSTEMS AND PHENOMENA

SECTION 9.1

STABILITY AND THE PHASE PLANE

1.

The only solution of the homogeneous system 2x—y =0, x—3y =0 is the origin

(0, 0). The only figure among Figs. 9.1.11 through 9.1.18 showing a single critical point
at the origin is Fig. 9.1.13. Thus the only critical point of the given autonomous system
is the saddle point (0, 0) shown in Figure 9.1.13 in the text.

The only solution of the system x—y =0, x+3y+4=0 is the point (1, 1). The only

figure among Figs. 9.1.11 through 9.1.18 showing a single critical point at (1, 1) is Fig.
9.1.15. Thus the only critical point of the given autonomous system is the node (1, 1)
shown in Figure 9.1.15 in the text.

The only solution of the system x—-2y+3=0, x—y+2=0 isthe point (-1, 1). The
only figure among Figs. 9.1.11 through 9.1.18 showing a single critical point at (-1, 1) is
Fig. 9.1.18. Thus the only critical point of the given autonomous system is the stable
center (-1, 1) shown in Figure 9.1.18 in the text.

The only solution of the system 2x—-2y—-4=0, x+4y+3=0 is the point (1,-1). The
only figure among Figs. 9.1.11 through 9.1.18 showing a single critical point at (1, —1) is
Fig. 9.1.12. Thus the only critical point of the given autonomous system is the spiral
point (1,-1) shown in Figure 9.1.12 in the text.

The first equation 1— »* =0 gives y = 1 or y = -1 at a critical point. Then the
second equation x+2y =0 gives x = -2 or x = 2, respectively. The only figure

among Figs. 9.1.11 through 9.1.18 showing two critical points at (-2, 1) and (2, 1) is
Fig. 9.1.11. Thus the critical points of the given autonomous system are the spiral point
(-2, 1) and the saddle point (2, 1) shown in Figure 9.1.11 in the text.

The second equation 4 —x”> =0 gives x = 2 or x = -2 ata critical point. Then the
first equation 2—-4x—-15y =0 gives v = -2/5 or x = 2/3, respectively. The only
figure among Figs. 9.1.11 through 9.1.18 showing two critical points at (-2, 2/3) and
(2,-2/5) 1s Fig. 9.1.17. Thus the critical points of the given autonomous system are the
spiral point (-2, 2/3) and the saddle point (2,-2/5) shown in Figure 9.1.17 in the text.
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The first equation 4x—x’ =0 gives x = -2, x = 0, or x = 2 ata critical point.
Then the second equation x—2y =0 gives y = -1, v = 0, or y = 1, respectively.
The only figure among Figs. 9.1.11 through 9.1.18 showing three critical points at
(-2,-1), (0,0), and (2, 1) is Fig. 9.1.14. Thus the critical points of the given
autonomous system are the spiral point (0, 0) and the saddle points (-2, 1) and (2, 1)
shown in Figure 9.1.14 in the text.

The second —y —x* =0 equation gives y = -x” at a critical point. Substitution of this
in the first equation x—y—x>+xy=0 thengives x - x> = 0, so x = -1, x = 0, or
x = 1. The only figure among Figs. 9.1.11 through 9.1.18 showing three critical points
at

(-1,-1), (0,0), and (1, 1) is Fig. 9.1.16. Thus the critical points of the given
autonomous system are the spiral point (- 1,-1), the saddle point (0, 0), and the node
(1,-1) shown in Figure 9.1.16 in the text.

In each of Problems 9-12 we need only set x* = x” = 0 and solve the resulting equation for x.

9.

10.

454

The equation 4x —x* = x(4 —x”) =0 has the three solutions x =0,+2. This gives the
three equilibrium solutions x(¢) = 0, x(¢) = 2, x(f) = -2 of the given 2nd-order
differential equation. A phase plane portrait for the equivalent 1st-order system

x'=y, y'=—4x+x’ is shown in the figure below. We observe that the critical point
(0,0) in the phase plane appears to be a center, whereas the points (£2,0) appear to be
saddle points.

S>> > —>—>—>]

y
e ]

o b

The equation x+4x> = x(1+4x>) =0 has the single real solution x = 0. This gives the
single equilibrium solution x(¢) = 0 of the given 2nd-order differential equation. A
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phase plane portrait for the equivalent 1st-order system x'=y, y'=-2y—-x—4x’ is
shown in the figure below. We observe that the critical point (0,0) in the phase plane
appears to be a spiral sink.

ST I ;i
\
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11.  Theequation 4sinx =0 is satisfied by x =nmz for any integer n. Thus the given 2nd-

order equation has infinitely many equilibrium solutions: x(f) = nx for any integer n.
A phase portrait for the equivalent Ist-order system x’=yp, y'=-3y—4sinx is shown
below. We observe that the critical point (n,0) in the phase plane looks like a spiral
sink if 7 is even, but a saddle point if 7 is odd.
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12. We immediately get the single solution x =0 and thus the single equilibrium solution
x(t) = 0. A phase plane portrait for the equivalent 1st-order system
x'=y, y'=—(x>—1)y —x is shown below. We observe that the critical point (0,0) in

the phase plane looks like a spiral source, with the solution curves emanating from this
source spiraling outward toward a closed curve trajectory.

In Problems 13-16, the given x- and y-equations are independent exponential differential
equations that we can solve immediately by inspection.

13.  Solution: x(f) = xpe™, W(t) = ye™
Then y=(y,/x,)x =kx, so the trajectories are straight lines through the origin. Clearly

x(t), y(t) > 0 as ¢ — oo, so the origin is a stable proper node like the one shown
below.

N WY LY v v
AN \y VI v/ i
~ Ny NNy A v

Ny N
—> D 3 e & & &
N <
5 N R
a2 A 7T S

T\
A7 T TN R R
AT T A

L L
-5 0 5
X
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14.

15.

16.

Solution: x(f) = xpe”, W(t) = ye™

Then xy =x,vy, =k, so the trajectories are rectangular hyperbolas. Thus the origin is an
unstable saddle point like the one in the left-hand figure below.

/¢ TSN V| e ¢
7 A SN WV | e
v ) >

[ > &
—>> <

R

> <
= /7 <
— AR G

=27 TV NN

Solution: x(t) = xoe ™2, w(t) = yoe”

Then x=(x,/y)(y,e ")’ =ky*, so the trajectories are parabolas of the form

x =ky’,and clearly x(¢), y(t)— 0 as t— +oo. Thus the origin is a stable improper
node like the one shown in the right-hand figure above.

Solution: x(f) = xo¢',  W(t) = yoe

The origin is an unstable improper node. The trajectories consist of the y-axis and curves
of the form y = kx’, departing from the origin as in the left-hand figure below.

1m
T
T
O AT
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17.

18.

458

Differentiation of the first equation and substitution using the second one gives
=3y =x so X+x = 0.
We therefore get the general solution

x(f)y = Acost+ Bsint
¥({) = Bcost - Asint (y=x).
Then
x> +y> = (Acost+ Bsint)’ +(Bcost — Asint)’
= (4*+B%)cos’ t+(A*+ B*)sin’t = 4+ B,

Therefore the trajectories are clockwise-oriented circles centered at the origin, and the
origin is a stable center as in the right-hand figure at the bottom of the preceding page.

Elimination of y as in Problem 17 gives x”+4x = 0, so we get the general solution
x(fy = Acos2t+ Bsin2t,
w(ty = -2B cos 2t + 24 sin 2t (y=-x").

It follows readily that

2

A +9° = AL +4B%, so —> PR

b2y B

where b’ =44%+4B*. Hence the origin is a stable center like the one illustrated in the
figure below, and the vertical semiaxis of each ellipse is twice its horizontal semiaxis

Z/
18y
\’
Y
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19.  Elimination of y asin Problem 17 gives x”+4x = 0, so we get the general solution

x(t) = A cos 2t + B sin 2¢,
¥() = Bcos 2t - Asin2t (y=1x").

Then x>+ 3° = 4>+ B?, so the origin is a stable center, and the trajectorics are
clockwise-oriented circles centered at (0, 0), as in the left-hand figure below.

ST A Z

\
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2
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R Bt

20.  Substitution of y"=x" from the first equation into the second one gives

x" = -5x—-y = —-5x—-4x", so x"+4x"+5x = 0. The characteristic roots of this

equation are » =-2=i, so we get the general solution

x(f) = e*(4 cos t + B sin t),
W) = e ¥[(-24 + B)cos 1 - (4 + 2B)sin 1]

(the latter because y =x"). Clearly x(7), () > 0 as ¢ — +oo, so the origin is an
asymptotically stable spiral point with trajectories approaching (0,0), as in the right-hand

figure above.

21.  We want to solve the system

—ky+x(1-x"=y") =0
kx+y(1-x*—y*) = 0.

If we multiply the first equation by —y and the second one by x, then add the two
results, we get k(x> +3*) = 0. It therefore follows that x = y = 0.
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22.  After separation of variables, a partial-fractions decomposition gives

= [ J(l_ L1 j

r(1—r%) ro 2(r+ly 2(r-1)
= lnr—lln(r+l)—lln(r—l)+l,
2 2 2

SO

(assuming that »> 1, for instance). The initial condition r(0)=r, then gives

2,2 2,2
2t = ln—rz(ro2 1), so e = —1"2(1"02 D,
7 (r=1) 1 (rm=1)

We now solve readily for

2 2t 2
2 _ hhe T

- rozezz_i_(l_roz) - roz_i_(l_roz)e—zz'

23.  Theequation dy/dx = —x/y separatesto xdx+ydy = 0, so x’+3° = C. Thus

the trajectories consist of the origin (0, 0) and the circles X+ y2 = C>0, as shown in
the left-hand figure below.

o ST AT

24.  Theequation dy/dx = x/y separatesto ydy—xdx = 0, so y*—x> = C. Thus the

trajectories consist of the origin (0, 0) and the hyperbolas y* - x> = C, as shown in the
right-hand figure above.
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25. The equation dy/dx = —x/4y separatesto xdx+4ydy = 0, so x’+4y” = C.

Thus the trajectories consist of the origin (0, 0) and the ellipses X +4y" = C>0,as
shown in the left-hand figure below.
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26.  Theequation dy/dx = —x’/y’ separatesto x’dx+y’dy = 0, so x*+y* = C.
Thus the trajectories consist of the origin (0, 0) and the ovals of the form x* +* =
as illustrated in the right-hand figure above.

C,

27.  If ¢ = x(t + ) and W) = y(¢+ p) then
o1 = X+ = »t+p =y,
ut) = V(it+p =x@+ P+ =t HO)+ yd) =1 Kr).

28. If &5 = x(t+» and W) = v(t+ P then

but

o) = X(t+p = Fae+p, e+ ) = F(40), WD),
y() = G(A0),un)

and

similarly. Therefore @) and y(¢) satisfy the given differential equations.

SECTION 9.2
LINEAR AND ALMOST LINEAR SYSTEMS

In Problems 1-10 we first find the roots A; and A, of the characteristic equation of the
coefficient matrix of the given linear system. We can then read the type and stability of the
critical point (0,0) from Theorem 1 and the table of Figure 9.2.9 in the text.
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1. Theroots Ay = -1 and A, = -3 of the characteristic equation A*+4A+3=0 are
both negative, so (0,0) is an asymptotically stable node as shown on the left below.

T
T
T
/n

Ay - = ~N ~ ™ L ~ =1 A7 g

- = 20 NN Z > 7

S 1 RRORVRS . —

I BN N A\

2. Theroots 4, = 2 and A, = 3 of the characteristic equation 4> —51+6=0 are both

positive, so (0,0) is an unstable improper node as shown on the right above.

3. Theroots A1 = -1 and A = 3 of the characteristic equation A>—24-3=0 have
different signs, so (0,0) is an unstable saddle point as shown on the left below.

2277 VTN

R $4 /L

L)Y

. L AV
/

4. Theroots Ay = -2 and A = 4 of the characteristic equation A>—24—-3=0 have
different signs, so (0,0) is an unstable saddle point as shown on the right above.

V
\
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5. The roots A; = A, = -1 of the characteristic equation AP +24+1=0 are negative and
equal, so (0,0) is an asymptotically stable node as in the left-hand figure below.

6. The roots A; = A, = 2 of the characteristic equation AP —4A+4=0 are positive and
equal, so (0,0) is an unstable node as in the right-hand figure above.

7. The roots A, A, = 1 +2i of the characteristic equation A*—24+5=0 are complex
conjugates with positive real part, so (0,0) is an unstable spiral point as shown in the
left-hand figure below.

8. The roots A1, A, = -2+3 i of the characteristic equation A’ +44+13=0 are complex
conjugates with negative real part, so (0,0) is an asymptotically stable spiral point as
shown in the right-hand figure above.
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9. The roots Ay, A, = £2i of the characteristic equation A>+4 =0 are pure imaginary, so
(0,0) is a stable (but not asymptotically stable) center as in the left-hand figure below.

o
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10.  Theroots A;, & = +3i of the characteristic equation A°+9 =0 are pure imaginary, so

(0,0) is a stable (but not asymptotically stable) center as in the right-hand figure above.

1
11.  The Jacobian matrix J = {3 } has characteristic equation A*+31+2=0

and eigenvalues A; = -1, A, = -2 that are both negative. Hence the critical point
(2, 1) is an asymptotically stable node as in the left-hand figure below.

Yl J S fo AN
L L ‘A T\
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ﬂii 77
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2/ 7 77T
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1 2
12.  The Jacobian matrix J = L 4 } has characteristic equation A°—51+6=0

and eigenvalues A, =2, A, =3 that are both positive. Hence the critical point
(2,-3) is an unstable node as in the right-hand figure above.
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2
13. The Jacobian matrix J = { } has characteristic equation A° —1=0

and eigenvalues 4, = -1, A, =+1 having different signs. Hence the critical point
(2, 2) is an unstable saddle point as in the left-hand figure below.

7
vy g
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1 1
14. The Jacobian matrix J = {3 J has characteristic equation A*—4=0

and eigenvalues A; = -2, A, =2 that are real with different signs. Hence the critical
point (3, 4) is an unstable saddle point as in the right-hand figure above.

1
15.  The Jacobian matrix J = { } has characteristic equation A*+24+2=0

and eigenvalues A;, A, = -1=1i that are complex conjugates with negative real part.
Hence the critical point (1, 1) is an asymptotically stable spiral point as shown in the
figure on the left below.
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1
16.  The Jacobian matrix J = L 3 } has characteristic equation A°—41+5=0

and eigenvalues A, A, = 2 £ that are complex conjugates with positive real part.
Hence the critical point (3, 2) is an unstable spiral point as shown in the right-hand
figure at the bottom of the preceding page.

1
17.  The Jacobian matrix J = L } has characteristic equation A°+4 =0 and pure

imaginary eigenvalues Ay, 4, = +2i. Hence (5/2,-1/2) is a stable (but not
asymptotically stable) center as shown on the left below.

4
18.  The Jacobian matrix J = L } has characteristic equation A°+9 =0 and pure

imaginary eigenvalues A;, 4> = £3i. Hence (-2,-1) is a stable (but not asymptotically
stable) center as shown on the right above.

In each of Problems 19-28 we first calculate the Jacobian matrix J and its eigenvalues at (0,0)
and at each of the other critical points we observe in our phase portrait for the given system.
Then we apply Theorem 2 to determine as much as we can about the type and stability of each of
these critical points of the given almost linear system. Finally we a phase portrait that

1+2y —3+42x
19. J=

4—-y —6-—x

1
At (0,0): The Jacobian matrix J = L } has characteristic equation A°+54+6=0

and eigenvalues 4, = -3, 4, = -2 that are both negative. Hence (0,0) is an
asymptotically stable node of the given almost linear system.
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20.

N
T

9/5 -5/3
18/5 -20/3

A*+221-6=0 and approximate eigenvalues A =-5.89, 1, =1.02 with different
signs. Hence (2/3, 2/5) is a saddle point.

At (2/3, 2/5): The Jacobian matrix J = { } has characteristic equation

The left-hand figure below shows both these critical points.

7 e o N 7
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| 6+2x -5
2 —1+2y
: : 6 -5
At (0,0): The Jacobian matrix J ={2

} has characteristic equation A°—-51+4=0

and e1genvalues A1 =1, 4 =4 that are both positive. Hence (0,0) is an unstable node
of the given almost lmear system.

4
At (—1,-1): The Jacobian matrix J = {2 } has characteristic equation

A’ —A-2=0 andeigenvalues A =-1, 4, =2 with different signs. Hence (-1,-1)is a

saddle point.

1.40 =5
2 —440

eigenvalues 4, =—1.5+1.25/, 4, =—1.5—-1.25; with negative real parts. Hence

(-2.30,-1.70) is a spiral sink.

At (-2.30,-1.70): The Jacobian matrix J = { } has complex conjugate

The figure on the right above shows these three critical points.
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I+2x 242y
21. J=
2-3y 2-3x

1
At (0,0): The Jacobian matrix J = {2 } has characteristic equation A>+A-6=0

and eigenvalues 4, =-3, 4, =2 with different signs. Hence (0,0) is a saddle point of
the given almost linear system.
-0.014 -2.236

8.354 -0.479
eigenvalues 4, =—0.25+4.32i, A, =—-0.25+4.32; with negative real parts. Hence
(-0.51,-2.12) is a spiral sink.

At (-0.51,-2.12): The Jacobian matrix J = { } has complex conjugate

The figure on the left below shows these two critical points.
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A 5
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. A - 7
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[ oL NN S e s ]
0 6 -4 -2 [) 2 4 6
p X

n - TV AT
2+42xy —1+x°

1
At (0,0): The Jacobian matrix J = {2 } has characteristic equation A°—-9=0

and eigenvalues 4, =-3, 4, =3 that have different signs. Hence (0,0) is a saddle point
of the given almost linear system.

: : 0.649  8.325 .
At (£3.65,70.59): The Jacobian matrix J = has positive real
-2.325 12.325
cigenvalues 4, =2.649, 4, =10.325. Hence these critical points are both nodal sources.
: : —24.649 —4.325 .
At (£0.82,+5.06) : The Jacobian matrix J = has negative real
10325 -0.325
cigenvalues 4, =—22.649, A, =—2.325. Hence these critical points are both nodal
sinks.

The figure on the right above shows these five critical points.
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23.

24.

25.

|
N

y= 2+3x° =5
4 —6+4y°

2
At (0,0): The Jacobian matrix J = L

} has characteristic equation A°+44+8=0

and complex conjugate eigenvalues 4, =—-2+2i, 4, =—2—-2i with negative real part.

Hence (0,0) is a spiral sink of the given almost linear system.
5495 -5

4  -7.276
A ==545, A, =3.67 with different signs. Hence (—1.08,-0.68) is a saddle point.

At (-1.08,-0.68): The Jacobian matrix J :{ } has eigenvalues

The figure on the left below shows these two critical points.

DN O ORI

K

« & =N\ N [N A AL

|
2]
T

= 542xy —3+x"+3y°
5+ 2xy x*+3y°

5
At (0,0): The Jacobian matrix J = L } has characteristic equation

A* =54 +15=0and complex conjugate eigenvalues A, =2.5+2.96i, A, =2.5-2.96i

with positive real part. Hence (0,0) is a spiral source of the given almost linear system.
The figure on the right above shows this critical point.

143y 243x
|2-2x -3-2y

1
At (0,0): The Jacobian matrix J = {2 } has characteristic equation A°>+24+1=0

and equal negative eigenvalues A4; =-1, A, =-1. Hence (0,0) is either a nodal sink or a
spiral sink of the given almost linear system.

Section 9.2 469



26.

470

: : [-8.853 0.226 ,
At (0.74,-3.28) : The Jacobian matrix J = has real eigenvalues
| 0.516  3.568
A, =—8.86, A, =3.58 with different signs. Hence (0.74,-3.28) is a saddle point.
[-0.370 5.410

At (2.47,-0.46) : The Jacobian matrix J = } has complex conjugate

| —2.940 -2.087
eigenvalues 4, =—1.23+3.89i, 4, =—1.23+3.89; with negative real part. Hence

(2.47,-0.46) is a spiral sink.
1.222 -1.636

1.758 -3.148
A ==2.34, A, =0.42 with different signs. Hence (0.121,0.074)is a saddle point.

At (0.121,0.074): The Jacobian matrix J = { } has real eigenvalues

The left-hand figure below shows clearly the first three of these critical points. The right-
hand figure is a close-up near the origin with the final critical point now visible.

J= 3-2x 2-2y
|2-3y -1-3x

3
At (0,0): The Jacobian matrix J = {2 } has characteristic equation A’ —21+1=0

and equal positive eigenvalues 4; =1, A, = 1. Hence (0,0) is either a nodal source or a

spiral source of the given almost linear system.
2592 -2.506

1.241 -l.611
A, ==0.65, A4, =1.63 with different signs. Hence (0.203,0.253)is a saddle point.

At (0.203,0.253) : The Jacobian matrix J :{ } has real eigenvalues
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3.462 1.008

6.511 -0.307
A, ==1.60, A, =4.76 with different signs. Hence (—0.231,—1.504) is a saddle point.
-1.721 -3.168
—0.247 -8.081
eigenvalues 4, =—-7.96, A, =—1.85. Hence (2.47,—-0.46) is anodal sink.

At (=0.231,-1.504) : The Jacobian matrix J = { } has real eigenvalues

At (2.360,0.584): The Jacobian matrix J = { } has unequal negative

The figure below shows these four critical points.

3t

= 1+4x> —-1-2y
2-2x —l1+4y’

1
At (0,0): The Jacobian matrix J = {2 } has characteristic equation A°+1=0

and equal positive eigenvalues A; =—i, A, =+i. Hence (0,0) is cither a center or a
spiral point, but its stability is not determined by Theorem 2.

: : 0.934  0.014 :
At (-0.254,-0.507) : The Jacobian matrix J = has real eigenvalues
12.508 -1.521
A, =—1.53, A, =0.95 with different signs. Hence (—0.254,—0.507) is a saddle point.
: . [-14.087 -4.273 .
At (-=1.557,-1.637): The Jacobian matrix J = has real eigenvalues
| 5113 16.532

A, ==13.36, A, =15.80 with different signs. Hence (—1.557,—1.637) s a saddle point.
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-3.905 1.403
4.141 -7.940
eigenvalues 4, =—-9.07, 4, =—2.78. Hence (-1.070,—1.202) is a nodal sink.

At (-1.070,-1.202) : The Jacobian matrix J :{ } has unequal negative

The left-hand figure below shows these four critical points. The close-up on the right
suggests that the origin may (but may not) be a stable center.

y= 3+3x7 —1+43y°
13+3y 3+3x

3
At (0,0): The Jacobian matrix J = {13 } has characteristic equation A*+4=0

and equal positive eigenvalues A; =-2i, A, =+2i. Hence (0,0) is either a center or a
spiral point, but its stability is not determined by Theorem 2.

3.044  -0.340
11.593 -3.364
A ==2.67, A, =2.35 with different signs. Hence (—0.121,-0.469) is a saddle point.
3.048 0.176
14.878 -2.621
A, ==3.05, A, =3.48 with different signs. Hence (0.126,0.626) is a saddle point.
82.000 85.903
-3.146 12.395
eigenvalues 4, =16.52, A, =77.87. Hence (5.132,-5.382) is a nodal source.

At (-0.121,-0.469) : The Jacobian matrix J :{ } has real eigenvalues

At (0.126,0.626) : The Jacobian matrix J = { } has real eigenvalues

At (5.132,-5.382): The Jacobian matrix J :{ } has unequal positive

The first three of these critical points are shown in the figure at the top of the next page.
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29.

| |
J =
{2)6 —1}

1
At (0,0): The Jacobian matrix J = {0

} has characteristic equation A°—1=0 and

real eigenvalues A, =—1, A, =+1 with different signs. Hence (0,0) is a saddle point.

1
At (1,1): The Jacobian matrix J = {2 } has characteristic equation A°>+1=0 and

pure imaginary eigenvalues 4, =+i, 4, =—i. Hence (1,1) is either a center or a spiral
point, but its stability is not determined by Theorem 2.

The left-hand figure below suggests that (1,1) is a stable center.
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31.
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0 1
J=
{2)6 —1}

0
At (1,1): The Jacobian matrix J = {2 } has characteristic equation A*+A4-2=0

and real eigenvalues A, = -2, A4, =+1 with different signs. Hence (1,1) is a saddle point.
0

At (1,-1): The Jacobian matrix J = { } has characteristic equation

A*+A4+2=0 and complex conjugate eigenvalues A4, =—0.5+1.323i, 1, =-0.5-1.323i

with negative real part. Hence (1,—1) is a spiral sink as in the right-hand figure on the
preceding page.

0 2y
J=|_,
3x -1

0
At (1,1) : The Jacobian matrix J = {3 } has characteristic equation A*+4-6=0

and real eigenvalues A, =-3, 4, =+2 with different signs. Hence (1,1) is a saddle point.

0
At (=1,-1): The Jacobian matrix J = {3 } has characteristic equation

A?+2+6=0 and complex conjugate cigenvalues 4, =—0.5+2.398i, 4, =—0.5-2.398i
with negative real part. Hence (—1,-1) is a spiral sink.

These two critical points are shown in the figure below.

B

— S S < &

Z—
~

3}
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32.

33.

3= 7
)

1
At (2,1): The Jacobian matrix J = L } has characteristic equation A*+A1-4=0

and real eigenvalues A, = -2.56, A4, =+1.56 with different signs. Hence (1,1) is a saddle
point.

-1
At (=2,-1): The Jacobian matrix J ={ { } has characteristic equation

A? 432444 =0 and complex conjugate cigenvalues 4, =—1.5+1.323i,
A, = —1.5-1.323i with negative real part. Hence (-2,-1) is a spiral sink.

These two critical points are shown in the figure below.

The characteristic equation of the given linear system is
(A-8+1=0
with characteristic roots A1, -, = €+1i.

(a) Soif £<0 then A, A, are complex conjugates with negative real part, and
hence (0, 0) is an asymptotically stable spiral point.

(b) If € =0 then A4, 4, = +i (pure imaginary), so (0,0) is a stable center.
(c) If &> 0, the situation is the same as in (a) except that the real part is positive, so

(0, 0) is an unstable spiral point.
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35.

36.
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The characteristic equation of the given linear system is
A+ 1Y -g=0.

(a) If £<0 then A, &, = -1=+i~—€. Thus the characteristic roots are complex
conjugates with negative real part, so it follows that (0,0) is an asymptotically stable
spiral point.

(b) If &£ = 0 then the characteristic roots 41 = A, = -1 are equal and negative, so

(0,0) is an asymptotically stable node. If 0 <&<1 then A4;, A = -1+ Je are both
negative, so (0,0) is an asymptotically stable improper node.

(a) If &~ = 0 we have the familiar system x” = y, ' = -x with circular trajectories
about the origin, which is therefore a center.

(b) The change to polar coordinates as in Example 6 of Section 9.1 is routine,
yielding »* = A’ and "= -1.

(c) If h = -1, then »" = - integrates to give 2/* = 1/(t+ C) where C isa
positive constant, so clearly »— 0 as ¢ — +oo, and thus the origin is a stable spiral
point.

(d)y If A = +1, then r” =/ integrates to give 2 = -1/(t+ C) where C = -B
is a positive constant. It follows that 2* = 1/(B - f), sOonow r increases as ¢ starts at
0 and increases.

(a) Again, the change of variables is essentially the same as in Example 6 of Section
9.1.

() If £ = -4* then the equation r”" = -Ha*+ rz) integrates to give the equation

Inr 4 In(a® +7°)

t+C = —
a’ 2a*

that (after exponentiating) we readily solve for

2 a’exp(—2ta’ —2Ca”)
1—exp(-2ta* —2Ca*)

This makes it clear that » — 0 as 7 — +oo, so the origin is an asymptotically stable
spiral point in this case.

(c) If € = a* then the equation r” = r(a* - rz) integrates to give the equation
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38.

(4+C = 2lnr—ln(a2—1;)—ln(a+r)
a

that (after exponentiating) we solve for

2
2 a

T Ttexp(2ta’ —2Ca’)

It therefore follows that » > a as  — +oo,

The substitution y = vx in the homogeneous first-order equation

dy _ y2x =yY)
dx x(x* =2y%)
yields
dv Vit

X— = ——,
dx 2y —1

Separating the variables and integrating by partial fractions, we get

1 1 2v—1 dx
——+ +— dv = —|—
vy v+l vi—v+l1 X

In((v+1)(»*=v+1)) = Inv—Inx+InC

(v+DO =v+1) = &

Q

X

V41l =

Finally, the replacement v = y/x yields x’+3° = Cxy.

The roots of the characteristic equation A*—~T A+ D=0 are given by

oty = TS0

We examine the various possibilities individually.

e If the point (7, D) lies above the parabola 7> =4D in the trace-determinant plane
but off the D-axis, so the radicand 7° —4D is negative, then 4, and A, have
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nonzero imaginary part and nonzero real part 7 /2. Hence we have a spiral source if
T >0, aspiral sink if 7 <0.

e If the point (7,D) lies on the positive D-axis,so 7 =0 but D >0, then
A=A = iND, pure imaginary, so we have a stable center.

e Ifthe point (7,D) lies beneath the T-axis, then A,,A, =4(T +,/T* +4|D|| because
p 2

D <0. It follows that A and A, are real with different signs, so we have a saddle
point.

o If the point (7, D) lies between the T-axis and the parabola T2 =4D, then the
radicand T° —4D is positive but less than 7. It follows that 4, and A, are real

and both have the same sign as 7, so we have a nodal source if 7 >0, a nodal sink
if 7<0.

SECTION 9.3

ECOLOGICAL APPLICATIONS:
PREDATORS AND COMPETITORS

478

J= 200-4y —4x
o2y —150+2x

200 O
0 -150
(200 - A)(-150 - 1) =0 and real eigenvalues A, =—150, 4, =200 with different signs.

Hence (0,0) is a saddle point of the linearized system x"=200x, "=-150y. Sce the
left-hand figure below.

At (0,0): The Jacobian matrix J ={ } has characteristic equation

&

B s SN

N
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N
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0 =300
100 0O
A? 430000 =0 and pure imaginary eigenvalues A, 4, = +100i+/3. Hence (75,50) isa

stable center of the linearization u’=-300v, v =100u. Sce the right-hand figure at the
bottom of the preceding page.

At (75,50): The Jacobian matrix J ={ } has characteristic equation

2. Upon separation of variables, the equation

dy _ —150y+2xpy _ p(=150+2x)

dx 200x —4xy x(200-4y)

(22 - -2

200lny—4y = 2x—-150lnx+C

yields

assuming that x,y > 0.

3. The effect of using the insecticide is to replace b by b+ and a by a - f inthe
predator-prey equations, while leaving p and ¢ unchanged. Hence the new harmful
population is (b + f)/q > b/g = xg, and the new benign population is
(a-flp <alp = yg

Problems 4-7 deal with the competition system

x = 60x—4x*-3xy, V' = 42y-2y°—3xy ()

60-8x -3 -3
that has Jacobian matrix J = { 2 . }

-3y 42 -4y —-3x

60 0
4. At (0,0) the Jacobian matrix J ={ 0 42} has characteristic equation

(60— 1)(42 — A) =0 and positive real eigenvalues 4, =42, A4, =60. Hence(0,0) isa
nodal source of the linearized system x"=60x, y' =42y,

-3

-63 42
(-3-A4)(—42 - 1) =0 and negative real eigenvalues 4, =—42, 4, =-3. Hence (0,21) is
a nodal sink of the linearized system u'=—3u, v'=—63u—42v.

5. At (0,21) the Jacobian matrix J ={ } has characteristic equation
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45

—60
At (15,0) the Jacobian matrix J ={ 0 } has characteristic equation

(=60 — 1)(=3—A) =0 and negative real eigenvalues 4, =—-60, 4, =-3. Hence (15,0) is
a nodal sink of the linearized system " =—60u —45v, v =-3v.

24 -18
-36 24
(=24 — 1)’ —(=36)(~18) = 0 and real cigenvalues 4, = —24+18y/2 >0,

A = =24- 18v2 <0 with different signs. Hence (6,12) is a saddle point of the

linearized system u’=—24u—18v, v =-36u—24y. The figure on the left below

illustrates this saddle point. The figure on the right shows all four critical points of the
system.

At (6,12) the Jacobian matrix J ={ } has characteristic equation

AT A v
et o f S v
YOy e '

o | S v e
Y b f v v
© 7 ¢ v e e
- £ & & &

°f 277 o0 e e e
. A S i S

(15,0)

L L
0 5 10 15 20

Problems 8-10 deal with the competition system

that has Jacobian matrix J = {

4
8. At (0,14) the Jacobian matrix J ={

x' = 60x—3x"—4xy, y = 42y-3y>—2xy (3)

60—-6x—4y —4x
-2y 42-6y-2x|

has characteristic equation
28 42

(4—-2)(—42—-A2) =0 and real eigenvalues A, =-42, A, =4 with different signs. Hence
(0,14) is a saddle point of the linearized system v’ =4u, v'=-28u—42v.
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-60 -80
9. At (20,0) the Jacobian matrix J ={ 0 5 } has characteristic equation

(60 —A)2—A)=0 and real eigenvalues A, =-60, A, =2 with different signs. Hence
(20,0) is a saddle point of the linearized system u’=—60u—80v, v/ =2v.

=36 —48
-12 -18
(36— A)(—18 — A1) — (—=12)(-48) = 0 and negative real eigenvalues A, 4, = —27+3+/73.

Hence (12,6) is a nodal sink of the linearized system ' =—36u—48y, v'=—-12u—18v.

The figure on the left below illustrates this sink. The figure on the right shows all four
critical points of the system.

10. At (12,6) the Jacobian matrix J ={ } has characteristic equation

S?K & /K//\/KK

e e L
—7 7 =7

Problems 11-13 deal with the predator-prey system

x = 5x—-x"—-xy, Vy = -2y+xy 4)
. . 5-2x-y —x |
that has Jacobian matrix J = .
y —2+x |
: : 5 0] - :
11. At (0,0) the Jacobian matrix J = 0 - has characteristic equation

(5—A)(-2-2)=0 and real eigenvalues A, =—-2, A, =5 with different signs. Hence
(0,0) is a saddle point of the linearized system x"=5x, y'=-2y.
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-5 =5
12. At (5,0) the Jacobian matrix J ={ 0 3 } has characteristic equation

(-5—A4)(3—A4)=0 and real eigenvalues A, =—5, 4, =3 with different signs. Hence
(5,0) is a saddle point of the linearized system ' =—5u—>5v, v'=3v.

-2 2
13. At (2,3) the Jacobian matrix J ={ 0 } has characteristic equation

(2-A)(=A)-(3)(-2)=4>+21+6 =0 and complex conjugate cigenvalues
A, A, =—1%i+/5 with negative real part. Hence (2,3) is a spiral sink of the
linearized system u’=—2u—2v, v/ =3u (illustrated below).

Problems 14-17 deal with the predator-prey system

¥ =x=2x-xy, ¥y =y -4y+xp (5)
) ) 2x=2-y —Xx
that has Jacobian matrix J = .
y 2y—4+x

-2
14. At (0,0) the Jacobian matrix J ={ 4} has characteristic equation

(—2—-A)(—4—2) =0 and negative real eigenvalues A, =—4, A, =—2. Hence (0,0) isa

nodal sink of the linearized system x"=-2x, y'=-4y.
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15. At (0,4) the Jacobian matrix J ={ 4 4} has characteristic equation

(=6 —A)4—A)=0 and real eigenvalues A, =—6, A, =4 with different signs. Hence
(0,4) is a saddle point of the linearized system u'=—6u, v/ =4u+4v.

2
16. At (2,0) the Jacobian matrix J = {0 } has characteristic equation

(2-2A)(—2—-A4)=0 and real eigenvalues A, =—2, A4, =2 with different signs. Hence
(2,0) is a saddle point of the linearized system ' =2u—2v, v'=-2v.

1
B-A)(A-2)—-(1)}-3)=A>—-441+6 =0 and complex conjugate eigenvalues
A, A =2+ i~/2  with positive real part. Hence (3,1) is a spiral source of the
linearized system u’=3u—3v, Vv =u+v (illustrated below).

3
17. At (3,1) the Jacobian matrix J = L } has characteristic equation

LT N N\
e - S~ T A\
/l\

o

YA )

S
\L \ S S
\

-5
|

Problems 18 and 19 deal with the predator-prey system

x'=2x-xy, y = -5y+xy (7)

. . 2—y —-Xx
that has Jacobian matrix J = .
y —S5+x
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2
18. At (0,0) the Jacobian matrix J = {0 } has characteristic equation

(2—-A)(=5-2) =0 and real eigenvalues A, =—5, 4, =2 with different signs. Hence
(0,0) is a saddle point of the linearized system x"=2x, y'=-5y.

0
19. At (5,2) the Jacobian matrix J = {2 } has characteristic equation

(—)(=A) = (2)(=5)= 2> +10 =0 and pure imaginary roots 4 = +i+/10, so the origin
is a stable center for the linearized system u"=—>5v, v/ =2u. This is the indeterminate
case, but the figure below suggests that (5,2) is also a stable center for the

original system in (7).

Problems 20-22 deal with the predator-prey system

¥ = =3x+x"—xp, V = -5yp+xp (8)
i i —34+2x—y —x |
that has Jacobian matrix J = .
h% =5+ x|
: : -3 0] - :
20. At (0,0) the Jacobian matrix J = 0 5 has characteristic equation

(-3-A)(-5—A) =0 and negative real eigenvalues 4, =—5, 4, =—3. Hence (0,0) isa
nodal sink of the linearized system x"=-3x, y'=-5y.
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21. At (3,0) the Jacobian matrix J ={ 2} has characteristic equation

(3—A)(-2-A4) =0 and real eigenvalues A, =—2, A4, =3 with different signs. Hence
(3,0) is a saddle point of the linearized system ' =3u—3v, v/ =-2v.

5 -5
22. At (5,2) the Jacobian matrix J ={ 0 } has characteristic equation

(5-A)(-1)—(2)(-5)=A>-54+10=0 and complex conjugate eigenvalues
LA = %(5 +i /15 ) with positive real part. Hence (5,2) is a spiral source of the

linearized system "= 5u—5v, v/ =2u (illustrated below).

Problems 23-25 deal with the predator-prey system

¥ = Tx—-x"—xp, V = -Sy+xy

©)

. . 7-2x-y —x |
that has Jacobian matrix J = .
h% =5+ x|

has characteristic equation

7 0]
23. At (0,0) the Jacobian matrix J = {0 5

(7-A)(-5—21)=0 and real eigenvalues A, =—5, A4, =7 with different signs. Hence

(0,0) is a saddle point of the linearized system x'=7x, y'=-5y.
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-7 =7
24. At (7,0) the Jacobian matrix J ={ 0 2 } has characteristic equation

(=7-2A4)(2—A)=0 and real eigenvalues A, =—7, A, =2 with different signs. Hence
(7,0) is a saddle point of the linearized system ' =—Tu—7v, v'=2v.

25. At (5,2) the Jacobian matrix J ={ 0 } has characteristic equation

(-5-2)(-2)—(2)(-5)=A"+54+10 =0 and complex conjugate eigenvalues
LA = %(—5 +i/15 ) with negative real part. Hence (5,2) is a spiral sink of the

linearized system v’ =—>5u—5v, v =2u (illustrated below).

S5F

2—-y —=x
26. J=
-y  3-x

2 0
At (0,0): The Jacobian matrix J = 0 3} has characteristic equation A°> —51+6=0
and positive real eigenvalues 4, =2, A4, =3. Hence (0,0) is a nodal source.

0 -3
At (3,2): The Jacobian matrix J = 5 0 } has characteristic equation 1* =6 =0

and real eigenvalues A4, 4, = +6 with different signs. Hence (3,2) is a saddle point.

If the initial point (x,,y,) lies above the southwest-northeast separatrix through (3,2),
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then (x(t), v (t)) — (0,00) as t —> . Butif (x,,y,) lies below this separatrix, then

(x(t),y (t)) — (o0,0) as t —> oo, See the left-hand figure below.

5

2y—-4  2x
27. J=
y x-3

At (0,0): The Jacobian matrix J ={ 0

} has characteristic equation

A*+74+12 =0 and negative real eigenvalues 4, =—4, 4, =-3. Hence (0,0) is a nodal
sink.

0 6
At (3,2): The Jacobian matrix J = {2 0} has characteristic equation > —12 =0 and
real eigenvalues 4, 4, = +2./3 with different signs. Hence (3,2) is a saddle point.

If the initial point (x,,y,) lies below the northwest-southeast separatrix through (3,2),
then (x(t), y(t)) —(0,0) as t —oo. Butif (x,,y,) lies above this separatrix, then

(x(2),(£)) = (o0,00) as  — oo, See the right-hand figure above.

2y—-16 2x
28. J=
-y 4—x
: . -16 0 . .
At (0,0): The Jacobian matrix J = 0 4 has characteristic equation

A*+12A-64 =0 and real eigenvalues A, =—16, A, =4 with opposite signs. Hence
(0,0) is a saddle point.
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At (4,8): The Jacobian matrix J = { 0} has characteristic equation A +64 =0

and conjugate imaginary eigenvalues 4, 4, =+£8i. This is the indeterminate case, but the
figure in the answers section of the textbook indicates that (4,8) is a stable center for the
original nonlinear system.

As t — oo, each solution point (x(t), y (t)) with nonzero initial conditions encircles the stable

center (4,8) periodically in a clockwise direction. See the figure below.

29.

488

J- 2x—-1+y+3 —-Ix
2y 4-2x

30
At (0,0): The Jacobian matrix J = {0 4} has characteristic equation

A* =74 +12=0 and positive real eigenvalues 4, =3, 4, =4. Hence (0,0) is a nodal

source.

3 _3
At (3,0): The Jacobian matrix J ={ 0 2} has characteristic equation

A’ +52+6=0 and negative real eigenvalues 4, =-3, 4, =-2. Hence (3,0) is a nodal
sink.

At (2,2): The Jacobian matrix J ={ } has characteristic equation

A*+2A-4=0 and real eigenvalues 4 =~—3.2361, 4, =1.2361 with different signs.
Hence (2,2) is a saddle point.
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30.

If the initial point (x,,y,) lies above the southwest-northeast separatrix through (2,2),
then (x(t), v (t)) — (0,00) as t —> . Butif (x,,y,) lies below this separatrix, then

(x(t),y (t)) — (3,0) as t — co. See the left-hand figure below.

’d

i\ 4
7 /|

+ b 4 £/
v h W

T [r 74 ad
T?T(m %
4 v
A v o

- > e
(0.p) (3,0)

=

J- 2x+1y+3 X
B 1y lx-1

5

3
At (0,0): The Jacobian matrix J = {0 } has characteristic equation
A? =22-3=0 and real cigenvalues A, =—1, 4, =3 of opposite sign. Hence (0,0) is a
saddle point.

3
At (3,0): The Jacobian matrix J ={ 0 2} has characteristic equation

AP +2Z A+ =0 and negative real eigenvalues A, =-3, 4, =—2. Hence (3,0) isa
nodal sink.

-5 s
, 8} has characteristic equation 4> +54-2=0

5

5
At (5,4): The Jacobian matrix J ={
and real eigenvalues A, = —5.3723, 4, =0.3723 with different signs. Hence (5,4) is a
saddle point.

If the initial point (x,,y,) lies above the northwest-southeast separatrix through (5,4),
then (x(t), v (t)) —> (o0,00) as f —oco. Butif (x,,y,) lies below this separatrix, then

(x(t), y (t)) — (3,0) as t — o, See the right-hand figure above.
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32.

490

J- 2x-1+y+3 —-1x
y x=2

3
At (0,0): The Jacobian matrix J = {0 } has characteristic equation A>—A4-6=0

and real eigenvalues 4, =-2, A4, =3 of opposite sign. Hence (0,0) isa saddle point.
3

-3 _3
At (3,0): The Jacobian matrix J ={ 0 14} has characteristic equation

A*+24-3=0 and real eigenvalues 4, =-3, 4, =1 of opposite sign. Hence (3,0) is a
saddle point.

- 1
At (2,4): The Jacobian matrix J ={ 4 OZ} has characteristic equation

A*+22+2=0 and complex conjugate eigenvalues A, A, =—1+i with negative real
part. Hence (2,4) is a spiral sink.

As t — oo, each solution point (x(t), y (t)) with nonzero initial conditions approaches

the spiral sink (2,4), as indicated by the direction arrows in the figure below.

N
- 0
Y\ Y
N S ~ =~
- - s S €~
=0 =4S —

J= —6x+ y+30 X
B 4y 4x-6y+60

30 0
At (0,0): The Jacobian matrix J ={ 0 60} has characteristic equation

A* =904 +1800 = 0 and positive real eigenvalues 4, =30, A, =60. Hence (0,0) is a
nodal source.
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50 0
80 —60
A*+104-3000 =0 and real eigenvalues 4, =—60, 1, =50 of opposite sign. Hence
(0,20) is a saddle point.

At (0,20): The Jacobian matrix J ={ } has characteristic equation

=30 10

0 100
A? =704 -3000=0 and real eigenvalues 4, =-30, A, =100 of opposite sign. Hence
(10,0) is a saddle point.

At (10,0): The Jacobian matrix J ={ } has characteristic equation

-90 30
240 -180
A? 4240449000 = 0 and negative real eigenvalues 4, =—231.05, 4, = —38.95. Hence
(30,60) is a nodal sink.

At (30,60): The Jacobian matrix J ={ } has characteristic equation

As t — oo, each solution point (x(t), y (t)) with nonzero initial conditions approaches

the nodal sink (30,60). See the figure below.

100 \l/ \\/ l/ A/ — T T 7
NP NP LY y

75 \l/ 4 1 ‘\'

L L N N N

L N 30,60 ~ N

50 T

> N T N ~ AN ~N

= 7 T ~ X ~N NN

L (0.2p) |
25 o |~ NN =

0
(0.0 (F,O)

—6x+ y+30 X
33. J=
4y 4x—-6y+60

30 0

At (0,0): The Jacobian matrix J =
0 80
A? =1104 42400 = 0 and positive real eigenvalues 4, =30, 4, =80. Hence (0,0) isa

nodal source.

} has characteristic equation
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10 0
40 -80
A*+704-800 =0 and real eigenvalues A, =—80, A, =10 of opposite sign. Hence
(0,20) is a saddle point.

At (0,20): The Jacobian matrix J ={ } has characteristic equation

=30 15

0 110
A? =804 -3300=0 and real eigenvalues 4, =-30, A, =110 of opposite sign. Hence
(15,0) is a saddle point.

At (15,0): The Jacobian matrix J ={ } has characteristic equation

44 —88
A* +964 +880 =0 and negative real eigenvalues A, = -85.736, 4, =—10.264 . Hence
(4,22) is a nodal sink.

At (4,22): The Jacobian matrix J ={ } has characteristic equation

As t — oo, each solution point (x(t), y (t)) with nonzero initial conditions approaches
the nodal sink (4,22). See the figure below.

BN BN AN N
N £ L V4
40 1
NP NP A i
NP A = =
22)
Ly [« : -~ ==
o NS S =
2 _(0,20).’
T T i T ~ O ~ ~|
rfr T} TN RN
T T 7 T ~ ~ = ~
0 " g
0,0 (15,0)
0 1‘0 20
x
3 —4x—-y+30 —X
2y 2x—-8y+20

30 0
At (0,0): The Jacobian matrix J ={ 0 20} has characteristic equation

A? =504+ 600 =0 and positive real eigenvalues 4, =20, 1, =30. Hence (0,0) isa
nodal source.
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25 0
10 -20
A* =54 —-500=0 and real eigenvalues A, =20, A, =25 of opposite sign. Hence
(0,5) is a saddle point.

At (0,5): The Jacobian matrix J ={ } has characteristic equation

-30
0
A? =204 —1500 = 0 and real eigenvalues 4, =30, A, =50 of opposite sign. Hence

(15,0) is a saddle point.

-15
At (15,0): The Jacobian matrix J ={ 50 } has characteristic equation

-20 -10

20 40
A* +604+1000 =0 and complex conjugate cigenvalues 4, 4, = —30+10i with
negative real part. Hence (10,10) is a spiral sink.

At (10,10) : The Jacobian matrix J ={ } has characteristic equation

As t — oo, each solution point (x(t), y (t)) with nonzero initial conditions approaches

the nodal sink (10,10). See the figure below.

U\ VY A4
R N Ul Y A
LI R =
V) « <
[ O 1 3
>\10_ | \’\\/\&&_
- 1 N N
‘°v5‘ T NS
A B TN ~ <

0(0,0 (15,0)

SECTION 9.4
NONLINEAR MECHANICAL SYSTEMS

In each of Problems 1-4 we need only substitute the familiar power series for the exponential,
sine, and cosine functions, and then discard all higher-order terms. For each problem we give
the corresponding linear system, the eigenvalues A; and 4,, and the type of this critical point.
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x' = 1—(l+x+%x2+---)+2y =

Y
-1

The coefficient matrix A = { :

-x+2y

—x—4(y—%y3+---) =—x—4y

2
4} has negative eigenvalues 4; = -2 and

A, = -3 indicating a stable nodal sink as illustrated in the figure below. Alternatively,
we can calculate the Jacobian matrix

X

Ixy) = h g

-1 2
, so J(0,0) = .
—4cosx -1 -4

o

e

5t

x' = 2(x—%x3+---)+(y—%y3+---)
3

y = (x—%x +---)+2(y—%y3+---)

2
The coefficient matrix A = {

N

2x+y

= x+2y

1
: 2} has positive eigenvalues 4 =1 and A4, =3

indicating an unstable nodal source. Alternatively, we can calculate the Jacobian matrix

2¢cosx
J(x,p) = {

COSX

N

(I+x+4x7+-)+2y -1 =~ x+

Vv 8x+(1+y+%y2+---)—1 =

cosy 2 1
, so J(0,0) = .
2cosy I 2

2y

8x+y
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5.

1 2
The coefficient matrix A = {8 J has real eigenvalues 4;=-3 and A, =5 of

opposite sign, indicating an unstable saddle point as illustrated in the left-hand figure
below. Alternatively, we can calculate the Jacobian matrix

: 12
J(x,y):{eg ﬂ 50 J(0,0):Lg J.

T 7771
77 A
2/ 7
A ]
77 )
7/ 7]
/]
-~
(v

w |

The linear systemis x” = x - 2y, y” = 4x - 3y because
sinxcosy = (x-x°/30+ )1 -y /21 ) = x4,

1 2
4 3
conjugate eigenvalues A;,4, = -1£2 i with negative real part, indicating a stable

spiral point as illustrated in the right-hand figure above. Alternatively, we can calculate

and cosxsiny = y similarly. The coefficient matrix A = { } has complex

the Jacobian matrix

COSXCOS ¥

—sinxsiny —2 I -2
J(x,y) = , so J(0,0) = 4 3|

3sinxsiny+4 —3cosxcosy

The critical points are of the form (0, n7) where n is an integer, so we substitute
x=u, y=v+nm. Then

’

u = x = —u+sin(v+nr) = —u+(cosnm)y = —u+(-1)"v.
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Hence the linearized system at (0, nnx) is

/7

u'= -uxv, v’ =2u

where we take the plus sign if 7 is even, the minus sign if 7 is odd. If n is even the
cigenvalues are 4; =1 and A, = -2, so (0, n7) is an unstable saddle point. If n is odd

the eigenvalues are 41,4, = (-1+i+/7)/2, so (0, n7) is a stable spiral point.

3pi R

2pi

—2pi

—-3pi

-1 cosy
Alternatively, we can start by calculating the Jacobian matrix J(x, y) = { ) } .

2 0

At (0,nx), n even: The Jacobian matrix J ={ 5 0} has characteristic equation

A*+2-2=0 and real cigenvalues 4, =-2, A, =1 of opposite sign. Hence (0,n7) is a
saddle point if n is even, as we see in the figure above.

-1
At (0,nx), n odd: The Jacobian matrix J ={ 5 } has characteristic equation

A*+2+2=0 and complex conjugate eigenvalues 4,4, =L(-1%i J7) with negative
real. Hence (0,n7) is a spiral sink if 7 is odd, as indicated in the figure.

The critical points are of the form (r, 0) where n is an integer, so we substitute
x=u+n, y=v. Then

vi=y = sinm(u+n)—v = cosnasinzu =(=1)'mu—v,

Hence the linearized system at (n, 0) is
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u'= v, v'==xmu-v

0

with coefficient matrix A =
tr -1

} where we take the plus sign if # is even, the

minus sign if # is odd. The characteristic equation

P+Ai-m=0
has one positive and one negative root, so (#, 0) is an unstable saddle point if » is even.
The equation

X+A+x=0

has complex conjugate roots with negative real part, so (n, 0) is a stable spiral point if »
is odd.

3

0 1
Alternatively, we can start by calculating the Jacobian matrix J(x,y) = { } .
mweosmx —1

0
At (n,0), n even: The Jacobian matrix J :{

J has characteristic equation
7[ p—

A+ A -7 =0 and real eigenvalues A, =—2.3416, A, =1.3416 of opposite sign. Hence
(n,0) is a saddle point if # is even, as we see in the figure above.

0

At (n,0), n odd: The Jacobian matrix J ={ {
_7Z p—

} has characteristic equation

A*+ A+ 7 =0 and complex conjugate cigenvalues 4,1, =—0.5+1.7005i with negative
real. Hence (n,0) is a spiral sink if » is odd, as we see in the figure.
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The critical points are of the form (nm, n) where n is an integer, so we substitute
x=u+nm, y=v+nr. Then

7 7

uw=x =1-¢" = l—(l+(u—v)+%(u—v)2+---) = —u+v,

’ ’

v =y = 2sin(u+nm) = 2sinucosnw = 2(-1)"u.

Hence the linearized system at (nm, nm) is

/7

u’'= -ut+v, v’ ==Ru
-1
+2

minus sign if 7 is odd. With n even, The characteristic equation A*+A1—-2=0 has

1
and has coefficient matrix A = { 0}, where we take the plus sign if # is even, the

real roots 41 =1 and 4, = -2 of opposite sign, so (n7x, nm) is an unstable saddle point.
With n odd, the characteristic equation A>+A4+2=0 has complex conjugate

cigenvalues are A1, A = (-1+i7 )/2 with negative real part, so (nz, nn) is a stable
spiral point.

. . . . . . .
—3pi —2pi —pi 0 pi 2pi 3pi
x

xX—=y

xX—=y
Alternatively, we can start by calculating the Jacobian matrix J(x,y) = .
2cosx 0

At (nz,nm), n even: The Jacobian matrix J ={ 0} has characteristic equation

A*+2-2=0 and real eigenvalues 4, =-2, A, =1 of opposite sign. Hence (n7,nx) is
a saddle point if n is even, as we see in the figure above.
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At (nm,nm), n odd: The Jacobian matrix J ={ 0} has characteristic equation

A+ A4+2=0 and complex conjugate eigenvalues 4,4, =—0.5+1.3229i with negative
real. Hence (nm,nm) is aspiral sink if » is odd, as we see in the figure.

The critical points are of the form (nm, 0) where n is an integer, so we substitute
x=u+nm, y=v. Then

’ ’

u =X

Il
U

3sin(u+nx)+v = 3sinucosnz+v = 3(=1)'u+v,

Vi =y = sin(u+nr)+2v = sinucosnw+2v = (=1)"u+2v,
Hence the linearized system at (nr, 0) is
u’ = £3u+v, v = +u+2v
+3 1
1 2
minus signs if 7 is odd. If » is even then the characteristic equation A° —54+5=0
has roots Ai,As = (5 £+/5 )/2 that are both positive, so (nx, 0) is an unstable nodal

source. If 7 is odd then the characteristic equation A°—51+45=0 has real roots
A =(-1 +421 )/2 with opposite signs, so (n7, 0) is an unstable saddle point.

with coefficient matrix A = { }, where we take the plus signs if n is even, the

i/

. L . .
-3pi —2pi —pi 0 pi 2pi 3pi

3cosx 1
Alternatively, we can start by calculating the Jacobian matrix J(x,y) = { }

cosx 2|
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At (nr,0), n even: The Jacobian matrix J = L 2} has characteristic equation

A* =54 +5=0 and positive real eigenvalues A, =1.3812, 4, =2.6180. Hence (nr,0) is
a nodal source if 7n is even, as we see in the figure on the preceding page.

At (nr,0), n odd: The Jacobian matrix J ={ 2} has characteristic equation

A+ A4 —-5=0 and real eigenvalues 4, =-2.7913, A, =1.7913 of opposite sign. Hence
(nm,0) is a saddle point if n is odd, as we see in the figure.

As preparation for Problems 9-11, we first calculate the Jacobian matrix

0 1
J(x,») { }

-’ cosx —c¢

of the damped pendulum system in (34) in the text. At the critical point (n7z,0) we have

e
(n7,0) = —w’cosnt —c| |*a@ —c|

where we take the plus sign if 7 is odd, the minus sign if #n is even.

9.

10.

11.

500

If n is odd then the characteristic equation A*+cA—@’ =0 has real roots

—cxNE +40’

hodo = =2

with opposite signs, so (nz, 0) is an unstable saddle point.

If n is even then the characteristic equation A*+cA+@” = 0 has roots

—ctAc -4’

hodo = =2

If ¢’>4@’ then A; and A, are both negative so (n7, 0) is a stable nodal sink.

If n isevenand ¢’ <4’ then the two eigenvalues

2 2 .
A4 = —ctNc —4w I Y Fycae
2 2

2

are complex conjugates with negative real part, so (nz, 0) is a stable spiral point.

Chapter 9



Problems 12—16 call for us to find and classify the critical points of the first order-system
x'=y, ¥'=-f(x,y) thatcorresponds to the given equation x”+ f(x,x") = 0. After finding
the critical points (x,0) where f(x,0)=0, we first calculate the Jacobian matrix J(x, y).

0 1
1. Jen= Lsﬁ ~20 0} '

0
At (0,0): The Jacobian matrix J ={ 0} has characteristic equation

A*+20 =0 and pure imaginary eigenvalues 4,4, = +i\/20 consistent with the stable
center we see at (0,0) in Fig. 9.4.4 in the textbook.

0 1
At (£2,0): The Jacobian matrix J = {40 0} has characteristic equation

A? =40 =0 and real cigenvalues 4,4, = +40 of opposite sign, consistent with the
saddle points we see at (12,0) in Fig. 9.4.4.

0 1
B = Ls)f ~20 —2} '

0
At (0,0): The Jacobian matrix J =
20 -2
A*+24+20=0 and complex conjugate eigenvalues 4,4, =—-1+i V19 consistent with
the spiral node we see at (0,0) in Fig. 9.4.6 in the textbook.

} has characteristic equation

0
At (£2,0): The Jacobian matrix J =
40 -2

A +24-40=0 and real eigenvalues 4,4, =—1% V41 of opposite sign, consistent with
the saddle points we see at (£2,0) in Fig. 9.4.6.

0 1
14. J(x,y)= S—6x? 0|

} has characteristic equation

0 1
At (0,0): The Jacobian matrix J = {8 0} has characteristic equation 4> -8 =0 and

real eigenvalues 4,4, = ++/8 of opposite sign, consistent with the saddle point we see at
(0,0) in Fig. 9.4.12 in the textbook.
0

-16
A?+16 =0 and pure imaginary eigenvalues A, A, =+4i, consistent with the stable
centers we see at (12,0) in Fig. 9.4.12.

At (£2,0): The Jacobian matrix J ={ } has characteristic equation
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16.

17.

502

0 1
160 = {2x—4 0}'

0
At (0,0): The Jacobian matrix J ={ } has characteristic equation

A? +4 =0 and pure imaginary eigenvalues A,,4, = +2i, consistent with the stable center
we see at (0,0) in Fig. 9.4.13 in the textbook.

0 1
At (4,0): The Jacobian matrix J = L 0} has characteristic equation 1> -4 =0 and

real eigenvalues 4,4, =+2 of opposite sign, consistent with the saddle point we see at
(4,0) in Fig. 9.4.13.

0 1
Tx.y)= {—4 +15x% — 5x° 0} '

0
At (0,0): The Jacobian matrix J ={

0} has characteristic equation

A? +4 =0 and pure imaginary eigenvalues A,,4, = +2i, consistent with the stable center
we see at (0,0) in Fig. 9.4.14 in the textbook.

0 1
At (£1,0): The Jacobian matrix J = {6 0} has characteristic equation > —6 =0 and

real eigenvalues 4,4, = +6 of opposite sign, consistent with the saddle points we see
at (£1,0) in Fig. 9.4.14.

0
At (£2,0): The Jacobian matrix J =
24 0

A? 424 =0 and pure imaginary eigenvalues 4,4, = +iv/24 , consistent with the stable
centers we see at (£2,0) in Fig. 9.4.14.

0 1
J(x,y) = 51552 o

i

} has characteristic equation

0
At (0,0): The Jacobian matrix J ={

} has characteristic equation

A’ +2A4+5=0 and complex conjugate eigenvalues 4,4, =—1#2i with negative real
part, consistent with the spiral sink we see in the left-hand figure at the top of the next
page.
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0 1
18. J(x,y)= {_5 Py _4|y|}.

0
At (0,0): The Jacobian matrix J ={

1
0} has characteristic equation A’>+5=0 and

pure imaginary eigenvalues 4,4, = +iy/5. This corresponds to the indeterminate case of

Theorem 2 in Section 9.3, but is not inconsistent with the spiral sink we see at the origin
in the figure on the right above.

0

and real eigenvalues 4,4, = +J10 , consistent with the saddle points we see at (£2,0) in
the right-hand figure above.

0
At (£2,0): The Jacobian matrix J = LO } has characteristic equation > —10=0

$

5

R AR

«

N e I

\
o
% o
3
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19.

20.

0 1
J(x,y) = —5—175)62 _4|y| .

0
At (0,0): The Jacobian matrix J ={

1
0} has characteristic equation A’ +5=0 and

pure imaginary eigenvalues 4,4, = +i/5. This corresponds to the indeterminate case of

Theorem 2 in Section 9.3, but is not inconsistent with the spiral sink we see in the figure
at the bottom of the preceding page.

0 1
J(x,y):{ }

—COSX —%|y|

At (nr,0), n even: The Jacobian matrix J ={ } has characteristic equation

A?+1=0 and pure imaginary eigenvalues 4,4, ==*i. This corresponds to the

indeterminate case of Theorem 2 in Section 9.3, but is not inconsistent with the spiral
sinks we see in the figure below.

0 1
At (nr,0), n odd: The Jacobian matrix J = L 0} has characteristic equation

A? —=1=0 and real eigenvalues 4,4, =+1 of opposite sign, consistent with the saddle
points we see in the figure.

|
—3pi —2pi —pi 0 pi 2pi 3pi
X

The statements of Problems 21-26 in the text include their answers and rather fully outline their
solutions, which therefore are omitted here.
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CHAPTER 10

LAPLACE TRANSFORM METHODS

SECTION 10.1
LAPLACE TRANSFORMS AND INVERSE TRANSFORMS

The objectives of this section are especially clearcut. They include familiarity with the definition
of the Laplace transform L{f(t)} = F(s) that is given in Equation (1) in the textbook, the direct
application of this definition to calculate Laplace transforms of simple functions (as in Examples
1-3), and the use of known transforms (those listed in Figure 10.1.2) to find Laplace transforms
and inverse transforms (as in Examples 4-6). Perhaps students need to be told explicitly to
memorize the transforms that are listed in the short table that appears in Figure 10.1.2.

1. Lt} = Jj e "t dt (u=—-st, du=-sdi)
- 1 U 1 U - 1
= L L—z} ue" du = S—z[(u—l)e }0 = 7
2. We substitute # = -s¢ in the tabulated integral

Juze” du = e“(u2 —2u+2)+C

(or, alternatively, integrate by parts) and get

(e o2 2Y 2
elrl = fe £dt = {—e (%JFS_;JFS_}H:O =5

3. £{€3z+1} _ Jj e dt = er L e

s=3
4. With ¢ = -s and b = 1 the tabulated integral
tbsi
J‘em, coshu du = e““[aCOSbZ bzsmbu}_c
a +b
yields
o ¢ (—scost+sinr) | s
Licost} = | ecostdt = =
teost] Jj [ s?+1 } NS
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10.

11.

12.

13.

14.

15.

506

L{sinh7} = 1

_l 1_1
2l s—-1 s+1

Il
|
=
—
QN
o
4

1
st =1

B{sin2 t} = Jj e “sin?rdt =1 Jj e (1—cos2t)dt

| o, 1 , —scos2t+2sin2t |
= — e —_—— —e . >
2 s s +4 0

L{f(0} = Lle_” dt = [_le—w} _ 1-¢7°

A} S

elf@)= [ erar = {_

£V = f e'tdt = 1—e—2—se

N

{0} = [ a=nedr = {_e—sz(l_z_ 1 ﬂ

pfiva) = 0D 5 L Nr 3
N

3/2 2 3/2
s S 2

T(7/2) , 3!  45yn 24

£{3"” -ar’} = 3-577—4-5_4 = o=
1 2
Lir=2e" = ——
{r-2e"} = 5-—
_ rGs/2) 1 Wroo1

plpr g ol _ + _ +
{ ¢ } $7 s+10 457 s+10
£{1+cosh5t}:l+ il

s s°=25
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

2 S s+2
+ _

Lisin2t + cos2t; = =
{ J ss+4 sP+4 sT+4

1 11 S
B{Cosz2t} = 5£{1+COS4t} = 5(;4_524_16)

L{sin3¢cos 3t} = %B{sin6t} = %-Szf_% = S2i36

! ! !
B{(l+t = L{1+3t+37 +1'} = %+3-;— +3. §—+3— = %+S%+S—63+S£4

—(S—

Integrating by parts with u = 1, dv = e “"Vdr, we get

£l = fe‘“ te' dt = fte‘“‘“’ dt
_te_(s_l)[ ) 1 —sz z _ _
[ s—1 lJrs—lJ: “ __B{} (s—1) 1)

Integration by parts with u = ¢ and dv = e *cos 2¢dt yields

Lt cos2t} = Jj te " cos2t dt = — Jj e™ (=scos2t+2sin2t) dt

s’ +4

1 [—s L{cos2t}+2 £{sin 2t}]

s’ +4

1 —s’ 4 s =4
+ = ,
sS+4| S +4 sP+4 (52+4)2

) 1 1 s 1
Lisinh?3¢t} = = L{cosh6r—1} = = __
{ } 2 { ; 2(52—36 sj
e ft)- 2] -2
st 2 5 2

B_IL :.B_l 2\/; = 2.t1/2:2i
S3/2 \/; 2S3/2 \/; T

L2 L1 2 162 2 81"
. I{TSW} =t I{E_F(S/z)' e } BN
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

508

3S+1} = 3-£‘1{ al }+%-£‘1{ 2 }: 3c0s2t+%sin2t

9+52 = —2-.8_1 22 —L! 2S = —2sinh2t—cosh2t
4—5 2 s*—4 s*—4 2

10s — } = —10-.8_1{ il }+§-£"1{ > > } = —10c0sh5t+§sinh5t
5 s =25 5

s* =25

[\
U1
c,;

£-1{§;3S} = E-B-h{23 }—3-£-h{25 } = 2gin3t—3cos 3t
5749 3 s +9 s +9 3

} = 2u(t=3) = 2uy(t) [See Example 8 in the textbook.]

2ik k

(s —ik)(s —ik) RIS (because i* =-1)

) lkl —lkl 1 1 1
B{smkt} - { } ( —ik s+ikj
1.
2i

el —e 1/ 1 1 1 2k k
Lisinhktt = £ = — — =_. =
{ J { 2 } 2(s—k s+kj 2 -k s =k’

Using the given tabulated integral with @ =—s and b =k, we find that

L{coskt} = J e " cosktdt = [ - (—scoskt+ksinkt)}
o s +k 0
e e’ s
= lim —scoskt +ksinkt) |— —s-1+k-0) = .
t—>°°(sz+k2( * )J sz+k2( * ) S+ K
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36.

37.

38.

39.

40.

41.

Evidently the function f(¢) = sin(e’z) is of exponential order because it is bounded,;
we can simply take ¢=0 and M =1 in Eq. (23) of this section in the text. However,

its derivative f7(f) = 2te" cos(e” ) is not bounded by any exponential function e,

[2

2 -
because e /e’ = e ! > o0 as t — oo,

f(ty =1-ut)y =1-u(t-a)so

—as

e

i} = {}-L£lu ) = %_ :

For the graph of f, note that f(a)=1-u(a)=1-1=0.

=s'(1-¢e®).

f()y=u(t—a)—u(t—->b),so

—as —bs
e e

£{rn} = L{u,(O}-L{u,0} =

— S—l e—as _ e—bs i
: (e )
For the graph of f, note that f(a)=u(0)—u(a—-b)=1-0=1 because a < b, but
f)y=ub—a)—u(0)y=1-1=0.

Use of the geometric series gives

o0

LU0} = iﬂ{u(t_n)} - Ze_m = l(1+e_s+e_zs+e‘3s+ )

n=0 A}

= i re Y rey ey = L1 o1
_S(l+(e )+ Y () +- ) P e

Use of the geometric series gives

L{f(n} = i(—l)"ﬂ{u(t—n)} = i(_l% = l(l—e_s+e_zs—e‘3s+... )

l‘ 1 _ 1
s 1-(-¢™) s(1+e_s)'

= Lis ey ey ey ) =
S

By checking values at sample points, you can verify that g(r) = 2f(¢)—1 interms of
the square wave function f(¢) of Problem 40. Hence
2 1 (2 1 1-¢7°
2le} = £0/0-1 = Ty =17

1+e_s) s s\l+e? s 1+e”

S

/2 —s/2

s/2 —s5/2
e (e — € )

1 1-e* "

s l+e* &'*

-s/2

1 1
S +e S

= |

e
es/Z
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_ 1 sinh(s/2) _ ltanhi.
s cosh(s/2) s 2

42. Let's referto (n—1,n] as an odd interval if the integer n is odd, and even interval if »n
is even. Then our function A(¢) has the value a on odd intervals, the value b on even
intervals. Now the unit step function f(¢) of Problem 40 has the value 1 on odd
intervals, the value 0 on even intervals. Hence the function (a —»)f(¢) has the value
(a —b) on odd intervals, the value 0 on even intervals. Finally, the function
(a—">b) f(t)+ b has the value (a—b)+b=a onodd intervals, the value b on even
intervals, and hence (a —b) f(t)+ b = h(t). Therefore

a-b b _ a+be”’

Lih()} = Lita=b) [} +Lib} = ———+2

s(I+e*) s - s(+e™)

SECTION 10.2
TRANSFORMATION OF INITIAL VALUE PROBLEMS

The focus of this section is on the use of transforms of derivatives (Theorem 1) to solve initial
value problems (as in Examples 1 and 2). Transforms of integrals (Theorem 2) appear less
frequently in practice, and the extension of Theorem 1 at the end of Section 10.2 may be
considered entirely optional (except perhaps for electrical engineering students).

In Problems 1-10 we give first the transformed differential equation, then the transform X(s) of
the solution, and finally the inverse transform x(7) of X(s).

1. [s°X(s) - 55] + 4{X(s)} = 0

5.0 o s
s*+4 s*+4

X(s) =

x(t) = L7{X(s)} = 5cos 2t

2. [s°X(s) - 35 - 4]+ 9[X(s)] = 0

3s+4 S 4 3
2 =3 T332

s +9 sS+9 3 5749

x(f) = L7 X(s)} = 3 cos 3+ (4/3)sin 3¢

X(s) =

3. [s2X(s) - 2] - [sX(5)] - 2[X(s)] = O
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X() = 2 =2 :2(1_1)
§°—5—2 (s=2)(s+1) 3\s-2 s+1

x(f) = 213)(* - e

[s°X(s) - 25 + 3] + 8[s X(s) - 2]+ 15[X(s)] = 0

X(s) = _2s+13 7 1 3 1

x(f) = LX)} = (7/2)e - (312)e™

[s*X(s)] + [X(5)] = 2/(s +4)

_ 2 _2 1 1 2
(+D(s*+4) 3 s°+1 3 s°+4

X(s)
x(f) = (2sint - sin 2£)/3

[s°X(s)] + 4[X(s)] = L{cost} = s/(s*+ 1)

2 1 s 1 s

X = = —. _—
©) = Finesa) 3541 3 5 +4

x(f) = L7{X(s)} = (cost - cos 21)/3

[s°X(s) - s] + [X(s)] = s/s*+9)
(s> + DX(s) = s+s/(s>+9) = (s°+ 10s)/(s* + 9)

s +10s 9 s 1 s
X(S) = 7 3 = —. > — . >
(s“+D(s"+9) 9 s7+1 8 s7+9

x(f) = (9 cost - cos 3£)/8

[s°X(s)] + 9[X(s)] = L£{1} = 1/s

PRI BN N S B

x(f) = L7 {X(s)} = (1 - cos 36)/9

s*X(s) + 4sX(s) + 3X(s) = 1/s

X5y = — 1 ! 11111

x(f) = @2 -3e"+e/6
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10.

11.

12.

512

[°X(s) - 2] + 3[sX(s)] + 2[X(s)] = L{r} = 1/
(s> +3s T 2)X(s) = 2+ 1/s* = 27+ 1)/s*

257 +1 25 +1 31 11
X(S) = 2.2 = = __'_+_'_2+3'
s7(s7+3s+2)  sT(s+D(s+2) 4 5 2 s
x(f) = LH{X(s)} = (-3+2t+ 12¢7 - 9¢*)/4
The transformed equations are
sX(s)y - 1 = 2X(s) + Y(s)
sY(s)+2 = 6X(s) +3X(s).
We solve for the Laplace transforms
X(s) = 570 = 1
s(s=5) s
Ys) = X(s) = =F0 -2
s(s—=5) s
Hence the solution is given by
x(t) =1, vty = -2.
The transformed equations are
s X(s) = X(s)+ 2Y(s)
sY(s) = X(s)+1/(s+ 1),
which we solve for
Xy = —2 =21 L5 1
(s=2)(s+1) 9\ s=2 s+1 (s+1)
Y(s) = s—1 2=11—1—6- 12'
(s=2)(s+1) 9 s-2 s+l (s+1)

Hence the solution is

x(f) = 2/9)e - e - 3te™
W) = (1/9)e™ - e +6te™).

Chapter 10
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13.

14.

15.

The transformed equations are

sX(s)+2[sY(s) - 1]+ X(s) = 0
sX(s) - [sY(s) - 1]+ Y(s) = 0,

which we solve for the transforms

2 2 1 2 1U\B
X)) = e T = T T AT T R T 2
3P-1 3 $-1/3 BB s (143)
X(s) = S5HL _ sHU3 s L U3

3 -1 &-1/3 2 —(143) 3 $-(B)

Hence the solution is

x(t) = —(2/+/3) sinh (1/4/3)
(@) = cosh(t/+/3)+(1/4/3) sinh(¢/+/3).
The transformed equations are

2 X(s) + 1+ 2X(s) +4Y(s) = 0
sSY(s)+ 1+ X(s)+2¥(s) = 0,

which we solve for

—s”+2 1 1 2
X)) = 55—~ =712 35733
s7(s”+4) 4 s s +4
2
V) = o = 23 j
s7(s”+4) 8 s s*+4

Hence the solution is

x(f) = (1/4)(2t - 3 sin 2f)
(1) = (-1/8)(2t+ 3 sin 21).

The transformed equations are

[°X - s]+[sX - 1]+ [sY - 1]+2X - Y =
[°Y - s]+[sX - 1]+ [sY - 1] +4X - 2Y =

which we solve for

Section 10.2
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st +354+2 172 s+3 1{2 s+3
X&) = 5=~ 3t 7=~ 3 = 7
s7+3s74+3s 3\s sT4+3s5+3 3Us (s+3/2)y +(3/4)
1{2 s+3/2 J3/2
3ls  (s+3/2°+(3/2) (s+3/2) +(\f3/2)
—5° =257 +2s5+4 1(28 9 2s+15
Y(s) = = N +—
s”+3s° +3s 21 s s—=1 s +3s+3
_ (s 9 25 +15
210 s s—1 (s+3/2)+3/4
1(28 9 s+3/2 J3/2
= —|—- +2- > ~+8/3- > = |-
21l s s—1 (s+3/2) +(\3/2) (s+3/2 +(\3/2)

Here we've used some fairly heavy-duty partial fractions (Section 7.3). The transforms

k

B{em COSkt} = L B{e’" Sil’lkt} = m

(s—ay +k*’

from the inside-front-cover table (with a =-3/2, k= J3/ 2) finally yield
x(1) = l{2+ e [cos(ﬁt/2)+ 3 sin(\/gt/2ﬂ1
3 I

1) = %{28— 9’ +¢7"*[ 2c05(\31/2) +843 sin(\/gt/2ﬂ}.

16.  The transformed equations are

sX(s)-1=X(s)+Z(s)
s Y(s) = X(s)+ Y(s)
s Z(s) = -2X(s) - Z(s),

which we solve for

2
X(s) = s 21 _ sz+1
(s—=D(s"+1) s +1
Y(s) = s+12 I 2s
(s—=D(s"+1) s-1 s +1
Z(s) 2542 2

TG
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Hence the solution is

x(f) = cost+sint
() = € - cost

z(f) = -2sint.

S0y = [e¥dr = Be“} = %(e”—l)

7=0

1

JS@ = £3€_51d1' = [—%e_51:| = é(l_e—Sz)

7=0
f(t) = £%sin2rdr = —lcos2r l = l(1—cos2t)
4 4

7=0

1

f(t) = £(2c0s3r+%sin3r)d:‘ = [%sin%—écos%} = é(6sin3t—cos3t+l)

7=0

1) = £U§sintdt}dr = [ (1-costydr = [T—sinr]l_ = {—sint

=0

f(@) = £%sinh3rdr = [écosh%} = é(cosh3t—1)

7=0

f(@) = E[Esinhtdt}dr = J;(coshr—l)dr = [sinhr—r];zo = sinhz—¢

f() = £ (e_f—e_”)dr = [—e_f+%e_”ll=0 = %(e"” —2e"+1)

With f{r) = cos k&t and F(s) = s/(s*+ k%), Theorem 1 in this section yields

. / S —k2
Li-ksinkt} = LY/} = sF(6) -1 = s =51 = 573,

so division by -k yields £{sinkr} = k/(s*+ k).

Section 10.2
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26.  With fr) = sinh kr and F(s) = k/(s* - k%), Theorem 1 yields
L{7(t)) = L{kcoshktt = ks/(s* - k) = sF(s),
so it follows upon division by & that L{cosh kt} = s/ (s2 - kz).
27.  (a)  With fir) = "¢ and f7(t) = n"'e” + ar"e”, Theorem 1 yields

B{l’ll‘n leat + atn eat} =g B{tn eat}

SO
n B{tn 1 at} _ (S _ CZ)B{Z‘H at
and hence
n at| __ n—1 _at
£lre"} = — B{t .
. [1[ 1
®) n=l B{ } s—a s—a (s a)
_N. 2 _at _ az 1 2'
n=2 B{te }_ }_s a (s a) (s a)
_ . 3 at 2 m 3 2' _ 3'
n=3: B{t } }_ s—a (s a)3 B (s a)4

And so forth.

28.  Problems 28 and 30 are the trigonometric and hyperbolic versions of essentially the same
computation. For Problem 30 we let f{f) = tcosh &z, so f{0) = 0. Then

f(t) = cosh kt + kt sinh kt
f7(t)= 2k sinh kt + k’t cosh kz,

and thus f7(0) = 1, so Formula (5) in this section yields

L{2k sinh kt + k*t cosh kt} = s*L{t cosh kt} - 1,
k

2k-——— + K'F(s) = s°F(s) - 1.
s —k

We readily solve this last equation for
2 2
s*+k
=

Litcoshkt}; = F(s) = —
Ly

29. Let f{f) = tsinh 4z, so f0) = 0. Then

516 Chapter 10



30.

31.

32.

33.

34.

f’(t) = sinh kt + kt cosh kt
f7(t)= 2k cosh kt + Kt sinh z,

and thus f7(0) = 0, so Formula (5) in this section yields

L{2k cosh kt + Kt sinh kt} = s*L£{sinh kz},

2k-

We readily solve this last equation for

R)
ot FF(s) = s°F(s).
L{tcosh kit = F(s) = iz
(52 —kz)

See Problem 28.

Using the known transform of sin &# and the Problem 28 transform of ¢ cos &z, we obtain

L {%(sinkt — ktcoskt)} =
2k

1

1

1 k k

2 2
s =k

st —k? 1 2k*

2 K 2% (5 +k2)

1

TarEya (5 +k)

W (s k)

(52 +k* )2

If ft) = u(t - a), then the only jump in f7) is j; = 1 at #; = a. Since f0) = 0 and
S(®) = 0, Formula (21) in this section yields

0 = s F(s) - 0 - e(1).

Hence L{u(t - a)} = F(s) = s™'e™.

f(@) = u,(ty—u,(t) = u(t—a)—u(t—>b),so the result of Problem 32 gives

£{f 0} = £lut-a)}-£luc-n)} = -

The square wave function of Figure 7.2.9 has a sequence {z,; of jumps with ¢,

as

e

—bs

—as

—e€

—bs

and j, = 2(-1)" for n = 1,2, 3, .... Hence Formula (21) yiclds

It follows that

0=sF@s)-1- ie_’”a(—l)".

Section 10.2
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35.

36.

37.

518

sF(E)y=1+2 i(—l)"e_’”

121 - et He @ o e )
-1+2/(1+e™)
(I-eM)/(1+e™)

— (es/Z _ e-s/Z)/(es/Z + e_s/z)

s F(s) = tanh(s/2),

because 2 cosh(s/2) = e”*+e™ and 2 sinh(s/2) = &7 - e

Let's write g(¢) for the on-off function of this problem to distinguish it from the square
wave function of Problem 34. Then comparison of Figures 7.2.9 and 7.2.10 makes it
clear that g(¢) = +(1+ f (7)), so (using the result of Problem 34) we obtain

s/2_ —5/2 —5/2
Gis) = 41 F(s) = Lo Lianns = 1108 _—¢ ¢
2s 2 e

2s 28 2 2s STy et e

1 1-¢° 1 2 1
= —| 1+ = — = .
2s 1+¢7° 25 1+¢° s(1+e_s)

If g(?) is the triangular wave function of Figure 7.2.11 and f£{¢) is the square wave
function of Problem 34, then g’(¢) = f(¢). Hence Theorem 1 and the result of Problem
34 yield

L{g'(} = s L{g®)} - 20),

F(s) = s G(s), (because g(0) =0)
L{g(n)} = s F(s) = s*tanh(s/2).

We observe that f(0) =0 and that the sawtooth function has jump —1 at each of the
points ¢, =n=1,2,3,---. Also, f’(f)=1wherever the derivative is defined. Hence
Eq. (21) in this section gives

using the geometric series Zx" =1/(1-x) with x=e"". Solution for F(s) gives
n=0
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F(S)_sz+s s(l—e‘s) s s(l—e”)'

SECTION 10.3
TRANSLATION AND PARTIAL FRACTIONS

This section is devoted to the computational nuts and bolts of the staple technique for the
inversion of Laplace transforms — partial fraction decompositions. If time does not permit
going further in this chapter, Sections 10.1-10.3 provide a self-contained introduction to Laplace
transforms that suffices for the most common elementary applications.

1. LM = ﬁ, so L{r'e™ = LS
s (s—m)
Wz ) Wz
2. L = X5 oo PP = X2
W= e A5+ 4"
3 3

3. Lisin3mt} = ———, so L{e'sin3m} =
S

' (s+2) +971°

4. cos2(t—%) = cos(2t—%) = L(c0s2t+sin2t)

V2
8 \/Es +4

L e"/2c0s2(t—£j} = L—(S+l/2)+2 _ L 25
8)] N2 (s+1/2)+4 V245 +4s+17

3 3 1 3 .
3. F(s) = == , H ==
() 25 -4 2 s=-2 s S () 2e
6. F(s) = (S+1)_32 N —— 2 5,80 f() = te' =1’ = e (1-1)
(s+1) (s+1)y (s+1)
1 2t
7. F(S) = m, SO f(t) =te
s+2 ¢
8. F(S) = m, SO f(t) = e “cost
N
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S_3 7 4 3¢ .
9. F(s) = 3. +—- , so flt) = e’'[3 cos 4t + (7/2)sin 41]
(s=3)+16 2 (s-3)+16 ) (712)
10. Fs) = 25—23 _ l 25—23
(3s=2)"+16 9 (s-2/3)+16/9
_2 s—2/3 5 4/3
9 (s=2/3) +(4/3) 36 (s-2/3) +(4/3)

f(t) = %ezm (8cos% —SSil’l%j

1 1 1 1,, 1.
- SO ) = —(e' —e = —sinh?2¢
ORI ) =3

1. F(s) = L :
| 4 s-2 4 s+2°

12. F(s) = 2-1+3-L, so f(t) = 2+3¢”
s s—3

13.  F(s) = 3-L—5-L, so f(t) = 3e* =5
S+2 s+5
1 1 1 T
14. F(s) =2 —=3-——+——, so f(t) = 2-3e" +e
S s+1 s-=-2

1 1 1 1 1
15. F(s)y = —|-1-—=5—4+——/|, 1) = —(-1=-5t+¢
) 25( s s 5) so SO 25( ¢ )

16 F(s) ! :12+5—2+5
' (s+3)"(s—2) 125(s+3 (s+3)° s-2 (s-2)

_ 1 -3 2t
10 —E[e (2+50)+ € (-2+50) ]

1 1 1 1 2 2
17. F(s — - = — -
(s) 8(52—4 sz+4j 16(s2—4 s2+4j

f(t) = %(sinh2t—sin2t)

1 1 48 64
18. F(s) = + =+ -+ Z
s—4 (s—-4) (s—-4) (s-4)
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19.

20.

21.

22.

1) = e‘”(1+12t+24t2 +%t3j

F(s) = =
() sS+1 7 +4

s°=2s l(—2s—l 2s+4)
(s°+1)(s°+4) 3

f() = %(—2cost—sint+2c0s2t+2sin2t)

+ 2
s+2 (s+2) §=2 (s-2)

F(S) (S2 _4)2 (S—2)2 (S+2)2 = 3_2

1 1 1[ 1 2 1 2
+ 2
1 -2t 2t
f(0) = 3—2[e (1+20)+ ¥ (-1+21) ]

First we need to find A4, B, C, D so that

sT+3 As+ B 4 Cs+D

(sz+2s+2)2 5" +25+2 (sz+2s+2)2'

When we multiply both sides by the quadratic factor s”+2s+2 and collect
coefficients, we get the linear equations

—2B-D+3 =0

—2A4-2B-C =0
—2A-B+1 =0

-4 =0

which we solve for 4=0, B=1, C=-2, D=1. Thus

F(s) = 1 4 -2s+1 _ 1 5. s+1 43 1

(s+1) +1 [(SH)ZHT (s+1)2+1_ [(s+1)2+1T [(s+1)2+1T'

We now use the inverse Laplace transforms given in Eq. (16) and (17) of Section 10.3 —
supplying the factor e corresponding to the translation s — s+1 — and get

f() = e"[sint—2%tsint+3%(sint—tcost)} = %e"(5sint—2tsint—3tc0st).

First we need to find 4, B, C, D so that
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25° — 5 _ As+B 4 Cs+D
(45> —ds+5) 4 —4s+5 (48 —4s45)
When we multiply each side by the quadratic factor (squared) 5 we get the identity
25° - 5% = (As + B)(4s” - 45+ 5)+ Cs + D.

When we substitute the root s = 1/2 +i of the quadratic into this identity, we find that
C = -3/2 and D = - 5/4. When we first differentiate each side of the identity and then
substitute the root, we find that 4 = 1/2 and B = 1/4. Writing

45 - 4s +5 = 4[(s - 1/2)* + 1],
it follows that

Finally the results
L7 2s/(s* + 1)’} = tsint
L12/(s* + 1y} = sint - tcost

of Egs. (16) and (17) in Section 10.3, together with the translation theorem, yield

I U314,
1) = ] cosf+sm¢)——-—fSm¢r——-—(SIf —r1cost
f) = e [8( "33 23 )}

= 6L4€l/2 [(8+4t)c0st+(4—3t)sint].

s 1 s—a s+a
23. - = =| 3 >+ > |5
s +4a 2\ s" =2as+2a° s +2as+2a

and s*+2as +2a* = (s £ a)* +a’, soit follows that

3

s 1, , .

LH{ 444 4} - _(€l+e ’)cosat = coshatcosat.
s"+4a

24 s 1 a 3 a
) st +44q* 4a°\ s =2as+2a°  s*+2as+2a* )

and s*+2as +2a* = (s £ a)* +a’, soit follows that
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3
£ 5 = ! (e‘" —e“”)sinat = ! sinhatsinat.
4a* 2a°

’5 s _ 1 s 3 s
) st +44q* 4g\ s* =2as+2a> s*+2as+2a’

1 s—a a s+a a
S 2 Tt 2 2 Tt 2 |
da\ s” =2as+2a s =2as+2a° s +2as+2a° s +2as+2a

and s*+2as +2a* = (s £ a)* +a’, soit follows that

1
£! i = —| e“(cosat+sinat)—e “ (cosat —sinat
{s4+4a4} 4a[ ( ) ( )}

_ 1 [l (e‘” + e“”)sin at+ %(e‘" - e“”)cos at}

2a|2
= 2L (coshatsinat +sinhatcosat).
a
26 1 1 —s+2a s+ 2a
) st +4q° 8a°\ s —2as+2a*> s*+2as+2a°

1 s—a a s+a a
307 2 Tt Tt >t K
8a §°=2as+2a s =2as+2a- s +2as+2a S*+2as+2a

and s*+2as +2a* = (s £ a)* +a’, soit follows that

S 1 ) _ )
£ = e”(—cosat +sinat)+e “ (cosat +sinat
{54 +4a" } 8a’ [ ( ) ( )}

= 4%13 [% (e‘” +e™ ) sinat — % (e‘" - e“”) cos at}
= % (coshatsinat —sinhat cosat).

4q

In Problems 27-40 we give first the transformed equation, then the Laplace transform X (s) of

the solution, and finally the desired solution x(¥).

27 [$°X(s) - 25 - 3]+ 6[sX(s) - 2] +25X(s) = 0

2s+15 ) s+3 4

(s+3)"+16

9
2 e 2 -
sT+65+25 (s+3) +16 4

X(s) =

x(f) = e '[2 cos 4t + (9/4)sin 4]
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28.

29.

30.

31.

32.

524

s’ X (5)—65X(s)+8X(s) = 2
s

X(S):Z;:l(l_k 1 _ 2)
s(s"—6s5+8) 4\s s-4 s-2

x(t) = %(1 +e" —282’)

2

-3 3.t 1
Xs) = 52(52—4) - 4(52—4 szj

s’ X(s)—-4X(s) = 3
N

x(t) = 3sinh2r -2 = é(sinh2t—2t)
8 4 8

S’ X(s)+45X(5)+8X(s) = %1
s

X(s) 1 :1( 1 s+3 J

(s+1)(s° +4s+8)  S\s+1 s’+45+8

l 1_ s+2 _l‘ 2
Sls+l (s+2)+4 2 (s+2) +4

_ 1 - -2t :
x(t) = E[2e —-e (2c0s2t+s1n2t)]

[$°X(s) - 5 - 1]+ [s"X(s) - 1] - 6[sX(s)] = 0

s+2 1 5 1 6
X(s) = 54——— = —(——— +
S +s°—6s 150 s s+3 s-2

x(1) = %(—5—8_3’+682’)

[s*X(s)=5’]-X(s) = 0

X(s) = s :l( s 8 J

st =1 20s7+1 s*=1

x(t) = %(cost+ cosht)
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33.

34.

35.

36.

37.

[s*X(s) - 1]+ X(s) = 0
1

4

=T

It therefore follows from Problem 26 with a =%/1/4 =1/ \/5 that

x(t) = L(COShLSil’lL—SinthosLj
V2 V22 V2R
[s*X(s) - 257 + 13] + 13[s°X(s) - 2] + 36 X(s) = 0

2s? +13 1 1
4 2 = 2 + 2
s +13s°+36 s +4 s+9

X(s) =
I . I .

x(t) = —sin2¢t+—sin3¢
2 3

[s°X(s)=1]+85* X (5)+16X(s) = 0

1 1
X(s) = — 2 = 2
s"+8s”+16 (52+4)
x(t) = %(sin2t—2tcos2t) (by Eq. (17) in Section 10.3)
S*X(5)+28° X (s)+ X(s) = 12
o —
X(s) = 1 1| 1 5+2 5(s+2)

(s—2)(s4+2sz+l) T 25| 5-2 s 41 (52+1)2

x(t) = L e_2’—cost—2sint—5-ltsint—lo-l(sint—tcost)
25 2 2

R .
= %[2e + (10t = 2)cost — (5t +14)sin¢ |

[5°X(s)=2]+4sX(5)+13X(s) = ! -
(s+1)
2+1/(s+1y° 25> +4s5+13

X(s) =

S+as+13 (5417 (s +4s5+13)
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38.

39.

526

1 1 5 s+98
= —| - + +
500 s+1 (s+1Y (s+2)°+9

1 1 5 s+2 3
— - + =+ ——+32- >
500 s+1 (s+1)" (s+2) +9 (s+2) +9

x(t) = %[(—1 +5t)e” + e (cos3t+32sin 3t)}

[5°X(s)—s+1]+6[sX(s)~1]+18X(s) =

s°+4
s+5 S
X(s) = +
0= Frers (s +4)(s° +6s+18)
_ s+5 +1 Ts+12  Ts+54
sS+6s5+18 170\ s*+4 s +65+18
1 7s+12+163s+796
170\ s*+4  s*+6s+18
1 | 7s+12 163(s+3 307
X(s) = > + ( 5 ) + >
170 s“+4 (s+3) +9 (s+3) +9

x(1) = L(7cos2t +6sin21)+ Le‘” (489 cos 3t +307sin 3¢)
170 510

x"+9x = 6cos3t, x(0)=x"(0)=0

) _ bs
STX($)+9X(s) = I
6s
X = 2
N

x(t) = 6-2L3tsin3t = tsin3¢ (by Eq. (16) in Section 10.3)

The graph of this resonance is shown in the figure at the top of the next page.
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20 X=+t

8P

-20 X=-t

2, 226

40. x"+04x+9.04x = x"+=x"+=— = 6e "’ cos3t
5725
s2+3s+%j)((s) Bl 1) I
5725 (s+1/5) +9
6(s+1/5
X(s) = —HD)
[(s+1/57+9]
x(t) = te’sin3¢ (by Eq. (16) in Section 10.3)
SECTION 10.4

DERIVATIVES, INTEGRALS, AND
PRODUCTS OF TRANSFORMS

This section completes the presentation of the standard "operational properties" of Laplace
transforms, the most important one here being the convolution property L{f*g} = L{f}-L{g},
where the convolution f*g is defined by

f*e) = [ feog-x)dx.

Here we use x rather than 7 as the variable of integration; compare with Eq. (3) in Section 10.4
of the textbook
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1. With f(¢#)=¢ and g(r)=1 we calculate

t*1 = J:x-ldx = [%xz} = %tz.

x=0

2. With f(r)=¢ and g(¢)=e” we calculate

t t
t*e” = J;x-e“(’_")dx = e‘"J;x-e_“"dx

d s .
= ‘”J (—zje“(——uj = e2 j ue" du (with u =—ax)
\ a a a °-

= Zz [(u - l)e”I (integral formula #46 inside back cover)
e T e .

== [(cax-De™ | = a—z[(—at—l)e +1]
1

t*e" = —(e" —at—1

1 (e =ar-1)

3. To compute (sin¢)*(sint) = JZsinx sin(t — x)dx, we first apply the identity
sin4 sin B = [cos(4 - B) - cos(4 + B)]/2. This gives
(sin?)*(sint) = J: sinxsin(f —x)dx
1 et
=3 J; [cos(2x —1) —cost]dx

xX=t

_ 1 lsin(2x—t)—xcost
212

x=0
. . I, .
(sinf) *(sinz) = 5(s1nt —1cost).
t
4. To compute #* *cost = J; x*cos(t — x)dx, we first substitute

cos(f - x) = costcosx+sintsinyx,
and then use the integral formulas
sz cosx dx = x’sinx+2xcosx—2sinx+C

sz sinxdx = —x’cosx+2xsinx+2cosx+C.
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10.

from #40 and #41 inside the back cover of the textbook. This gives

3 . .
£’ *cost = J; x*(costcosx +sintsin x) dx

t t
(cost) J; x* cosxdx + (sint) J; x* sin x dx

xX=t

(cost) [xz sinx+ 2xcosx — 2sin x}

x=0

. . xX=t
+ (smt)[—x2 cosx+2xsinx+2 cosx} .
o

£’ *cost = 2(t—sint).
x=0

t _ 3 x=t
eal*eal — J;eaxea(l x)dx — J;ealdx — eal[x] — teal

t t
b, b(t— b, -b
e’ *e” = J;e“"e Uy = e’J;e(“ dx

b [e(“‘b”‘ Tzl (=) e
= e —_— = =
x=0

a—b a—b - a—b

f(t) = 1% = *1 = J:e3x-ldx

15
5(63 —1)

1 “1 1
t) = 1*=sin2t = —sin2xd. —(1—cos2f
f(®) 5 sin Lzsm xdx 4( cos2t)

1@

1 sin3¢*sin3t = 1 J: sin3xsin3(¢ —x)dx
9 9

I g . .
=5 J; sin 3x[sin 3¢ cos 3x — cos 3¢ sin 3x] dx

= 1 sin 3¢ J: sin 3x cos 3x dx 1 cos 3¢ J: sin” 3xdx
9 9

= lsin 3¢ [lsin2 3x} — lc0s3t 1 x— lsin 6x
9 6 x=0 9 2 6 x=0

f(@) = 5L4(sin3t —3tcos3t)

f(1) = t*(sinkt)/k = %J:sinkx-(t—x)dx
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kt —sinkt
k3

= é J:sinkxdx—% J:xsinkxdx =

11. f(t) = cos2t*cos2t = J:cos2x cos2(t —x)dx
= J:cos2x(cos2tcos2x+sin2tsin2x)dx

= (cos2) [ cos? 2xdx+ (sin2¢) [ cos2xsin2xdx

= (cos2t) L e Lsinax +(sin 27) Lgin? 2x
2 4 0 4

xX=t

x=0

f@) = %(sin2t+2tcos2t)

12.  fH) = (esinny*(1) = J: e sinxdx = %[1—8_2’(c0st+2sint)}

13. f(t) = e"*cost = J:(cosx)e3(’_")dx

t
e J; e cosxdx
x=t

-3x
= ¢ { el 0 (—3cosx +sin x)} (by integral formula #50)

x=0
1
10

(3e3’ —3c0st+sint)

(@

14. f(t) = cos2t*sint = J: cos2xsin(f — x)dx

3 . .
= J; cos2x(sinzcosx — costsin x)dx

= (sin?) J:cos 2xcosxdx —(cost) J:cos 2xsinxdx
= l(sint) J:(cos3x +cosx)dx —l(cost) J:(sin3x —sinx)dx
2 2

f(@) = %(cost —c0s2t)

15.  Lisint} = —i(ﬂ{smt}) -4 23 -
ds ds\ s"+9 (52+9)
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16.

17.

18.

19.

20.

21.

22.

23.

24.

2 2 2_
i cos2r) = Sx(teos)) = ] = 201
ds ds’ \ s* +4 (S2+4)

L{e¥cos 3t = (s - 2)/(s* - 4s + 13)
L{te* cos 3t} = -(dlds)[(s - 2)/(s* - 4s + 13)] = (s* - 4s - 5)/(s” - 4s + 13)’

L{sin’r} = L{(1 - cos 26)/2} = 2/s(s* + 4)
L{e'sin’t} = 2/[(s + 1)(5* + 25 + 5)]
L{te”'sin’t} = -(d/ds)[2/((s + 1)(s> + 28 + 5))]

= 2(357 + 65 + 7)/[(s + 1)’(s* + 25 + 5)*]

B{Lnt} = J st = I:tan_l ST = Z—tan‘ls = tan™ l
¢ s §7+1 * 2

N

L{l-cos2t} = 1_ e
s s

eftesmt) - [ - - ol | -+

B{e3’—1}= ! —l, SO
s

SO

s—3
3t il _ o0
el 1 :J( ! —ljds: ln(s 3) :ln( il j
t JASs—3 s s ), s—3
B{e’—e" S S S 22 , SO
s—1 s+1 s =1

1) =~ 2" {F(s)} = —lgl{s%_ ! } |y o 25imhs

t

10 = e (P o) = 1ot 22

S +1_sz+4

} = %(cos2t—cost)

Section 10.4
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= ;(e_z’ +e —2c0st)

5. f(1) = —%gl{F'(S)} _ _%EI{S% 11 } 1

2411 s+2 s-3

N S YT G el I 3 _ ¢ 'sin3
6. /@) = - £ {F o)} tg{ (S+2)2+9} t

2. 1) = ~Le () = -Le| 2
) t t 1+1/s°
= %gl{ 31 } = gfl{l— 2S } = %(l—cost)
t s +s t s s +1 t
28.

An empirical approach works best with this one. We can construct transforms with
powers of (s* + 1) in their denominators by differentiating the transforms of sin ¢ and

cos t. Thus,
Lrsint} = —i( ! ) __ %

ds\s*+1 (s2+1)2

d s st -1
L{tcost} = _d_s(s2+lj = (52+1)2
B{tZCOSt} _ _i S2—1 _ 2S3—6S

ds (sz+l)2 (sz+l)3'

From the first and last of these formulas it follows readily that

£! (52i1)3 :%(tsint—tzcost).

Alternatively, one could work out the repeated convolution

1 S

+ ¢ = (cost)*(sint *sint).
(52 + 1)
29. -[5°X(s) - X (0)] - [s X(s)]” - 2[s X(s)] + X(s) = O
ss+ DX (s)+4s X(s) = 0 (separable)
532
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30.

31.

32.

33.

34.

X(s)

with 4 # 0

(s+1)*

CPe’ with C # 0

x(1)

-[s°X(s) - X (0)] - 3[s X(5)]' - [s X(s)] + 3X(s) = O

—(s2 +35)X(s) - 3s X(s) = O (separable)
X(s) = with 4 # 0

) (s+3)
x(f)y = Cre™ with C # 0

-[$°X(s) - X'(0)] + 4[s X(s)] - [s X(5)] -4[X(s)]’ + 2X(s) = 0
(s> - 4s + 4)X'(s)H3s - 6)X(s) = 0 (separable)
(5 - 2)X(s)+3X(s) = 0

X(s) = with 4 # 0

(s=2)’
x(f)y = Cfe* with C # 0

-[s*X(s) - X'(0)] - 2[s X(5)]’ - 2[s X(s)] - 2X(s) = 0
~(s7 F25)X'(s) - (4s + HX(s) = 0 (separable)
X(s) = _ 4 C{l_i_ 1 1 }

S(s+27  |s 5 s+t2 (s+2)

x(f) = C(1 -1-e-1e) with C = -4/4 2 0

-[s°X(s) - x(0)] - 2[s X(9)] - [X(s)] = O
(s> + D)X'(s)+ 4s X(s) = 0 (separable)

(s7+1)

x(f) = C(sint - tcost)y with C # 0
(s +4s + 13)X(s) - (45 + 8)X(s) = 0

C _ C
(s> +4s+13) [(S +2)%+ 9}2

X(s) =

Section 10.4
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It now follows from Problem 31 in Section 10.2 that

x(f) = Ae ' (sin 3t - 3¢ cos 37) with 4 # 0.

1 1 |
35, £l —— L =¢*—— = j—-e’_xdx
{(s — s } o Jonx

PN :
e 1 2 2e J;\/; 2

= —e " 2udu = e du = éerf \/;

\/71' jo u \/71' ( )
36.  s°X(s)+4X(s) = F(s)

1 2
X = _F .

) = S FO 5

x(f) % f(H)*sin2t = % [ f-msin2zaz

37. S2X(8)+2sX(s)+ X(s) = F(s)
1
(s+1)

x() = e * f(1) = [z f(t-1)dT

X(s) = F(s)-

38. S’ X(8)+4sX(5)+13X(s) = F(s)

FO) L3

X(s) = —) >
®) = S - 3 W Gr2r g0

x(t) = %f(t)*e‘z’sirﬁt = %‘[:e‘“f(t—r)sin%dr

SECTION 10.5

PERIODIC AND PIECEWISE CONTINUOUS
INPUT FUNCTIONS

In Problems 1 through 10, we first derive the inverse Laplace transform f(¢) of F(s) and then
show the graph of f(¢).
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1. F(s) = e £{t} so Eq.(3b)in Theorem 1 gives

S = ue=3--3 = | 0TI
- T o3 if £>3.
fHtL
s T
0if r<1,
2 () = (=D =)= (= Du(-3) = i-1 if 1<£<3,
2 if t>3.
fHtL
2
1 3 t
0if r<1,

3. F(s) = e'gle™] so f() = u@=D)-e™ = {

e f 1 >1.

fHEL

[
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4. F(s) = e L{t}—e’e™ L{t}so
0if r<1,
() = eu(t-—-e’eu(r-2) = {7 if 1<r<2,
e —e if 122,

fHtL
1) —
1 t
_5_
_10_

5. F(s) = e™L{sint} so
0if r<m,

—sint if 2.

f(0) = u(t—rm)-sin(t—7) = —u(t—7m)sint = {

fHtL

1t

6. F(s) = e’ L{cosmt} so
0 if r<1,

() = u(=D)-cosm(t=1) = —u(t=Tcoszt = {_cosm it 21,

7. F(s) = L{sint}—e ™ L{sint} so
sint if 1<2nm,

f(t) = sint—u(t=2m)sin(t = 2m) = [1-u(t = 27)]sins = { 0if t>00
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The left-hand figure below is the graph for Problem 6 on the preceding page, and the right-hand
figure is the graph for Problem 7.

fHtL fHtL

HWiWiS -
1VV\

8. F(s) = L{cosnt}—e L{cosnt} so
, . (2 —2)= 1 , 2] . cosxt if 1<2,
= —_ —_ VA —_ = —_ —_ Tt =
f(t)y = cosmt—u(t—2)cosm(t—2) u(t—2)|cos 0if 132,
fHtL
5 t

-1

9. F(s) = L{cosat}+e > L{cosnt} so

cosxt if 1< 3,

f(t) = cosmt+u(t—3)cosm(t—3)= [l—u(t—3)|cosnt = { 0if 133,

fHtL

1
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10.  F(s) = e™L{2cos2t}+e ™ L{2cos2t} s0

J (@) = 2u(t—m)ycos2(t—m)—2u(t—2m)cos2(t —2x)
0if r<m or t22m,

= 2Mu(t—-m)—u(t-2x 2t =
[u( )~ ul )]COS {2cos2t if #<r<2m.

fHtL
2
t
p 2p
-2
11.  f(1) = 2—u(t=3)-2 so F(s) = 2_ev2 o 2(1—5“).
S S S
e’ e 1
12. f(0) = u(t-D)-u(t—4) so F(s) = ——-— = —(e* —¢™).
S S S

13. f(®) = [1-u(t-2m)]sint = sint—u(t —2x)sin(t —27) so
1 1 1—e™
F(s) = - = :
() s7+1 s7+1 s7+1

14. f() = [1-u(t—2)]cosmt = cosmt—u(t—2)cosm(t—2) so

—2s
F(s) = 2 2_€2S' = 2 2
e o/ e o/ ST+

15. f(t) = [1—u(t-3n)]sint = sint+u(t—37)]sin(t—-3x) so
1 e l+e
n _

sT4+1 0 st +1 sS+1

—3zs

F(s) =

16. f(t) = [u(t—m)—u(t -2m)]sin2t = wu(t—rm)sin2(t—n)—u(t—2m)sin2(t—2m)so

o s 2 2 e—ﬂ's_e—Zﬂ'S
F(s)=(e - )‘sz+4 - ( s*+4 )
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17.

18.

19.

20.

21.

22.

23.

f(®) = [u(t-2)—u(t-3)]sinzt = u(t—2)sinm(t—2)+u(t—3)sinz(t—3) so

25 4 o3
F(s) = (€_2S+€_3S)'S2 fﬂ-z _ ﬂ(iz—i_ﬂi )

@) = [u(t—3)—u(t—5)]cos%t = u(t—3)sin%(t—3)+u(t—S)Sin%(t—S) 50

F(s) /2 _ 2 (e_“ + e_ss)

(€—3s n e-m)‘

st+mt/4 45 + 11

If g(t) = t+1 then f(t) = u(t—1)-t = u(t—1)-g(t—1) so

F(s) = e°G(s) = e’ L{t+1} = e_s-(iz+lJ = e_s(;jl).
s° s s

If g(y=r+lthen f(r) = [I-u(t=D]r+u(t=1) = t=ult=Dglt=+u(t=1) so
F(s) = iz—e_s-G(s)+e_s = L—e_s-(iz+lj+e_s _ l—e_s'
S s

S2 S S S S2

If g(¢t)=t+1 and h(t)=t+2 then

f@© = t[l-u@-D]+Q-0)[ut-1)—u(t-2]
= 1= 2tu(t—1)+2u(t = 1) = 2u(t —2) + tu(t - 2)
= 1= 2u(t—1)g(t = 1)+ 2u(t —1) = 2u(t — 2) + u(t — 2)h(t - 2)
SO

2
-5 -2s l_e_s
P = Lo (Lo 2 2 e 1,2) 0T

2 2 2
S S S S S S S S

A0y = [0 - ux()] £ = wi@g(t - 1) - us(t)h(t - 2) where
g(n = (t+1)y =~ +37/+3r+1,
W) = (t+2) = £+675+12t+8,
It follows that
F(s) = e G(s) - e ®H(s)

[(s° + 35>+ 65+ 6)e™ - (85 + 1257 + 125 + 6)e /5™,

With f(¢#) =1 and p=1, Formula (6) in the text gives

=1

1o 1 [ e 1

el = — [ 1dr = - ==
== [e 1 [ }
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25.

26.

27.

28.

540

With f(¥) = cos kt and p = 2w/k, Formula (6) and the integral formula

Je”’cosbt g = o acosb2t+b2s1nbt}+c
a +b
give
1 27k _,
L{coskt} = P _m/kj; e -coskt dt
—e

=2r/k

1 oot [ =508 kt+ ksin kt
1 _ e—Zﬂ'S/k S2 + k2 0

1 —2rs/k ) -0 S
—F| € —e (=S = =7
1 _ e—Zﬂ'S/k |: (SZ + k2 j ( ) S2 + k2

With p = 2a and fif) = 1 if 0<¢<a, f(t) = 0 if a<t<2a, Formula (6) gives

1 1 e
. ldt = ———| —
l_e—Zas J:e l_e—Zas |: s j|

I—e™® 1

LU0} =

B s(l—e_;)e(l+e_‘”) s(1+e_‘”)'

With p = a and f{¢f) = t/a, Formula (6) and the integral formula Jue“ du = (u—1)e"

(with u=—st) give

1 L 1 L u(_du
LIS} = a(l—e_’”)J:e v = a( —e_“S)Jo ¢ ( sj( Sj
_ 1 S ! e T
= — (l—e_‘”)‘E e'udu = = (l—e"‘”)[(u l)e ]
B 1 ~ _ e _ 1 B e—ﬂs
as? (1—6 m)[( e +1} as’ s(l—e_‘”)

G(s) = L{t/a-f()} = (1/ asz) - F(s). Now substitution of the result of Problem 26

in place of F(s) immediately gives the desired transform.

This computation is very similar to the one in Problem 26, except that p = 2a:

1 1 - u du
“erdt = ——— e —— || ——
l_e—Zas J:e l_e—Zas JO ( SJ( s j

L) =

1 as
s (l—e_z‘”) 'E sz(l—e
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1 —e “(1+as)

=—|(-as-1e“+1| = ————=.
S2 (l_e—Zas)|:( ) + } Sz (l_e—zas)

29. With p = 27k and f{¥) = sinkt for 0 <¢< wk while fr) = 0 for @k <t<2wk,
Formula (6) and the integral formula

Je‘”sinbt g = em[asmbt—bcosbt]kc

a’+b’
give

LLf(D)} % JO"”‘ sinkt dt

t=nlk

—27rs/k

—s sinkt —kcos kt
s+ k2

_ |: —7rs/k ( k)}
k

t=0

s +k2
ﬂs/k) k

( —7rs/k ) (1 + e—m/k)(sz + kz) (Sz + kz)(l _ e—m/k) ’

30. h(t)y = f(t)+g(t) = f(O)+u(t—n/k)f(t—r/k),so Problem 29 gives

H(s) = F(s)+e ™" "F(s) = (1+e™") F(s)
1+ -ns/k s /2k
= (1+€_7mk)' 2 2 a ey a 2 e—m/k ) em/zk
(s+k2)(1-e™")  s+E 1-e e
ko ™ e k  cosh(ms/2k) k s
T 2,12 mitkmik 24 12 o = ———zcoth—.
s +k” e —e s°+k” sinh(ws/2k) s +k 2k

In Problems 31-42, we first write and transform the appropriate differential equation. Then we
solve for the transform of the solution, and finally inverse transform to find the desired solution.

3. x"+4x=1-u(t-m

1-e™

s
oz g gyl
Ae) = s(sz+4) - 4(1 ‘ )(S 52"‘4)

x(t) = (VD[ - ut - MI[L - cos 2(t - W] = (1/2)[1 - u(t — m)]sin’¢

s X(s) + 4X(s) =

The graph of the position function x(¢) is shown at the top of the next page.
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xHtL

32 x"+5x"+4x =1 -u(t-2)

_ 25
s"X(s) + 55 X(s) + 4X(s) = -
1-e* s
Xs) = ————— = (1 - e)Gs)
s(s +5s+4)
where
1(3 4 1 1
G = —| ———+ , ty = —(3-4 _l+ _41'
(s) 12[s s+1 s+4j 0.8 = (374 e
It follows that

g(t) if 1<2,

x(t)y = g(t)y-u(t-2)g(t-2) = {g(t)—g(t—2) it >2.

xHtL

33 x"+9x = [1 - u(t-2m)]sint
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X(S) _ l_e—2ﬂs _ 1(1_8_27”)( 1 _ 1 j
(s2+1)(sz+4) 8 s2+1 s7+9

x(t) = %[1—u(t—27z)](sint—%sin3tj

The left-hand figure below show the graph of this position function.

xHtL xHtL
0.5
0.1 /
t t
P 2p 1 1f2p 1p4p
-0.1
-0.5

3. x"+x=[l-ut—D]t = 1—u(t=1f(t—-1), where f(t) = t+1

5*X(s) + X(s) = iz—e‘SG(s) = iz—e-f (hij
N

2
S s S

It follows that

1 _e’(s+])
sP(sP+1) si(sP+D)

(1—e-f)(i2— ! j—e-s(l_ S j:(l—e‘s)G(s)—e_sH(s)
S

st +1 s st+1

X(s)

where g(f) = t - sint, h(f) = 1 - cost. Hence

x(fy = g(®) - u(t—Dgt - 1) - u(t— Dh(t - 1)
and so

x(1)y =t -sint ifr <1,

x(t) = -sint+sin(f - 1) +cos(r - 1) if 1> 1.

The right-hand figure above shows the graph of this position function.
35. X'+4Ax+4x =[1-u(t-2)]t =t - u(t-2)g(t—2) where g(t)=1+2

(s +2)°X(s) = iz —e (3 + izj
S S
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X(s) = —e
() sz(s+2)2 sz(s+2)2
1 1 1 1 1 1 L, (1 1 1 3
= —| ——+5+ + s |——e | =+ - — >
41 s s s+2 (s+2) 4 s 5T s+2 (s+2)

x(t) = (U/H{-1++(1+ t)e-zf +u(r-2)[1 -1+ (3t - 5)€-2(r_2)]}

XHtL

2 4 t
36. x"+4x = fly, x0)=x0)=20
, 4(1-e™) ,
(s +4)X(s) = - (by Example 5 of Section 10.5)
s(1+e S)
2 4 8 S n _—ums s .
(s°+4)X(s) = —+=D (D)€ (as in Eq. (10) of Section 10.5)
A} S n=1
Now let
g(t) = £ + = 1—cos2t = 2sin’¢.
s(s”+4)
Then it follows that

x(t) = g+ 22(—1)" u, (Hgt—nr) = 2sin’ £+ 42(—1)" u, (1) sin’ z.
Hence

” 2sin’t if 2nwr<t<(2n+1)r,
X =
—2sin’t if 2n—-Dr<t<2nm.
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37.

Consequently the complete solution
x(t) = 2|sin t|sint

is periodic, so the transient solution is zero. The graph of x(¢):

XHtL

AN
VY

x"+2x'+10x = f{tr), x(0) =x'(0) =0

As in the solution of Example 7 we find first that

(8 +25+10) X(s) = EJFEZ( e,
n=l

SO

X(s) = #"'22&'
s(s*+2s+10) 4o s(s* +2s5+10)

If

g(1) fl{%} = 1—%e_’(3cos3t+sin3t),

s|(s+1)° +9]
then it follows that

X(0) = gO+2 (~1)'u, (gl —n).

The graph of x(¢) appears at the top of the next page.
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39.
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XHtL

If the function x(¢) satisfies the initial value problem
mx”+cx’ +kx=F(), x(a)=b,, x'(a)=h

for t2za and x(¢)=0 for ¢<a, then we may write x(¢) =u(t—a)z(t —a) where the
function z(r) satisfies the initial value problem

mz’+cz' +kz=F(t+a), z(0)=b,, Z'(a)=b,.
Then Z(s)=.L{z(t)} satisfies the equation

m(s’Z(s)—sb,—b )+c(sZ(s)=b))+k(Z(s)) = L{F(t+a)}. (*)

Now
X(s) = Lix(t)y = Llu(t—a)z(t—a); = e“Z(s)

by Theorem 1 in Section 10.5. Substitution of Z(s)=e“X(s) into Eq. (*) then gives the
desired result.

When we substitute the inverse Laplace transforms a(¢), b(¢), c(¢) given at the
beginning of part (c), we get

v(t) bya(t)+bb(t)+c(t)

= L™ [bo (4cosdr+2sin4t)+ b sin4s+ (4 —4cosdr — 2sin4t)].

Similarly, Theorem 1 in this section gives
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w(t) = L' {e™ [c,d(s)+¢,B(s) - C(s)]}
= u(t-m)[ca(t —m)+eb(t—m)—c(t— 7))
= 27 [ ¢, (4cosd(t— )+ 2sind(t — 7)) + ¢, sind(t — ) -

(4¢°™ ~dcosd(t—m) ~2sin4(t— 1)) |- u(t— ).

where as usual u(t —7)=u,(¢) denotes the unit stop function at 7. Then the four
continuity equations listed in part (c) yield the equations

-2 -2 __ -2r _
e "by+l-e"" =¢,, e "b=c,

ec,—1+e7" =b,, e e, = b,
that we solve readily for

2
_1=e7

b =6 = 1+e*”

= —0.996372, by =¢ =0.

Finally, these values for the coefficients yield

—2(t-7)

W) = 1—? —(2cos4 +sindr) = 1-0.9981¢7 (2cos4t +sin4t),
+e

—2(t-27)
w(t) —{1— (2c0s4t+sin4t)} u(t—m)

1+ ¢&*"

N

—[1-0.9981¢7“"™ (2cos4t +sin4t) | u(t - 7).
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CHAPTER 11

POWER SERIES METHODS

SECTION 11.1
INTRODUCTION AND REVIEW OF POWER SERIES

The power series method consists of substituting a series y = X¢,x" into a given differential
equation in order to determine what the coefficients {c,} must be in order that the power series
will satisfy the equation. It might be pointed out that, if we find a recurrence relation in the form
cne1 = @(n)c,, then we can determine the radius of convergence p of the series solution directly
from the recurrence relation,

I

= lim

n—o0

p = lim

n—o0

cn+1 ¢(l’l)

In Problems 1-10 we give first that recurrence relation that can be used to find the radius of
convergence and to calculate the succeeding coefficients ¢, ¢,, ¢;, -+ in terms of the arbitrary

constant ¢o. Then we give the series itself

1. = S ; it follows that ¢, = % and p = lim(n+1) = oo.
n+1 ! ——
52 348 [P R ]
y(x) = | l+x+—+—+—+| = ¢ | l+=+—F+—+—+| = e
2 6 24 o2t 31 41
2. ntl T ic, ; it followsthat ¢, = ] and p = limn+l = oo,
n+ n! noe 4
3 4
y(x) = CO(I+4x+8x2+32x 324x +J
Ax 4°x* 4xF 4% ax
= ¢ 1+—+ + + +oe| = e
1! 2! 3! 4!
-1)'3" 2(n+1
3' cn+1 = _L, 1t fOllOWS that Cn = ()—CO and p — hm (l’l ) — oo
2(l’l+1) 2nn! #—00 3
3x 9x7 9x°  27x*
p(x) = ¢ - =—=+——-""+ .
2 8 16 128
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_ - 3x+32x2_33x3+34x4_“_ 3
ol T T T3 4 - Gf

When we substitute y = Z¢,x" into the equation y'+ 2xy = 0, we find that
¢ + Z[(n +2)c,,, +2¢,]x™ = 0.

n=0

Hence ¢; = 0 — which we see by equating constant terms on the two sides of this

equation —and ¢, = — 2¢, . It follows that
n+2
k

¢, =¢ =¢ =-=c¢y =0 and ¢, = ( ZCO.

Hence
. xt xS I .

y(x) = ¢ 1-x +?—?+--- = ¢, 1—1—!+2—!—§+--- = ¢

and p =oo.

When we substitute y = Zc¢,x" into the equation 3" =x’y, we find that

¢ +2¢,x+ Z[(n +3)c

n=0

n+l
n+3_cn]x = 0.

Hence ¢; = ¢ = 0 — which we see by equating constant terms and x-terms on the two

: : : c
sides of this equation — and ¢; = ——. It follows that
n+

Gy Gy

3.6k K13

Gl = G2 = 0 and ¢y, =

Hence
x3 x6 x9 x3 x6 xg \
(x) = ¢)| 1+—+—+—+---| = ¢,| 1 +—+ + +o| = g™
&) "( 3018 162 J 0( 113 2137 313 e
and p =oo.
cn. T CO .
Cp = EX it follows that ¢, = > and p = £1_1)132 = 2.
X x2 )C3 x4
= I+—+—+—+—4--
&) 00( 2 4 8 16
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il
2
: " .1 1
7. ¢,, = 2c,; itfollowsthat ¢, = 2"¢, and p = hmE =5
y(x) = ¢, (1+2x+4x2+8x3+16x4+---)
2 3 4 CO
_ co[l+(2x)+(2x) +(2x) +(2x) +J _ %
1-2x
8. o, =274 piows that p = lim21E2 -
2n+2 noe 251 —1
x x x  5x*
= I+—-———+———+--
o) 00( 2 8 16 128
Separation of variables gives y(x) = ¢,v1+x.
9. = EDG S follows that ¢, = (n+ 1), and p = lim2FL = 1,
l’l+1 n—)°°n+2
y(x) = co(l+2x+3x2+4x3+5x4+---)
Separation of variables gives y(x) = % =
(1-x)
10. ol = M; it follows that p = lim2n+2 =1,
2l’l+2 n—yo0 2n_3

3x 3x X 3x*
y(x) =G I-—+ +—+ + ...
2 8 16 128

Separation of variables gives yp(x) = ¢,(1-x)*".

In Problems 11-14 the differential equations are second-order, and we find that the two initial
coefficients ¢y and ¢; are both arbitrary. In each case we find the even-degree coefficients in
terms of ¢g and the odd-degree coefficients in terms of ¢;. The solution series in these
problems are all recognizable power series that have infinite radii of convergence.

1. ¢, = ——=—: itfollowsthat ¢;, = —— and ¢, = —1—.
(n+1)(n+2) (2k)! 2k+1)!
2 4 6 3 5 7
y(x) = CO(I+%+%+%+---J+cl(x+%+;+%+--) = ¢,coshx+¢ sinhx
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4c 2% e 2%k ¢

12. ¢, = ———=——; itfollowsthat ¢, = L and ¢, = :
(n+1)(n+2) (2k)! 2k+1)!
, 2xt 4xS 2x° 2x° 4%
v(x) = ¢| 1+2x " +—+—+ - [+¢ | x+ + + + -
3 45 3 15 315
2 4 6 3 5 7
= ¢, 1+(2x) +(2x) +(2x) fo |+ S (2x)+(2x) +(2x) +(2x) + .-
2! 41 6! 2 3! 5! 7!
= ¢, cosh2x+%sinh2x
_1V\k 12k 1\, 2k
13. C,q = —L; it follows that ¢,, = Ch3 g and ¢,,,, = M
(n+1)(n+2) (2k)! 2k+1)!
9x> 27x* 8l1x° 3x> 27x°  8lx’
y(x) =¢|1- + - + 4| x— + - + -
2 8 80 40 560
2 4 6 3 5 7
- 1_(3)6) +(3x) _(3x) P (3x)_(3x) +(3x) _(3x) o
2! 4! 6! 3 3! 5! 7!

¢ .
= ¢, c0s3x+?smx

14.  When we substitute y = X¢,x" into p”"+y—x = 0 and split off the terms of degrees 0
and 1, we get

(2cr+co) +(6cs +er— D x+ D [(n + (n + 2)c,,,+ ¢,]x" = 0.

n=2

c

——  for n=2. It follows that
(n+1)(n+2)

c ¢ -
Hence ¢, =—-=2, ¢;=——"—, and ¢,,, =
2 6

)C2 )C4 )C6 )C3 )CS )C7
y(x) = ¢, +¢, _?JFZ_EJFM +ex+ (¢, —1) —?+;—7+---

)C2 x4 )C6 x3 )CS )C7
x+c | l-—t———+- |+ (e =) x =+ ———+-
21 4! 6! 357

x+c,cosx+(c, —1)sinx.

15.  Assuming a power series solution of the form y = X¢,x", we substitute it into the
differential equation xy’+ y =0 and find that (n+ 1)c, = 0 forall n > 0. This
implies that ¢, = 0 forall » > 0, which means that the only power series solution of
our differential equation is the trivial solution y(x)=0. Therefore the equation has no

non-trivial power series solution.
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16.  Assuming a power series solution of the form y = X¢,x", we substitute it into the
differential equation 2xy’ =y and find that 2nc, =¢, forall n > 0. This implies that
Oc, =c¢,, 2¢,=¢,, 4c, =c,, -+, and hence thatc, = 0 forall » = 0, which means that
the only power series solution of our differential equation is the trivial solution y(x)=0.
Therefore the equation has no non-trivial power series solution.

17.  Assuming a power scries solution of the form y = X¢,x", we substitute it into the
differential equation x°y"+ y=0. We find that ¢y = ¢; = 0 and that ¢,+1 = —nc, for

n = 1, so it follows that ¢, = 0 forall n > 0. Just as in Problems 15 and 16, this
means that the equation has no non-trivial power series solution.

18.  When we substitute and assumed power series solution y = Xex" into x'y' = 2y, we
find that ¢y = ¢ = ¢, = 0 and that ¢,+» = nc,/2 for n = 1. Hence ¢, = 0 forall
n =0, justas in Problems 15-17.

In Problems 19-22 we first give the recurrence relation that results upon substitution of an
assumed power series solution y = X¢,x" into the given second-order differential equation.
Then we give the resulting general solution, and finally apply the initial conditions y(0)=¢,

and y'(0) = ¢, to determine the desired particular solution.

2 _1\kn2k _1\kn2k
19. ¢, = ___Ze for n20, so ¢, = 2 g and ¢,,,, = M
(n+1)(n+2) (2k)! 2k+1)!
2% 2%xt 2%° 2°x 2'x0 2%
y(x) =¢|1- X + TR + |t x— 3 + T + -
¢, =y(0)=0 and ¢, =y’ (0)=3,s0
0 1
2.3 4.5 67
P(x) = 3()6_2 X +2 x 2°x +J
3! 5! 7!
3 5 7
A Y o A 20 A ) S [ e
2 3! 5! 7! 2
2 2k 2k
20 ¢, = T4 gy n20, so ¢, = 2 S and Copr = o
(n+1(n+2) (2k)! 2k +1)!
( 2°x7 2%t 2% J ( 2°x 2'x° 2% J
v(x) = ¢| 1+ + + + |t x+ + + + -
2! 4! 6! 3! 5! 7!

¢, =y(0)=2 and ¢, =y'(0)=0,s0

2 4 6
Y(x) = 2(1+(2x) L2020 +J = 2cosh2x.
20 41 el
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21.

22.

23.

24.

25.

_ 2l’lcn —C,, for n> 1, with C, = y(o) =0 and ¢ = y’(o) = I,We obtain

n+l

n(n+1)
C2:1, C3:l, C4:l:l’ CSZLZL, C6:L:l. Evldenﬂy c, = 1 , SO
2 6 3! 24 4! 120 5! (n—1)!
, 3 48 2 3 i
y(x) =x+x +—+—+—+- = x| l+x+—+—+—+---| = x€".
2t 31 4 21 31 4!
Coop = 16, 226, for n2>1; with ¢,=p(0)=1 and ¢, = y'(0) = -2, we obtain
n(n+1)
4 2 2 2 4 2 2"
= = == = —— =+
¢, =2, ¢ 3 3 c, Tk Cs T E Apparently c, 0 SO
2x) (2x) (2x)' (2x)
y(x) :1—(2x)+( x) _( )C) +( x) _( x) 4o = e—2x
2! 3! 41 5!

¢o = ¢; = 0 and the recursion relation
(n*=n+ e, +(n—=Depy = 0

for n 2 2 imply that ¢, = 0 for n = 0. Thus any assumed power series solution
y = Zcx" must reduce to the trivial solution y(x)=0.

(a) The fact that y(x) = (1 +x)“ satisfies the differential equation
(1+x)y =ay follows immediately from the fact that y'(x) = a(1+x)*".

(b)  When we substitute y = Z¢,x" into the differential equation (1+x)y" =ay we
get the recurrence formula
_ (x—nc,

LCpel = (@ —n)c,/(n+1).
n+1

n+l

Since ¢y = 1 because of the initial condition »(0) = 1, the binomial series (Equation
(12) in the text) follows.

(c) The function (1 +x)% and the binomial series must agree on (-1, 1) because of
the uniqueness of solutions of linear initial value problems.

Substitution of Zj;o ¢,x" into the differential equation y” = 3"+ y leads routinely —

via shifts of summation to exhibit x”-terms throughout — to the recurrence formula

(n+2)(n+lc, = (n+)c,, +c,,

n+2
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and the given initial conditions yield ¢, =0=/F, and ¢, =1=F. But instead of
proceeding immediately to calculate explicit values of further coefficients, let us first
multiply the recurrence relation by n!. This trick provides the relation

(n+2)le,,, = (n+Dlc,,+nlc,

that is, the Fibonacci-defining relation F, , = F,

n+l

+F where F,=n!c,, sowe see that
¢, =F, /n! asdesired.

26.  This problem is pretty fully outlined in the textbook. The only hard part is squaring the
power series:
(1 o’ +ex’ +ox +epx’ +opx + - -)2
= x> +2cx" + (032 + 205)x6 +(2¢5¢5+2¢,)x" +
(052 +2¢5¢, + 2¢, ) x4 (2e50, + 20500 + 26, ) X+
27. (b) The roots of the characteristic equation P =1 are rn=1 mn= o=
(-1+i \/5)/2, and 3 = = (-1 —i\/g)/2. Then the general solution is
y(x) = Ae* + Be™ + Ce””, *)
Imposing the initial conditions, we get the equations
A+ B+ C= 1
A+ oB+ pC = 1
A+ B+ [C = -1.
The solution of this systemis 4 = 1/3, B = (1-i~3)/3, C = (1 +i/3)/3.
Substitution of these coefficients in (*) and use of Euler's relation ¢’ =
cos @+ isin @ finally yields the desired result.
SECTION 11.2
POWER SERIES SOLUTIONS

Instead of deriving in detail the recurrence relations and solution series for Problems 1 through
15, we indicate where some of these problems and answers originally came from. Each of the
differential equations in Problems 1-10 is of the form
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Ax>+BW"'+Cxy'+Dy = 0
) ) )

with selected values of the constants 4, B, C, D. When we substitute y = X¢,x", shift indices
where appropriate, and collect coefficients, we get

o0

> [An(n—1c, + B(n+1)(n+2)c

n=0

n+2

+Cnc, + Dc, |x" = 0.

Thus the recurrence relation is

¢ = _An2+(C—A)n+DC for n > 0
2 B(n+)(n+2) -

It yields a solution of the form
Y = €0 Veven + C1 Yodd

where yeven and yoaa denote series with terms of even and odd degrees, respectively. The even-
degree series ¢, +¢,x° +¢,x* +--- converges (by the ratio test) provided that

n+2
n+2

n
e |

_ |42
-5

lim < 1.

n—yoo

Hence its radius of convergence is at least p = , /|B / 4|, as is that of the odd-degree series

cx+c,x° +ex* +-+- . (See Problem 6 for an example in which the radius of convergence is,

surprisingly, greater than 1/|B/ A| )

In Problems 1-15 we give first the recurrence relation and the radius of convergence, then the
resulting power series solution.

1. C.o = C.; p:l, C,=C=cC, =" ¢ =c,=c, =
. 2n c 2n+1 ¢ +C1x
y()C) = cozx +Clzx = —
n=0 n=0 l_x
1 -1y _1y
> ; x2” oo ., x2n+1
Y = @) (CD)' e ) (F)
n=0 2 n=0 2
C
3. c = - z N = oo,
" (n+2) p
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e (e,

o 2n)2n=2)-----4-2 n!2" "’
(=D"¢ _ (=D'¢q

o T 2153 Q2+

2n+1

y(x) = CoZ( 1y’ ,2n+clz( Y 2n+1)!!

n=0

n+4

= =1
n+2 Kk p

_ [ Z2n+2Y  2n ) [ 6\ 4 _ p 2n+2 — —1V'(n
e = (22525 ) (5 R e = e B e
¢, = (_2n+3)(_2n+1)_m(_1j( 5) = (1) 2n+3
2n+1 2n—1 5 3

y(x) = coi(—l)" (n+1Dx™ + écli(—l)"@n +3)x"!

cn +2

c _ ne, .
" 3(n+2)
2n—-1  2n-3 3 1 _ ¢

et T 30041y 32n—1)  36) 33)"  @n+1)3

p:3, czzc4:c6:...:o

2n+l1

— X
y(x) = ey ———r0
n=0

(2n+1)3"
. (n 3)n— 4)
" (m+D(n+ 2)
The factor (n—3) in the numerator yields ¢, =c¢, =¢, =---=0, and the factor (n—4)
yields ¢, =¢,=c¢,, =---=0. Hence yeven and yoqq are both polynomials with radius of

convergence P = oo,

y(x) = ¢,(1+6x° +x*)+ ¢ (x+x°)

4
cn+2 = L C. p 2 \/g
3(n+D(n+2)
The factor (n—4) yields ¢, =c,=c¢;, =--=0, SO Veven 1s a 4th-degree polynomial.

We find first that ¢; =—¢,/2 and ¢, =¢,/120, and then for n =3 that
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.o en=-5" \(__ @en-7" ) [ 1? o=
2l 32m)2n+1) ) 3(2n—2)2n—-1) 3(6)(7) ) °

= (_l)n_2 [(2n _5)”]2 . a\ =9. (_l)n [(21’1 - 5)' ']2
3?2+ 1)(2n—1)----- 7-6 120 3'(2n+1)! !
) = o128 43 Ll [ =D 0
y(x) co(l 3 +27 j+c1{ SRR 23 TS }

_ (n=-Hn+4)
S G T hanmen ™ P 22

We find first that ¢; =—5¢,/4 and ¢ =7c¢, /32, and then for n =3 that

.- (2n—5)(2n+3)J 2n=-7)2n+1) ) 19 . _
2l 22n)(2n+1) N\ 2(2n-2)(2n—-1) 2060(7))

_ @n=U@ntH2ntD-9 Te, _, St T (2n=-5N2n+3)

272 2n+1)(2n) 7.6 32 75332 2@+l
_ @n-351Q2n+3)!

o T T o oy
" "
y(x) = ¢, (1 — 42 +2x4)+cl [ 5 Z(zl’l 5)..(2l’l+3)..x2n+1
4 =~ @nu+D)2”
9. = (n+3)(n+4) n p=1
(n+1)(n+2)
¢, = (2n+1D)(2n+2) (2n-DH2n) 3-4c0 _ l(n+1)(2n+l)co
2n-1)(2n) (2n-3)2n-2) 1-2
e = (2n+2)2n+3) (2n)2n+l) 4 5 _ —(n +1)(2n+3)e,
2n)2n+1) (2n-2)2n-1) 2 3
v(x) = ¢ Z(n +1)Q2n+Dx™ + %cl Z(n +1)(2n+3)x™""
n=0 n=0
0. ¢ = =4 ¢ p=oo
3(n+1)(n+2)
The factor (n—4) yields ¢, =c,=c¢;, =--=0, SO Veven 1s a 4th-degree polynomial.

We find first that ¢; =¢,;/6 and ¢, =¢, /360, and then for n =3 that
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-(2n-5)  -(2n-3) -1

Conel = 32n+1D)(2n) 32n-1)(2n-2) 3(7)(6) Cs

_ (2n=5)1(=D)"" G

© 322+ D)(@2n)- - (7)(6) 360

_ 35t (2n -5)11(-1y" o = 3. @n=HNEY”
360 3"(2n+1)2n)-----(7)(6)-5! 3Q2n+1)! !

> —NN(=1)
y(x) = c0(1+2x2+ ! j+c1 x+1x +Lx +3Z(2n HNED x>
3 27 6 360 =~ Qn+1) 3

1. ¢, = M%; p=oo
S5(n+1)(n+2)
The factor (n—5) yields ¢, =c¢,=¢;; =---=0, 50 yoqa is a Sth-degree polynomial.
We find first that ¢, =—¢,, ¢, =¢,/10 and ¢, =¢,/750, and then for n >4 that
o = 22n=-7)  2@2n-=5 2(1)
o 502n)2n-1) 5(2n-2)(2n-3) 5(8)(7)
B 2" (2n = TH!! G
572@2n)2n—=1)-----(8)(7) 750
56! ‘ 2"2n—=T)!! o = 15‘2”(211—7)!!
22.750 5"(2n)(2n)-----(8)(7)-6! ')t
3 5 ” n
y(x) = ¢ w4 +¢, 1—x2+x—+ Z(zn DH2 o
15 375 10 = (Cm!5
c
12. C = 4 N = o0
" a2 P
When we substitute y = X¢,x" into the given differential equation, we find first that
¢, =0, so the recurrence relation yields ¢, =¢, =¢,, =---=0 also.
3n oo x3n+1
(x) = ¢,| 1+ c
&) = { Z ~Gn- 1)} 2w
c
13. C = — L 5 =]
3 n+3 P
When we substitute y = Z¢,x" into the given differential equation, we find first that
¢, =0, so the recurrence relation yields ¢, =¢, =¢,, =---=0 also.
( l)n 3n oo (_l)n x3n+1
(X)) = ¢ +c
) "Z; 3" 1,12(;‘1-4- Gt
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C
14. C = _—n; = o0
W T T )+ 3) p

When we substitute y = Z¢,x" into the given differential equation, we find first that

¢, =0, so the recurrence relation yields ¢, =¢, =¢;, =---=0 also. Then
c, = —1 . SR —1 c = (=D"¢,
o Bn)3n-1) Bn-3)3n-4) 3.2 3atGBn-DGBn-4)----- 5.2
-1 -1 -1 (-1)'¢,

S T G DGn) Gr-2)Bn-3) 43 3 akGatGn-2) 41

oo _1 nx3n o0 _1 nx3n+1
r(x) = 1+Z "l ( ) - +CIZ "l (. )
3125 (3n—1) k14 (3n+1)

n=0

C
15 ¢ = -— G = o
T T 3+ 4) p

When we substitute y = Z¢,x" into the given differential equation, we find first that

¢, =¢; =0, so the recurrence relation yields ¢, =¢,=---=0 and ¢, =¢,, =---=0 also.
Then
e =1 L -1 (=Dq,
Y (4n)4n-1) (4n-4)4n-5)  4-3°  4'nl(4n-1)(4n-5)-----5-3
-1 -1 -1 (=D"¢

ST @naD@n) @n-3)@n-4) 54" T Tal@n+@dn-3)95

o - (—1)")(:4" N 00 (_l)nx4n+1
ye) CO{I+;4"11!-3-7----'(4n—1)}_c{ +Z4"n!-5-9---~(4n+1)}

n=1

. n—1 .
16.  Therecurrence relationis ¢,,, = — lc" for n=1. The factor (n—1) inthe
n+
numerator yields ¢, =¢, =¢, =---=0. When we substitute y = X¢,x" into the given

differential equation, we find first that ¢, =¢,, and then the recurrence relation gives

2n-3 2n—-5 3 1 (_l)n—l
c,, = — - cemZe——g, = c,
2n—-1 2n-3 5 3 2n—1
Hence
DA S
(x) = ex+c, | 1+x7——4+——"4...
y(x) 1 o( 3 5 7 J
=c¢x+c,+c,x x—x—3+x—5—x—7+--- = ¢x+c (1+xtan_1x)
1 0 0 3 5 7 1 0 M

With ¢o = »(0) = 0 and ¢; = y(0) = 1 we obtain the particular solution y(x) = x.
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17.

18.

19.

20.

560

The recurrence relation

) (n=2),

" (n+1)(n+2)
yields ¢; = ¢o = »(0) = 1 and ¢4 = ¢ = -+ = 0. Because ¢; = y'(0) = 0, it
follows also that ¢; = ¢3 = ¢5 = -+ = 0. Thus the desired particular solution is
yx) = 1+x°

The substitution ¢ = x—1 yields y" +#'+y = 0, where primes now denote
differentiation with respect to . When we substitute y = Xc,7" we get the recurrence
relation

c

7]

n+2’

cn +2

for n = 0, so the solution series has radius of convergence p =co.. The initial
conditions give ¢g = 2 and ¢; = 0, 0 coaa = 0 and it follows that

2 4 6
y =2 l—t—+t__ ! + e,
2 24 2-4-6

_(x—1)2+(x—1)“_(x—1)6+,__ _ 22(—1)”()6—1)2”
2 2-4 246 '

y(x) =2 (1

The substitution # = x —1 yields (1 — £)y" — 6ty'—4y = 0, where primes now denote
differentiation with respect to z. When we substitute y = Xc, /" we get the recurrence
relation

n+4
= c,.

n+2

cn +2

for n = 0, so the solution series has radius of convergence p =1, and therefore
converges if —1 <¢<1. The initial conditions give ¢g = 0 and ¢; = 1, SO Ceven = O
and

_ 2n+3 2n+l 75 2n+3

c = —
o op+l 2n—1 53" 3

Thus
y = %2(211 +3) 7 = %Z(2n +3)(x = 1),
n=0 n=0

and the x-series converges if 0 <x <2.

The substitution 7 = x —3 yields (7 + 1)y"—4#'+ 6y = 0, where primes now denote
differentiation with respect to z. When we substitute y = X¢, 7" we get the recurrence
relation

_ _(m=2@n-3)
" (n+1)(n+2) "
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for n 2 0. The initial conditions give ¢p = 2 and ¢; = 0. It follows that coaq = 0,
¢ = —6 and ¢4 = ¢ = --- = 0, so the solution reduces to

y = 2-6F = 2—6()6—3)2.

21.  The substitution 7 = x +2 yields (47 + 1)y" = 8y, where primes now denote
differentiation with respect to z. When we substitute y = X¢, 7" we get the recurrence
relation

A(n -2
¢ = 3n=2)
(n+2)

for n 2 0. The initial conditions give ¢y = 1 and ¢; = 0. It follows that c,qq = O,
¢ =4 and ¢4 = ¢ = --- = 0, so the solution reduces to

y =244 = 1+4(x+2).

22.  The substitution r = x+3 yields (£ —9)"+ 3ty'—3y = 0, with primes now denoting
differentiation with respect to z. When we substitute y = X¢, 7" we get the recurrence
relation

¢ = (n+3)(n-1) c
"9+ 1)(n+2) "

for n 2 0. The initial conditions give ¢y = 0 and ¢; = 2. It follows that ceyen = 0
and ¢3 = ¢; = - = 0, so

y =2t=2x+6.

In Problems 23-26 we first derive the recurrence relation, and then calculate the solution series
y,(x) with ¢, =1 and ¢, =0, the solution series y,(x) with ¢, =0 and ¢, =1.

23. Substitution of y = X¢x" yields

¢, +2¢, + Z:[cn_1 +c,+(n+1)(n+2)c,,, ] x" =0,

n=1

SO
¢, = —lco, Cpy = L T
2 (n+1)(n+2)
2 3 4 3 4 5
X X X X X X
p(x) = 1-————+—+--+; (X)) = x————+—+
»() 2 6 24 ¥2(0) 6 12 120

24. Substitution of y = X¢x" yields

“2¢,+ Y [2¢, +n(n+1)c, —(n+1)(n+2)c,.,]x" = 0,

n=1
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SO

¢, =0, Cpin = G tnln e, for nx1.
(n+1)(n+2)

3 5 6 3 5
X X X x4 X

X
p(x) = 1+ —+"+ "+ p(x) = x+ -+ T+t
¥y, (x) TR ¥,(x) Tt

25. Substitution of y = X¢x" yields

2¢,+6cx+ > [c,, +(n=Dc, +(n+1)(n+2)c,,|x" =0,

n=2
SO
¢, =¢;=0, Cpn = & nzhe,, for n>2.
(n+DH(n+2)
XXX XX X
p(x) = l—-——+—+—+--; (x) = x————+—+
»() 12 126 672 »2(0) 12 20 126

26. Substitution of y = X¢x" yields

2¢, +6¢,x +12¢,x” + (2¢, +20c,)x° +
2 3 4 2 5

Yle, s+ (n=D(n=2)c, +(n+D(n+2)k,,]x" =0,

n=4
SO
meime,me 20, o, =Gt TDODen, ooy
(n+1)(n+2)
1(x)—]—x—6+x—9—29x12+...- /(x)—x—x—7+x_10_41x13
. 300 72 3960 0 127790 6552

27. Substitution of y = Xcx" yields

¢, t2¢, +(2¢,+6¢c;)x + Z“[2cn_2 +(n+e, +(n+1)(n+2),,|x" =0,
n=2
¢

c, = —C_O’ c, = —ﬁ’ Cn+2 = — 2Cn_2 +(n+1)Cn for n=2.
2 3 (n+1)(n+2)

With ¢, =y(0)=1 and ¢, =»’(0) =—1, we obtain

X xt X 29x% 13x7 143x% 31x°
y(x) =l-x——+—-—+— - - +
2 3 24 30 720 630 40320 22680
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28.

29.

30.

Finally, x=0.5 gives

$(0.5) = 1-0.5-0.125+0.041667 —0.002604 +0.001042
+0.000629 — 0.000161—0.000014 +0.000003 +- -
$(0.5) = 0.415562 =0.4156.

When we substitute y = ¢, x" and e = Z(—l)”x" /n! and then collect coefficients

of the terms involving 1, x, x?, and x°, we find that

G G g c _ _ 3¢ t2¢

, C
27 7 6

= , C
A A 120

b

C, =

With the choices ¢, =1, ¢, =0 and ¢, =0, ¢, =1 we obtain the two series solutions

x2 x3 x5 x3 x4 xS
=l-—+——-——+--- and y,(x) = x——+—-—+
»() 2 6 40 »:(*) 6 1260

When we substitute y = Z¢,x" and cosx =Y (=1)"x>/(2n)! and then collect

6

coefficients of the terms involving 1, x, x*,---, x°, we obtain the equations

c,t2c, =0, ¢+6c; =0, 12¢, =0, —2¢,+20c; = 0,

L202—504+3Oc6 =0, %c3—9cs+42c6 =0,

1 1
—%Cz +5C4 _1466 + 56C8 = 0.
Given ¢, and ¢, we can solve easily for c,,c;, -, ¢, in turn. With the choices

¢, =1, ¢,=0 and ¢, =0, ¢, =1we obtain the two series solutions

1()6)—1—£+x—6 13 +--- and }(x)_x_x_3_x_5_l3x7
‘ 2 720 40320 72 6 60 5040

When we substitute y = Ze,x”" and sinx = X (=1)"x*""'/(2n + 1)!, and then collect

coefficients of the terms involving 1, x, x*,---, x’, we obtain the equations
c
¢, +¢+2¢, =0, ¢ +2c,+6¢c, =0, —€1+c2 +3¢,+12¢, = 0,
) G _ 6
—?4‘6‘3'|'4C4'|'2OC5 =0, E—?+C4+SCS+3OC6 = 0.
Given ¢, and c¢,, we can solve easily for c,,c;, -, ¢, in turn. With the choices

¢, =1, ¢,=0 and ¢, =0, ¢, =1we obtain the two series solutions
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2 3 5 6 2 5 6
X X X X X x Ix X

(x) =1-—+——-—+—+--- and y,(x) = x——+—- —
() 26 60 180 »(%) 2 "18 360 900
33. Substitution of y = Xc¢,x" in Hermite's equation leads in the usual way to the recurrence
formula
_ _ 2Aa-n),

C .
"2 (n+1)(n+2)

Starting with ¢, =1, this formula yields

2o Py Zelemed

C, = = c, =
: 217 41 6!

Starting with ¢, =1, it yields
_ 2a-) . _ 2(a-)(a-3)a-5)

22(0!—1)(0!—3)
3 30 s =+ 51 » & = 7

This gives the desired even-term and odd-term series y, and y,. If ¢ is an integer,

then obviously one series or the other has only finitely many non-zero terms. For
instance, with o =4 we get

2
2 4x2+2 4 2x4

4 1
) (x) = 1— = 1-4x*+—x* = —(16x" —48x>+12),
»() 2 24 3 12( )

and with o =5 we get

2
240,242 Ay 3 e o 301600 +120),
120

) AX) = X —
»2(x) 6 120 30 15

The figure below shows the interlaced zeros of the 4th and 5th Hermite polynomials.
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34.

Substitution of y = X¢,x" in the Airy equation leads upon shift of index and collection
of terms to

2¢,+ Y [(n+1)(n+2)c,,, —c,,]x" = 0.

n=1

The identity principle then gives ¢, =0 and the recurrence formula

c

7]

Cpps = —————.
™ (n+2)(n+3)

Because of the "3-step” in indices, it follows that ¢, =c¢, =¢; =¢, = --- =0. Starting

with ¢, =1, we calculate

1 14 14 1-4.7
cg: =
6189 9!

63:—:

L1
2-3 3!

g cenw

Starting with ¢, =1, we calculate

1 2 25 2:5 258

2
“T34 a7 7 790900 10!

g cenw

Evidently we are building up the coefficients

_ L4 (k=2 25 (k=D

S Gh)! 3+ T Gk+1)!

that appear in the desired series for y,(x) and y,(x). Finally, the Mathematica

commands
A[l] = i; A[k ] := ﬁ
6 — 3k(3k-1)
1 B[k - 1]
B[1] = ;Bk] := ——
12 - 3k (3k+1)
n-= 40;

n
vl =1+ > A1 x*%;
k=1

n
y2 = X + ZB[k] w3k,
kel

vl y2

322 Gamma[ 2] 3'/* Gamma| |

.
4

yl y2 .
31/6 Gamma|[ 2 | ' 3-/6 Gamma[ - | ’
3 3

Plot[ {yA, yB}, {x, -13.5, 3}, PlotRange » {-0.75, 1.5}];
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1t BiHxL

SinL
X

produce the figure above. But with n =50 (instead of n =40) terms we get a figure that is
visually indistinguishable from Figure 11.2.3 in the textbook.

SECTION 11.3
FROBENIUS SERIES SOLUTIONS

Upon division of the given differential equation by x we see that P(x) = 1 —x* and

1.
O(x) = (sinx)/x. Because both are analyticat x = 0 — in particular, (sinx)/x —1
as x — 0 because
: oo 1\" ,.2n+] o 1\1 .20 2 4 6
sy _ I CUx” Dy x X X
x x 2n+1)! ~ (2n+1)! 3t 5 7!

— it follows that x = 0 is an ordinary point.

Division of the differential equation by x yields

X

y"+xy'+e y = 0.

Because the function

x 3 n 3 n—1
e-1_1 Zx -1| = Zx S P R
X X n! ! 20 31 41

n=0

is analytic at the origin, we see that x = 0 is an ordinary point.

3. When we rewrite the given equation in the standard form of Equation (3) in
this section, we see that p(x) = (cos x)/x and ¢g(x) = x. Because (cos x)/x — oo as

x — 0 it follows that p(x) is not analytic, so x = 0 is an irregular singular point.
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10.

11.

When we rewrite the given equation in the standard form of Equation (3), we have p(x)
= 2/3 and g(x) = (1 —x%)/3x. Since g(x) is not analytic at the origin, x = 0 is an
irregular singular point.

In the standard form of Equation (3) we have p(x) = 2/(1 +x) and ¢(x) = 3x*/(1 +x).
Both are analytic, so x = 0 is a regular singular point. The indicial equation is

rr=1)+2r=r*+r=rr+1) =0,
so the exponents are ;1 = 0 and r, = —1.

In the standard form of Equation (3) we have p(x) = 2/(1 —x%) and g(x) =
—2/(1 =x%),s0 x = 0 is a regular singular point with p, = 2 and go = 2. The
indicial equation is 7 + 7 —2 = 0, so the exponents are r = -2, 1.

In the standard form of Equation (3) we have p(x) = (6 sinx)/x and ¢g(x) = 6, so
x =0 is aregular singular point with py = go = 6. The indicial equation is 7>+ 5r + 6
= 0, so the exponents are r; = =2 and r, = 3.

In the standard form of Equation (3) we have p(x) = 21/(6 +2x) and ¢(x) =
9(x* = 1)/(6 + 2x), so x = 0 is a regular singular point with po = 7/2 and ¢y = —3/2.
The indicial equation simplifies to 27>+ 57 —3 = 0, so the exponents are r = =3, 1/2.

2
X

y'+ al

-X I-x

Upon substituting r = x—1, x = r+ 1 we get the transformed equation

s 1l (t+1) )
t t

In the standard form of Equation (3) we have p(r) = —(1+¢) and ¢(t) = —t(1+1¢)’.

Both these functions are analytic, so it follows that x = 1 is a regular singular point of
the original equation.

The only singular point of the differential equation "+ . y=01is x = 1.

% » = 0, where primes now denote differentiation with respect to z.

The only singular point of the differential equation y”+ 2 . v+ ( ! D
X— X—

x = 1. Upon substituting r = x—1, x = t+ 1 we get the transformed equation

=y =01s

s 2, 1 . : . .
v+ ~ Vv + = y = 0, where primes now denote differentiation with respect to ¢ In the

standard form of Equation (3) we have p(¢f) = 2 and ¢(¢) = 1. Both these functions
are analytic, so it follows that x = 1 is a regular singular point of the original equation.

The only singular points of the differential equation y”— " 2x =y’ + 12 =y = 0 are
- X - X

1
x = +1 and x = —1.
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12.

13.

568

x = +1: Upon substituting ¢ = x—1, x = ¢+ 1 we get the transformed equation
,,+2(t+1) v 12

y 3 y = 0, where primes now denote differentiation with respect to
(t+2)"  Ht+2)
t. In the standard form of Equation (3) we have p(¢) = 26D and ¢q(t) = — %
I+

Both these functions are analytic at =0, so it follows that x = +1 is a regular singular
point of the original equation.

x = —1: Upon substituting ¢ = x+ 1, x = -1 we get the transformed equation

"+ 2(=1) y' = 12 y = 0, where primes now denote differentiation with respect to
H(t-2) 1(t—-2)

y

2(t-1) 12¢
——— and q(t) = ———.

q() -
Both these functions are analytic at #= 0, so it follows that x = —1 is a regular singular
point of the original equation.

t. In the standard form of Equation (3) we have p(¢) =

The only singular point of the differential equation y”+ 3 5 v+ o2y y =0is
X - X -

x = 2. Upon substituting ¢t = x—2, x = t+2 we get the transformed equation

b 3, (t+2) : : L
y+=y +¥ y = 0, where primes now denote differentiation with respect to 7. In
t t

3

the standard form of Equation (3) we have p(r) = 3 and ¢(¢) = @ Because ¢

is not analytic at =0, it follows that x = 2 1is an irregular singular point of the original
equation,

The only singular points of the differential equation y”+ ! 5 v+ ! Sy = 0 are
xX— x+

x = +2 and x = 2.

x = +2: Upon substituting ¢ = x—2, x = ¢+ 2 we get the transformed equation

» , 1 . . - .
v+ v’ +—y = 0, where primes now denote differentiation with respect to ¢ In the
t

standard form of Equation (3) we have p(¢) = ﬁ and ¢(¢) = ¢. Both these
+

functions are analytic at =0, so it follows that x = +2 is a regular singular point of the
original equation.

x = =2: Upon substituting ¢ = x+2, x = t—2 we get the transformed equation

» 1, . . - .
V+—y'+ y = 0, where primes now denote differentiation with respect to ¢ In the
t

Chapter 11



14.

15.

16.

2

! R Both these

standard form of Equation (3) we have p(¢) = 1 and ¢q(¢) =

functions are analytic at =0, so it follows that x = -2 is a regular singular point of the
original equation.

x*+9 o x*+4
Z-97" (X -9y

The only singular points of the differential equation "+ y =20

are x = +3 and x = -3.

x = +3: Upon substituting ¢ = x -3, x = ¢+ 3 we get the transformed equation

L +6t+l3y, £ +6t+18J
£ (> +6) £ (£ +6)

£ +6t+13
1t +6)°

is an irregular singular point of the original equation.

» = 0, where primes now denote differentiation with

respect to ¢. Because p(¢)= is not analytic at ¢ =0, it follows that x = 3

x = =3: Upon substituting ¢ = x+3, x = r—3 we get the transformed equation
, P—6t+13 , £ —6t+18

)+ ) » = 0, where primes now denote differentiation with
) £t -6) ) £t -6y ) P
P —61+13 . : :
respect to ¢. Because p(¢)= W is not analytic at ¢ =0, it follows that x = -3

is an irregular singular point of the original equation.

The only singular point of the differential equation y”— al =V + “-2)
X X—

x = 2. Upon substituting ¢t = x—2, x = t+2 we get the transformed equation
t+4 . t+4
PR
the standard form of Equation (3) we have p(¢) = —(t+4) and ¢(t) = t+4. Both

these functions are analytic, so it follows that x = 2 is a regular singular point of the
original equation.

V- v = 0, where primes now denote differentiation with respect to ¢. In

x+2 1
3 V+— y=20
x’(1-x) x (1-x)

The only singular points of the differential equation y”+

are x = 0 and x = 1.

3x+2

< and
x (1-x)

x = 0: In the standard form of Equation (3) we have p(x) =

q(x) = % Since p isnot analytic at x =0, it follows that x =0 is an irregular
—X

singular point.
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= 1: Upon substituting r = x—1, x = r+1 we get the transformed equation
» 3t+5 t

Y= TV - ~y = 0, where primes now denote differentiation with respect
(t+1) (t+1)
3
to . Both p(7) = —t(3t+53) and ¢(t) = - d — arc analytic at ¢ =0, so it follows
(t+1) (t+1)

that x = 1 is a regular singular point of the original equation.

Each of the differential equations in Problems 17-20 is of the form
Axy"+By'+ Cy = 0

with indicial equation 47* + (B —A)r = 0. Substitution of y = Z¢,x"" into the differential
equation yields the recurrence relation

_ Ce,,
A(n+ry +(B-A)n+r)

n

for n = 1. In these problems the exponents »; = 0 and r, = (4 —B)/A4 do not differ by an
integer, so this recurrence relation yields two linearly independent Frobenius series solutions
when we apply it separately with » = r; and with r = r,.

17.  Withexponent ,=0: ¢, = _%
4n° —2n
2n
x 2% = (-1 (Vx)
(x)=x|l-—+——-——+--| = = cosx
ne) = ( 2 24 1720 J ; (2n)!
With exponent 7, _1. ¢ = —— St
P P 4n +2n
2n+l
sl
b (x) = x1/2 1— £+x__x_+... = — Sil’l\/;
P00 = ( 6 120 5040 Z; (2n+1)!
18.  Withexponent r,=0: ¢, = #
2n" +n
2 3 4 oo
y(x)—x 1+x+x+x + x . Z
3 30 630 22680 o '(2n+1)"
. 1 c
With exponent r,=——: ¢ = —21
P ’ 2 " 2n’-n
R e o
y(x) = x| 1+ x+—+—+ +nn Z
6 90 2520 — v(zn H!
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19.  Withexponent r,=0: ¢, = %
2n” =3n
2 3 4 oo n
J’1(x) = xo l—x—x__x__x__... :l_x_z x
2 18 360 “n!(2n-3)!
With exponent r, _é c, = S"—l
2 2n"+3n
x X x x* >
y(x) = X7 1+ =+ —+ + Foe Z
5 70 1890 83160 - l(2n+3)u
. 2¢,_,
20.  Withexponent ,=0: ¢, = ———="*—
3n"—n
2 3 4 oo 1\t
yl(x) = x° ]_x+x__x_+ X . :1+Z (-D"2"x
5 60 1320 nl2-5.-. (3n-1)
With exponent r, =l: c, = —%
3 3n"+n
2 3 4 oo _1\"Nn 0
p,(x) = x'7° Xy X L F = x1/3z (-D)"2"x
2 14 210 5460 nll-4.... (B3n+1)

The differential equations in Problems 21-24 are all of the form

AX’y" + Bxy' H(C + Dx*)y = 0 (1)

with indical equation
Ar) = A + (B —Ay+C = 0. (2)

n+r

Substitution of y = ¢, x"" into the differential equation yields

P(r)cx” +o(r+ l)cl)c”1 + i[¢(r +n)c,+Dc,_, ] x" = 0. 3)

n=2

In each of Problems 21-24 the exponents r; and r» do not differ by an integer. Hence when
we substitute either » = r; or r = r, into Equation (*) above, we find that ¢, is arbitrary
because ¢(r) is then zero, that ¢; = 0 — because its coefficient @(r+1) is then nonzero —
and that
¢ = Dc,_, _ Dc,_,
! ¢(r+n) An+rY +(B-A(n+r)+C

(4)

for n = 2. Thus this recurrence formula yields two linearly independent Frobenius series
solutions when we apply it separately with » = r; and with » = .
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21.

22.

23.

24.

572

. 2
With exponent ,=1: ¢ =0, ¢, = Cu2

n(2n+3)
2 4 6 oo 2n
yl()C) = xl 1+x_+x_+ X + ... = X 1+Z X
7 154 6930 =nt7-11---- (4n+3)
With exponent rzz—l: =0, ¢, = 2
2 n(2n-73)
4 6 1 oo x2n
o (x) = x7V? 1+ X2 +x_+ x vl = — 1+
»2(%) ( 10 270 Jx ;n!-l-S-----(4n—3)
With exponent ]/i:i: ¢, =0, ¢, = __ 2,
2 n(2n +5)
x2 x4 x6 d x2n
n(x) = 7 =t e +oe | = X214
9 234 11934 ~ 913 (4n+5)
With exponent r,=-1: ¢ =0, ¢, = __ 2,
n(2n —35)

x4 x6 x8 1 s ( l)nl 2n
I o D LT e A E. S S [P I
6 126 5544 X Fnl3-7- (4n—-5)

c

With exponent 7, :l; =0, ¢, = —22
2 n(6n+7)
(x) = e x  x x° N Jx 1+i x>
b (x) = — | =
. 38 4712 1215696 “~2"'n!19-31-----(12n+7)
With exponent 7, :—2: =0, ¢, = _ G
3 n(6n —7)

4 6 2n

»(x) = x 1+x—2+x—+ * +...] = x7?83 i
10 680 118320 = 2"'n!-5-17--- (12n=7)

With exponent 7 :l; =0, ¢, = L
3 n(3n+1)
2 4 6 n 2n
yl(x) = x3 l_x_+x__ * + .. 1 Z ( 1)
14 728 82992 42"t 7 13- (6n+1)
With exponent r,=0: ¢, =0, ¢, = L
n(3n—1)

o x2 x4 x6 oo ( l)n 2n
y(x)y =x|1l-——4+—- +-- | = 1+Z
10 440 44880 =2'n!5-11-----(6n-1)
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25. With exponent rI:l; c, = St
2 2n
2 3 4 o0 _l)nxn
v (x) = xl/z ]_£+x__x_+x__... = Jx ( — xe—x/z
e ( 28 48 384 ‘/_Z(; TR
With exponent ,=0: ¢, = _ G
2n—1
2 3 4 00 —l)nxn
o (x) = x° l—x+x——x—+x__... - (
7 3 15 105 ;(2;1—1)”
. 1 c_2
26.  With exponent r1=5: ¢ =0, ¢, =
n

2 4 6 ] o 0
x> X x0T x X

yi(x) = x‘/2(1+—+—+—+—+...J =Jx = Syt
—o 1

With exponent ,=0: ¢ =0, ¢, = —=

2x  4x* 8x®  16x° - 2" x™"
= x| 1+t —+—+ ool = 14
72() x( 3 21 231 3465 2

The differential equations in Problems 27-29 (after multiplication by x) and the one in Problem
31 are of the same form (1) above as those in Problems 21-24. However, now the exponents |
and r, = r; — 1 do differ by an integer. Hence when we substitute the smaller exponent » = r;
into Equation (3), we find that ¢y and c¢; are both arbitrary, and that ¢, is given (forn = 2)
by the recurrence relation in (4). Thus the smaller exponent r, yields the general solution

y(x) = ¢, y,(x)+¢y,(x) interms of the two linearly independent Frobenius series solutions

»(x) and y,(x).
9,_,
n(n—1)

e, 9x° 27x* 8Ix° ¢ 3 27x° 81y
y(x) = = 1- + - +o =] x— + - + -
x 2 8 80 2 40 560

27.  Exponents 5 =0 and r, =-1; with r=-1: ¢, = -

X

e 9% 8" 729x" N g,  27x 243x° 2187x
2 24 720 6 120 5040

cos3x 1 sin3x

y(x) = ¢ +-¢
X 3 X

X X

The figure at the top of the next page shows the graphs of the independent solutions

cos3x and y,(x) = s1n3x'
X

nx)=
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Y

Ve
/X\ L\ e N N N
\y/ W D> ip
-1r
Y1
. 4c,_,
28.  Exponents 5 =0 and r, =-1; with r=-1: ¢, = —2=—
n(n—1)
4 6 3 5 7
px) = 2L T SO I I SO S S
X 345 X 3 15 315

e 4x> 16x*  96x° ¢ 8x’  32x° 128’
= =1+ + + +oo |+ = 2x+ + + +
x 2 24 72 2x 6 120 5040

cosh2x 1 sinh2x
y(x) = ¢ +—¢
X 2 X

The figure below shows the graphs of the independent solutions

cosh2x and y,(x) = s1nh2x'

nx)= .
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29.

30.

Exponents 1, =0 and r, =-1; with r=-1: ¢, = a2

"7 4n(n-1)

C, x* o xt x° ¢ ¥ooox x’
y(x) = = l-——+—- +o = x——+ - + -

X & 384 46080 X 24 1920 322560

<, x’ x* x° 2¢(x X x° x’

= —1- A T3 Y Tt T TS Y T

X 222 2724 2°-720 x\2 2°-6 2°-120 2°-5040
y(x) = c—°c0s£+£sin£

X 2 x

The figure below shows the graphs of the independent solutions

cosx/2 sinx/?2

M) =T and () =
y

1t WY

0.5

2

— X
4p

-0.5

The given differential equation xy”— 3y +4x’y = 0 has indicial equation

#*=2r = r(r—2) = 0, soits exponents are 7, =2 and r, =0. Taking =0,

substitution of the power series y = chx” gives
n=0

—¢, +2¢,x° + (4, +8¢,)x” + (4e, +15¢)x* + (de, +24¢)x" +
(de, +35¢,)x° + (de, +48¢)x” +(de; +63¢c,)x* +--- = 0.

We see that ¢, =¢; =0 and

c, = L for n>4,
n(n—2)

Hence the odd subscripts all vanish, and we obtain
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x4 x8 x12 x6 xlO x14
y(x) = cx|1-——+—- +oo || X =t —— + -
2 24 720 6 120 5040

y(x) = ¢,cosx’ +c,sinx’.
The figure below shows the graphs of the independent solutions

y(x)=cosx’ and y,(x)=sinx’.

AY/VITE
A W

The given differential equation 4x°y” —4xy”+ (3 —4x")y =0 has indicial equation
4r* =8r+3 = (2r-3)(2r—1) = 0, so its exponents are 7, =3/2 and r, =1/2.

Y

e

31.
With r=3/2, the recurrence relation ¢, = ¢, ,/n(n—1) yields the general solution
2 4 6 3 5 7
) = e T b e+ o + e
2 24 720 6 120 5040
y(x) = cox/; cosh x + clx/;sinh x.

The figure below shows the graphs of the independent solutions
y(x)= Jxcoshx and y,(x)= Jxsinhx.

Y
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32.

33.

34.

The two indicial exponents are ;1 = 1 and r = —1/2.
With »; = 1: Substitution of y:chnx" in the differential equation yields
(5¢, —c,)x” +14e,x” + (¢, +27¢)x* + (2¢, +44c¢,)x* + (3¢, +65¢)x° + -+ = 0.

Hence we see that ¢, = ¢,/5 and ¢, =c¢; =c¢, =c¢;=---0. Thus the series terminates
and we obtain the polynomial solution

2

X X

= x| l+=| = x+—.
y,(x) x( SJ X 5

With 7, = —1/2: We substitute y=x"">> ¢,x" and obtain the Frobenius solution

}(x)_i1_5_x_15x2_5x3+x4+“_
72 Sl 2 T8 T aasa )

Remark: The Mathematica DSolve function yields the two closed form solutions y,(x)

and
yy(x) = x7e? (x2+4x—2)+\/%7x(x+l)erf\/§.

Inquiring minds naturally want to know! The Mathematica Series command reveals
the answer that y,(x) =—1 y,(x).

Exponents r;,=1/2 and r, =—1. With each exponent we find that ¢o is arbitrary and
we can solve recursively for ¢, in terms of ¢,_;.

2 3 4
() = \/;(an_nx L 671 9577x +j

20 224 24192 387072

3 4
y(x) = 1(1+10x+5x2+10x _Ix +J
X

18

Exponents 5, =1 and r, =—1/2. With each exponent we find that ¢; =0 and we can
solve recursively for ¢, in terms of ¢,_».

42 1320 2494800

1 7x*  19x*  7661x°
) = —=1-—+ - +--
Jx 24 3200 43545600

2 4 6
o= o1 E )
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35.

36.

37.

578

Substitution of y = ercnx" into the differential equation yields a result of the form
—rcox"l +()x"+ (...)x“l +.. =0,
so we see immediately that ¢, # 0 implies that » = 0. Then substitution of the power
series y = chx" yields
(cy—¢)+(4e,—2¢)x+(9¢c, —3cy)x* +(16¢c, —4c,)x* +--- = 0

Evidently ¢, = nc,_,, soif cy=1 it followsthat ¢, =n! for n=1. But the series

n—12
Zn !x" has zero radius of convergence, and hence converges only if x=0. We

therefore conclude that the given differential equation has no nontrivial Frobenius series
solution.

(a) Substitution of y = ercnx" into the differential equation x*y”+ Ay"+ By =0
yields a result of the form

Aregx™ + (- )x" +(¢)x ™+ =0,
so we see immediately that 4 #0 and ¢, # 0 imply that r=0.
(b)  Substitution of y = ercnx" into the differential equation x’y”+ Axy’+ By =0
yields a result of the form

(Ar+ B)eyx” + (- )x™ + (- )x™ +--- = 0,
so we see immediately that ¢, # 0 implies that »=—-B/A.
(¢ Substitution of y = x’chx” into the differential equation x’y”+ Ax*>y’ + By =0
yields a result of the form

Beyx" + (- )x™ + (- )x™ + - = 0,

which is impossible because both ¢, #0 and B #0. It follows that no Frobenius series
can satisfy this equation.

Substitution of y=x"» ¢,x" into the differential equation x’y"—y"+y =0
yields a result of the form

(r=1Ycx" +(--)x™ + (- )x™ +--- = 0,

so it follows that »=1. But then substitution of y = xz ¢,x" into the differential
equation yields

cx” +4c,x” +9¢,xt +16¢,x° +25¢,x° + -+ = 0,
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38.

39.

so it follows that ¢, =¢, =¢; =¢, =---=0. Hence y(x) = ¢,x,

Exponents 7 =1/2 and r, =-1/2; with r=-1/2: ¢, = a2
n(n—1)

PO PO SO M SN (T G SO S
! S 2 T4 70 S 76 120 5040

2 4 6 3 5 7
o X X X ¢ X X X
= 7| l-—F———+ [+ X —F———+ -
\/}( 21 41 6! J x( 3150 ! J
COSX sin3x

y(x) = ¢ \/; +c, \/;

Exponents 7, =1 and r, =-1; with r=+1: ¢ =0, ¢, =

2 4 6 8
y(x) = ¢x . S R
& 192 9216 737280

_ 1_x2+x4_x6+x8 o
TN T T 203 253141 251!
If ¢y =1/2, then
2n
e (-1 (x
y) = ) = 23S (X
2 anl(n+1)\ 2
Now, consider the smaller exponent r, =—1. A Frobenius series with r=—1 is of the

form y = x_Ichx" with ¢, #0. However, substitution of this series into Bessel's
n=0
equation of order 1 gives

—, +epx+ (¢, +3¢)x” + (¢, +8¢,)x’ + (¢, +15¢)x° + -+ = 0,

so it follows that ¢¢ =0, after all. Thus Bessel's equation of order 1 does not have a
Frobenius series solution with leading term cx™'. However, there is a little more here
that meets the eye. We see further that ¢, is arbitrary and that ¢, =0 and
¢,=c,,/n(n—=2) for n>2. It follows that our assumed Frobenius series

o0

y=x">¢x" actually reduces to

n=0
2 4 6 8
y(x) = czx(l—x— al il il J

+——= + -
8 192 9216 737280

But this is the same as our series solution obtained above using the larger exponent
r=+1 (calling the arbitrary constant ¢, rather than cy).
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SECTION 11.4

BESSEL'S EQUATION

Of course Bessel's equation is the most important special ordinary differential equation in
mathematics, and every student should be exposed at least to Bessel functions of the first kind.

1.

580

o = p[E L) S ne

m=1 m=l1 22’” (m')

B o0 ( l)m 2m—1 B ( 1)m+1 2m+1
- Z22'”-1(m—1)!(m!) - 222"’+1(m)!(m+1!)

m=1 m=0

_ o0 ( l)m 2m+1
- ’;)22,%1(7”),( +1') 1( )

() 1ﬂ(2n+lj _ 2n—l‘r(2n—lj

2 2 2
_ 2n—1' 2n—3'r 2n-3
2 2 2

2n-1 2n-3 3 IF(IJ

2 2 22 (2
— —3).....3. -
_ (2n 1)(2n2n DIRUER Ry~ (2n2n1).. Jr

oo (_ l)m x2m+% ( l)m 2m+1
(b) J,,(x) = =
1/2( ) ’;m'r( +%)22m+— Zm'z m— 1(2m+1)”\/_22m+1

\/7 (_l)m 2m+1
— (2 4..... 2m)(1-3----- (2m+1))
( m 2m+1 2
/ Z /— sin x
b (2m+ ! X
2 .
J_,(x) = P~ cosx similarly

(a) r m+2 -r 3m+2 _ 3m—l‘3m—4‘r 3m—4
3 3 3 3
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10.

_3mol3m=4 52 p(2) 238 -0moD) (2
3003 33°(3 3" 3

oo 1\ 2m-1/3 -1/3 o _1\mm 2m
(b) Js(x) = Z D (f) = (x/2) Z )"
= mIT(m+2/3)\ 2 T(2/3) Zmt2-3-8(Bm—-1)

With p = 1/2 in Equation (26) in the text we have

Jyn(x) = — 1/2(x) Jn(x) = —smx— _Cosx
Vﬂx \ 7x
= — (smx xXCosx) = (smx X COS X)
X Vﬂx Vﬂx

Starting with p = 3 in Equation (26) we get
6 6|4
Ji@) = 20 =) = 2 L0 [

[i—?—lj[%ﬁ(x)—%(x)}—%(x)

:x—24J() ( %)

——

When we carry out the differentiations indicated in Equations (22) and (23) in the text,
we get

pxp_lJp(x)+ pr;(x) = x’ p_l(x)
—px I (D)X (x) = —xPJ (%)

When we solve these two equations for J) (x) we get Equations (24) and (25) in the text.

Tp+m+1) = (@+mp+m—1)-(p+2)p+ DIp+1), so
0 = SOl 3

mom!I'(p+m+1)

_ @S 1 (ij
T D Emip(p+2) - (prm) 2

Substitution of the power series of Problem 9 yields
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» XA+ )+ (B | XA+ )+ (B+)
xl/z(c+...)+x_1/2(D+...) a x(C+--)+(D+--+)

y(x)y = x

where 4 = 1/(2°"T(712)), B = 1/(27*T(=3/2),) C = 1/2"*T(3/2)), and
D = (1/27"I(1/2). Hence

0-(A+)+B+-) _ B _ 2'°0@/2) _ 2°T(1/2) _
0-(C+--)+D+-) D 27°°I(=3/2) (4/3)rQ/2

»0) =

In Problems 11-18 we use a conspicuous dot » to indicate our choice of u and dv in the
integration by parts formula Ju-dv = uy-— Jv du. We use repeatedly the facts (from Example

that [x/,(x)dx = x/,(x)+C and [J,(x)dx = —J,(x)+C.

1L U (x)dx = [xexdy (x)dx
= x°J,(x) = [xed, (x)dx
= ()= (= (0 + [J,(0) dx)
= X°J,(x)+ x5, (%)~ [, (x) dx+C

12, [¥U,x)dx = ¥ e (x)dx

= x*J,(x) =2 [+, (x) dx

= 3, (0) = 2( =", () + 2 [ (x) dx

= x°J,(x)+2x7J,(x) = 4xJ, (x) + C = (x* —4x)J,(x)+2x°J,(x)+C
13 [x'Jdr =[x e (x)dx

= x'J,(x) =3 [’ e, (x)dx

= ¥y (x0)=3(x, (1) +3 [rexs () dx)

= X (1) +35°J,(0) =9 (¥, (1) = [xd, (%) dx)

= X ()33, () = 9%, (x) +9 (= () + [, () dx)

= (x* =9x)J, (x)+ (3x> = 9x)J, (x) +9 [J,(x) dx + C

14, [ (dr = [xed,(x)dx = —xJy(x)+ [Jo(x)dx+C

15. szJl (x)dx = ij-Jl(x) dx
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18.  With p=1,

= =, (0)+ 2[5, () dx = —xJ,(x)+2x],(x)+C

= [¥es,(x) dx

=3, (%) +3 [xexs (x)dx

=y () +3 (37, () = [ee, () dx)

=y (X)+ 3, () = 3( =y () + [J,(0) dx)
(= +3x),(x) +3x°J,(x) =3 [/, (x)dx +C

= Jx4-J1(x) dx
= —x*J, (%) +4 [x*ex], (x)dx

—x"J,(x)+ 4()63]1 (x)-2 JxZ-Jl (x) dx)

= — X'y (0)+ 4, () =8 (3", (x)+2 [, (x) dx)

(=x* +8x%)J, (x)+(4x’ —=16x)J,(x)+ C

Eq. (23) in the text gives Jx‘lJz (x)dx = —x"'J,(x)+C. Hence

sz (x)dx = Jx-x_lJz (x)dx

= x(—x_lJl(x))+ Jx_lJl(x) = —-J,(x)+ Jx_lJl(x)dx.

But Eq. (26) with p=1 gives x7'J,(x) = 1[J,(x)+J,(x)], so

[ryde = =, (x)+14 [J, () dx+4 [, (x)dx.

Finally, we can solve this last equation for

[(0)dx = =270+ [J,(x)dx+C.

Problems 19-30 are routine applications of the theorem in this section. In each case it is
necessary only to identify the coefficients 4, B, C and the exponent ¢ in the differential

equation

x*y"+ Axy’+(B+Cx?)y = 0.

Then we can calculate the values

1- 4 q 2JC Ja-4) -4B
a:—’ ﬂ:—’ k:—’ p:—
2 2 q q
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and finally write the general solution
y(x) = x| e, () +e,d_, (k)] 3)

!

specified in Theorem 1 on solutions in terms of Bessel functions. This is a "template procedure'
that we illustrate only in a couple of problems.

19. Wehave 4=-1,B=1,C=1,g=2 so

b

SO el PSR SO [P (o o) e VN
2 2 2

so our general solution is  y(x) = x[c1Jo(x) + ¢2Yo(x)], using Yo(x) because p=0 isan
integer.

20.  y(x) = x '[ei(x) + e Yi(x)]
21, y(x) = x[eip(3x7) + ealo1n(3x7)]
22, y(x) = X [ah(2x"D) + e Va(2x")]

23.  To match the given equation with Eq. (1) above, we first divide through by the leading
coefficient 16 to obtain the equation

36
with 4=5/3,B=-5/36,C=1/4, and ¢ =3. Then

x’ /'+§x/+ —i+lx3 ) =
) 3 ) 4 )

a_1—5/3__1 3 k_2\/1/4_1
3 3’ 2’ 3 3

JA-5/3) -4(=5/36) _ 1
3 3

b b

so our general solution is  ¥(x) = x*[c1is5(>/3) + el 15(x"*/3)].

24, y(x) = x Mewo(2x?) + erYo(2x)]
25, y(x) = x ' [edo(x) + e Yo(x)]
26.  y(x) = X’ [ei@x"?) + e Vi(dx'™)]

27 y(x) = x"[eiinx?) + e 1n(2x?)]
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28.

29.

30.

31.

33.

y(x) = x P ersn2x5) + ead3n(2x°2/5)]
y(x) = x1/2 [01J1/6(x3/3) + CZJ_1/6(X3/3)]
y(x) = x"[erys(4x5) + eadys(dx”/5)]

We want to solve the equation xy"'+2y'+xy = 0. If we rewrite it as
x2y”+ 2xy'+x2y =0
then we have the form in Equation (1) with 4 = 2, B = 0, C = 1, and

g = 2. Then Equation (2) gives o = —1/2, B =1, k =1, and p = 1/2, soby
Equation (3) the general solution is

y(x) = X [C1J1/2 (D +ed_y, (x)]

—1/2 2 2 .
= X 7| ¢ 4J—COsx+c,,[—sinx
X X
1

= —(qg,cosx+a,sinx
x( 1 2 )

(with a, =¢,4/2/ 7)), using Equations (19) in Section 11.4.

The substitution

immediately transforms y' = x*+3* to u"+x’u = 0. The equivalent equation
Fu"+xtu =0

is of the form in (1) with 4 = B = 0, C = 1, and ¢ = 4. Equations (2) give o =
172, B =2, k=172, and p = 1/4, so the general solution is

u(x) = P ler 1/4(x2/2) + CZJ_1/4(x2/2)].

To compute u/(x), let z = x*/2 so x = 2"*z""%. Then Equation (22) in Section 11.4
with p = 1/4 yields

d 12 2 _ d 174 _1/4 dz
(.67 2)) = —(22,2)
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34.

586

dz
— 21/421/4J_3/4 (Z)—
dx

1/2
o4 X
L

J_3/4(x2 /2)-x = x3/2J_3/4 (x*/2).

Similarly, Equation (23) in Section 11.4 with p = —1/4 yields

d d dz
E(xl/z*]—w(xz/z)) - 5(21/421/4*]—1/4(2))'% = —x"Jy, (7 /2).
Therefore

u'(x) = x3/2 [clJ_3/4(x2/2) - ch3/4(x2/2)].
It follows finally that the general solution of the Riccati equation y” = x*+37 is

' Sy 1x)—cd,,(5x7)

yx) = -= = x
u cJ1/4(%x2)+J_1/4 %xz

where the arbitrary constantis ¢ = c¢;/cs.

Substitution of the series expressions for the Bessel functions in the formula for y(x) in
Problem 33 yields

A(lx2)3/4(1+--- )—cB(lxz)_3/4(l+---)

2 2

y(x) = x-

-1/4

1/4
cC(£x) (1+--)+D(4x*)  (1+--)
where each pair of parentheses encloses a power series in x with constant term 1, and

A = 27%1(7/4) B = 22"/T(1/4)
= 27V (5/4) D = 2"T3/4).

Multiplication of numerator and denominator by x' and a bit of simplification gives

274 (14 ) =2 ¢ B(1+ )
2 eCx (14 )+2" D(1+-+)

y(x) =

It now follows that

_A3/4 22 (24 /T(1/4
) = 2B ( 1/4) _ IRACIE)

%
2"4D 24 /T (3/4) T(1/4) ©)
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(a) If »(0) = 0 then (*) gives ¢ = 0 in the general solution formula of Problem 33.

(b)y If »(0) = 1 then (*) gives ¢
formula

—1°(1/4)/21°(3/4). More generally, (*) yields the

2T (
2T (

)J3/4 %xz)"‘yor(%)t]—m %xz
)J—1/4(%x2)_3’or(%)*]1/4 %xz)

y() = x-

3
4
3
4

for the solution of the initial value problem

y'= X +J’2a w0) = yo.
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APPENDIX A

EXISTENCE AND UNIQUENESS OF SOLUTIONS

In Problems 1-12 we apply the iterative formula

Voa = b+ [ Sy, @) di
to compute successive approximations {y,(x); to the solution of the initial value problem

y’ - f(x’y)’ y(a) = b.

starting with yo(x) = b.

1. vo(x) = 3
yi(x) = 3+3x
ya(x) = 3+ 3x+3x%/2
y3(x) = 3+3x+3x7/2+x°/2
ya(x) = 3+3x+3x%/2+x°/2+x"/8

yx) =3 -3x+3x2/2+x/2+x" 8+ = 3¢"
2. yo(x) = 4
yi(x) = 4 - 8&

ya(x) = 4 - 8x + 8x
3(x) = 4 - 8x + 8 - (16/3)x°
ya(x) = 4 - 8x + 8x% - (16/3)” + (8/3)x"

Yx) =4 - 8x+ 8 - (16/3)x° + (8/3)x" - -« = 4™
3. yo(x) = 1
) =1-x°

yx) = 1-x+x"2
yx) = 1-x+x*2 - x%/6
w(x) = 1-x>+x*2 -x5/6 +x%/24
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yx) =1-x"+x2-x5/6+x%/24 - . = exp(-x%)

yo(x) = 2

yi(x) = 2+ 2%

y(x) = 2+2x° +x°

y3(x) = 2420 +x°+ (17307

ya(x) = 2420 x5+ (1730 + (1/12x"2

yx) = 242x° 2%+ (1/3)x° + (1/12)x"7 + -+ = 2 exp(x’)
yo(x) = 0
yi(x) = 2x

ya(x) = 2x+ 2x7
y3(x) = 2x+2x" +4x°/3
ya(x) = 2x + 207 + 43 /3 +2x%/3

yx) = 2x+2x7+4x°/3+2xY 3+ = M -]

yo(x) = 0

) = (172

ya(x) = (17207 + (1/6)x°

y3(x) = (17207 + (1/6)x° + (1/24)x*

ya(x) = (17207 + (1/6)x° + (124" + (1/120)°

yx) = (17207 + (1307 + 1/a* + (150 + - = ¢ - x - 1

yo(x) = 0

@) = ¥

mx) = x> +x'2

3(x) = x> +x72+x%/6

ya(x) = x> +x2+x%/6 +x° 24

p(x) = 2 +xM2+x56+x524 + - = exp(x?) - 1
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10.

11.

12.

590

yo(x) = 0

n) = 2x*

ya(x) = 2x* + (4/3%x°

y3(x) = 2x*+ @3n° + (2/3)x°

ya(x) = 26+ @300 + (23%° + (4/15)x"°

yx) = 2+ @3+ B30+ @15 + - = exp(2x?) - 247 -

yolx) =1

yx) = (1+x)+x*/2

) = (1+x+x)+x°/6

y3(x) = (1+x+x*+x°/3)+x"/24

) = l+x+xX+x°/3+x" 12+ =2 -1 -x

yo(x) = 0
yix) = x+ (1207 + (/60 + (124p* + - = &' - 1
mx) =x+  FHAB+H 1D+ = 2" - x -2

1

yx) = x+ A2+ (18 + - = 3¢ - (12 - 2x - 3

yx) =x+  xX+HA20 16+ = xe
yo(x) =1
yi(x) = 1+x

) = (1 +x+x7)+x°/3
yx) = (L+x+x2+x20)+ 233 +x°/3 +x5/9 +x7/63

px) = 1+x+x+x>+x + - = 1/1 - x)

yo(x) =1

yix)y = 1+(172)x

ya(x) = 1+ (1/2)x + B8+ (1/8)x° + (1/64)x
y3(x) = 1+ (12 + (3/8)%” + (5/16)x° + (13/64)x* + -
y(x) = 1+ (1/2)x+ (3/8)x> + (5/16)x” + (35/128)x*

_|_
I
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13.

14.

16.

ol = L
ENGIE!

(x| [ 1+3
BAG) C | -1+5¢

[ x, (1) ] _ - 1+3t+%t2
_yz(t)_ __1+5t—%t2
EXG) _ | 1+3t+17 +17°
|y (1) __1+5f—%t2 +%t3

- 1 n 1]
o = S 1)l

_ w=0 1 n=l1 (n_l)'
o0 tn
0 — 1
;n! -

) = (l+t)el}

yo(x) =0

) = (13n°

ya(x) = (1730 + (1/63)

y3(x) = (13 + (1/630” + (2/2079)x! + (1/59535)'

Then y3(1) = 0.350185, which differs by only 0.0134% from the Runge-Kutta

approximation p(1) = 0.350232. As a denouement we may recall from the result of
Problem 16 in Section 8.6 that the exact solution of our initial value problem here is
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y(x) = x-J—

so the exact valueat x = 1 is

y) =

e
—
22—
v

S
SN——

-1/
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